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Abstract: Hysteresis loops constitute the source of important information for the designers of mag-
netic circuits in power transformers. The paper focused on the possibility to interpret the phenomeno-
logical T(x) model in terms of effective field vs. magnetization dependence. The interdependence
of anhysteretic curve and hysteresis loops was emphasized. The concept of the anhysteretic plane
introduced at the end of the last century by Sablik and Langman was subject to a tangible interpreta-
tion within the hyperbolic model framework. A novel geometric interpretation of the “effective field”
related to the concept of affine transformation was introduced. It was shown in the paper that minor
hysteresis loops of grain-oriented electrical steel may be described with the proposed formalism.
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1. Introduction

Power and distribution transformers are electric devices that play a crucial role in
power engineering. The IEEE Standard C57.12.80-2010 defines a power transformer as a
transformer which transfers electric energy in any part of the circuit between the genera-
tor and the distribution primary circuits, whereas a distribution transformer is used for
transferring electrical energy from a primary distribution circuit to a secondary distribution
circuit or consumer’s service circuit [1]. One of important issues in transformer design is
the optimization of their magnetic circuits, both in terms of geometric structure and the
grade of soft magnetic material used [2,3].

The magnetic circuits of these devices are assembled of grain-oriented (GO) electrical
steel. Grain-oriented steel features a strong preferred crystallographic orientation (magnetic
anisotropy). In iron crystals the so-called easy magnetization directions are along their
edges, i.e., along the 〈001〉 directions. The ground-breaking achievement in GO metallurgy
leading to significant improvement of their magnetic properties was the 1935 technology
developed by Goss, who suggested that preferable orientation for the iron crystals should
be such that the crystal planes {110} are oriented parallel to the steel surface, whereas the
directions 〈001〉 are parallel to the rolling direction. More information on the relevance of
the Goss texture for electrical steels in case of transformer applications and other metallurgy-
related issues may be found, e.g., in ref. [4].

Grain oriented steel is composed of large grains exhibiting the Goss texture, as de-
picted in Figure 1. It is remarkable that in the GO steel grains are considerably large and
visible with naked eyes (from a few millimeters to a few centimeters). As a consequence,
GO electrical steel has excellent magnetic properties (coercive field strength in the range
4–20 A/m and maximum permeability values around 7× 104—these values differ by about
an order of magnitude from those typically found in non-oriented steels) [5].

Understanding metallurgical processes during GO electrical steel production and
phenomena occurring during its re-magnetization is crucial for the optimization of the
working conditions of magnetic circuits. Thanks to the advances in steel manufacturing
technologies during the last century, a significant improvement of magnetic properties for
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GO steel has been achieved, cf. Figure 2, which depicts the reduction of specific power loss
density due to improvements in processing technology over the years.
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Figure 1. A photograph of the polycrystalline structure of GO steel after removal of isolating coat-

ings. The arrow size on the photo is around 1 cm, whereas its direction depicts the rolling direction. 
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sion of grain directions from the rolling direction is of the order of 7 degrees, which makes 

it possible to obtain magnetic induction B10 at the 1.85 T level (B10 is the abbreviation for 

a figure of merit used by steel producers; it denotes magnetic induction measured at H = 

1 kA/m). In HGO steels the texture is more perfect, i.e., the average dispersion of grain 

directions does not exceed 4 degrees, which in turn implies a higher value of B10, which 

may achieve 1.95 T; moreover, these grades feature significantly lower loss densities 

(around 20%) in comparison with CGO steels. 

In order to minimize the core losses of ready-made GO steels, a number of additional 

treatment processes aimed at domain refinement have been proposed. Mechanical 

scratching, plasma irradiation, spark ablation, and laser scribing have been used for many 

Figure 1. A photograph of the polycrystalline structure of GO steel after removal of isolating coatings.
The arrow size on the photo is around 1 cm, whereas its direction depicts the rolling direction. Source:
Encyclopedia Magnetica, https://e-magnetica.pl/file/grains_in_go_steel_jpg, author: Stan Zurek,
license: CC-BY-4.0 (accessed on 1 November 2022).
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Figure 2. Reduction of specific power density due to improvements in GO processing technology.
Source: Encyclopedia Magnetica, https://e-magnetica.pl/file/electrical_steel_progress_magnetica_
png. author: Stan Zurek, license: CC-BY-4.0 (accessed on 1 November 2022).

Contemporary grain-oriented steels may be classified as conventional grain-oriented
(CGO) and high grain-oriented (HGO) steels. In conventional grades, the average disper-
sion of grain directions from the rolling direction is of the order of 7 degrees, which makes
it possible to obtain magnetic induction B10 at the 1.85 T level (B10 is the abbreviation
for a figure of merit used by steel producers; it denotes magnetic induction measured at
H = 1 kA/m). In HGO steels the texture is more perfect, i.e., the average dispersion of
grain directions does not exceed 4 degrees, which in turn implies a higher value of B10,
which may achieve 1.95 T; moreover, these grades feature significantly lower loss densities
(around 20%) in comparison with CGO steels.

In order to minimize the core losses of ready-made GO steels, a number of additional
treatment processes aimed at domain refinement have been proposed. Mechanical scratch-
ing, plasma irradiation, spark ablation, and laser scribing have been used for many years.
All these methods can provide favorable stress conditions and thereby refine the magnetic
domains because of mechanical- or thermal-induced strains [6]. Among the aforementioned
techniques, laser scribing has gained a lot of attention due to its process flexibility and
non-contact nature.

https://e-magnetica.pl/file/grains_in_go_steel_jpg
https://e-magnetica.pl/file/electrical_steel_progress_magnetica_png
https://e-magnetica.pl/file/electrical_steel_progress_magnetica_png
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Another tendency in contemporary GO steel manufacturing is an attempt to produce
ultra-thin grades (with thicknesses equal to 0.1 mm or less) [7]. Until recently, such thin
sheets were produced by JFE Steel, a manufacturer of high-silicon (6.5% wt. Si) non-
oriented steel [8,9].

Despite enormous efforts made over the years in processing technology (cf. Figure 2),
it is estimated that energy losses in magnetic circuits of transformers still account for 5–10%
of the total electric energy produced worldwide [10]. In the European Union the losses for
distribution transformers are estimated at 33 TW · h/year [11,12]. It should be remembered
that most transformers work continuously for at least 25–30 years.

Figure 3 depicts an exemplary power transformer.
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Figure 3. A photo of a high-voltage (750 kV) power transformer. Source: Wikimedia Commons repository,
author: Novoklimov, https://commons.wikimedia.org/wiki/ File: High-voltage_transformer_750_kV_
Tpaнcфopмaтop_750_кB.jpg (accessed on 1 November 2022).

In order to assess the level of development for a given country, one can take into
account the amount of consumed electric energy. This quantity is quite well correlated with
the volume of produced GO electrical steel since this material cannot be easily replaced
with any other soft magnetic material to serve as the core material in magnetic circuits
of power and distribution transformers [13]. The main factor stimulating the growing
energy demand worldwide is industrial growth, e.g., in China or India. Moreover, the
existing infrastructure has to be constantly replaced in order to increase the electrical power
generating capacity. According to the estimates of the International Energy Agency, it is
predicted that until 2030 this quantity is to rise at 3% rate per annum all over the world
(about 150 GW) [14].

In order to optimize the design of magnetic circuits in transformers, it is necessary to
work out appropriate descriptions of magnetic properties of GO electrical steel. The present
paper focused on modeling minor hysteresis loops using the T(x) approach combined with
the concept of effective field. This description is valuable because of the relatively simple
mathematical apparatus and strictly defined rules for predicting the system response at an
arbitrary excitation signal.

The paper is structured as follows: Section 2 covers basic information on the concept
of effective field and on the Jiles–Atherton hysteresis model, which is probably the most
wide-spread description on the “effective field”. Another important concept, also rooted in
the JA formalism, is the anhysteretic curve. In the successive part of the section, the T(x)

https://commons.wikimedia.org/wiki/
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model is briefly outlined. It is shown that the anhysteretic curve may be easily recovered
from the relationships for the upward and downward loop branches, thus contrary to
the JA model, in which the equation for the anhysteretic curve is set arbitrarily; the T(x)
approach offers a more comprehensive picture of the hysteresis phenomenon. It is shown
that the anhysteretic curve may possess inflection points for higher values of reduced
coercive field strength; previously, this fact was interpreted by some authors in terms of
the possible presence of multiple phases within the material, though in the present paper
it is shown that this effect is merely a consequence of strictly prescribed mathematical
formalism. A practical algorithm for the determination of anhysteretic curves is outlined.
Moreover, in this section it is shown that there exist local anhysteretic curves corresponding
to their hysteresis counterparts (symmetric minor loops). This observation allows us to
explain the concept coined twenty-seven years ago by Sablik and Langman, who envisaged
the “anhysteretic plane” when interpreting measurement results for samples subjected to
different excitation conditions.

Section 3 is devoted to a comparison of experimental data with modeling results.
At first, an interpretation of the T(x) model in physical units, proposed some time ago
by the first author of the present contribution, is recalled. The most interesting part of
the section is—in our opinion—devoted to two approaches allowing one to transform
minor hysteresis loops in dimensionless units into physically tangible curves. The second
approach is inspired by the geometric interpretation of the “effective field”, related to the
concept of affine transformation. Recalling the transformation matrix for rotation, a similar
transformation matrix, in which magnetization remains is invariant, is proposed. It is shown
that this approach leads to modeled hysteresis curves with lower dynamic susceptibilities
than those generated by the approach based on straightforward substitution of respective
relationships into model equations. Finally, in this section we provide a modeling example
for an increased excitation frequency (chosen as mains frequency because of the practical
application). In order to extend the T(x) model with effective field into dynamic conditions,
we “dress up” quasi-static loops with an extra non-linear term; thus, our approach is
basically derived from a two-term separation formula. The dynamics are controlled by
the exponent appearing in the power law, which may be derived from experimental
dependence Hc( f )− Hc0.

Section 4 includes some extra information on alternative hysteresis models applied
to similar problems and outlines possible topics for future work. Finally, Section 5 section
summarizes the paper’s contents and the obtained results.

2. Theoretical Foundations
2.1. The Effective Field

The concept of effective field plays an important role in contemporary physics and
engineering. The effective field is a useful framework which allows one to take into
account the equivalent response from several physical phenomena, including the internal
coupling mechanism, induced and residual mechanical stresses, and thermal and magnetic
viscosity [15] acting on the considered fragment of matter (in ferromagnetism on a specimen;
specifically, in the context of this paper, on a sheet of GO steel). Thus, the concept lies at the
core of the operating principle of different physical sensors.

Among the many descriptions of ferromagnetic hysteresis, the formalism developed in
the in the 1980’s by Jiles and Atherton [16] gained quite a lot of attention from the scientific
community due to the relatively uncomplicated structure of its equations, allowing one
for simple numerical implementation. The “effective” field, being the true field within
magnetic material, appeared as the argument in the fundamental ordinary differential
equation of the JA description; thus, it constituted the “backbone” of the formalism. The
evolution of the Jiles–Atherton (JA) model equations and their different forms are reviewed,
e.g., in [17,18].

An important paper focused on the (lack of) physical foundations underlying the
original JA description was the paper by Zirka et al. [19]. This publication focused on the
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modified Langevin function used for the description of anhysteretic magnetization. The
argument of the anhysteretic function was the “effective” field; thus, in the JA model there
existed an implicit coupling between the irreversible and the reversible magnetization
components. The decomposition of total magnetization into these two components was
argued, pointing out that a description correct from the point of irreversible thermodynam-
ics should rather rely on the decomposition of total field strength (as is carried out in the
Harrison model [20]).

Since the physical foundations of the Jiles–Atherton formalism have been put into
question, in particular the possibility to use the modified Langevin function for the descrip-
tion of the anhysteretic magnetization, in the present paper we focused on another model
of hysteresis curves, namely, the T(x) model [21].

2.2. The Anhysteretic Curve

There is a general agreement between scientists that the anhysteretic curve should be
related to the description of magnetization process in an ideal material devoid of struc-
tural defects or other hindrances to the domain wall movement, referred to as pinning
sites [22–24]. In reality, such materials do not exist; thus, it might seem that the concept
of the anhysteretic curve is vague and unclear. What is even worse, there is an on-going
debate between researchers regarding how to reproduce the anhysteretic curve experimen-
tally, cf., [25,26].

However, the concept of the anhysteretic curve obtains a clear and tangible phys-
ical interpretation if one considers it from a thermodynamical perspective. This curve
corresponds to the global equilibrium state of the ferromagnetic material [25].

2.3. The T(x) Hysteresis Model

The T(x) model is a phenomenological description, based on extensive use of hyper-
bolic tangent transformation. The anhysteretic curve was obtained in this model by averag-
ing the output variable y values read from the ascending and the descending loop branches.

Symmetric loop branches are described in T(x) model as

y(x) = tanh(x∓ a0)± b (1)

where the meaning of a0 is coercive field strength expressed in dimensionless units, whereas
b is introduced in order to match loop ends for lower excitation levels (for minor loops)

b = 0.5[tanh(xm + a0)− tanh(xm − a0)] (2)

where xm is the value of the input variable for which both loop branches coincide. The
description is easily adjustable for asymmetric excitation conditions, cf., [21,27]. In order to
simplify the notation, we write T(x) for tanh(x).

Within the T(x) model framework the anhysteretic curve encompasses the loci of minor
loop tips; thus, the following relationship may be written

yanh(x) = 0.5[T(x + a0) + T(x− a0)] (3)

Figure 4 depicts the shapes of simulated hysteresis and anhysteretic curves for two ar-
bitrarily chosen values of a0. The following can be easily noticed:

- The anhysteretic curves are monotonous; they pass through the first and the third
quadrant of the (x, y(x)) plane and possess a saturation feature;

- For a sufficiently large value of coercive field strength, the shape of the anhysteretic
curve given in (3) exhibits inflection; thus, it is similar to the shape of magnetization
curves recorded for two-phase magnetic materials [28]. Since the T(x) model is a
purely phenomenological tool, the presence of inflection points on the simulated
anhysteretic curve cannot be attributed to the onset of a new physical phenomenon or
the disclosure of some extra phase in the material; rather, it is a natural consequence
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of mathematical formalism and the assumption that all symmetric loop tips belong to
the anhysteretic curve.

At this point it should be pointed out that the T(x) approach may be extended to
multi-phase compounds in a simple way; this is achieved by summing the (weighted)
contributions from individual alloy phases, as demonstrated in [29,30]. The concept was
successfully verified in a study of temperature-dependent hysteresis curves for a magne-
tocaloric composite based on La(Fe, Mn, Si)13-H type alloys [31].
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Figure 4. Simulated major hysteresis loops (dashed line) and anhysteretic curves (solid lines) for
two values of the reduced coercive field (a0 = 1, 2 using Takács’ notation) and xm = 4.

An in-depth inspection of relationships (1)–(3) allows one to draw a conclusion that both
descriptions, i.e., of the hysteresis loop branches and of the anhysteretic curve are mutually
inter-related. This fact was stressed in [32]. For the specific choice of hyperbolic tangent as
the design curve, one can use the identity of T(x± a0) = [T(x)± T(a0)]/[1± T(x)T(a0)].

Since yanh = 0.5[ T(x− a0) + T(x + a0)] then

2yanh =
T(x)− T(a0)

1− T(x)T(a0)
+

T(x) + T(a0)

1 + T(x)T(a0)
=

T(x)− T(a0) + T2(x)T(a0)− T(x)T2(a0) + T(x) + T(a0)− T2(x)T(a0)− T(x)T2(a0)

1− (T(x)T(a0))
2 (4)

which reduces to the following expression:

2yanh =
2T(x)

(
1− T2(a0)

)
1− (T(x)T(a0))

2 (5)

A conclusion may be drawn that the recovery of the anhysteretic curve from loop
branches as their middle curve, suggested, e.g., by Krah and Bergqvist [33], is justified.
This fact has far-reaching consequences since it allows one to avoid tedious point-by-point
measurements, cf., Figure 5.
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−𝐵+√∆

2𝐴
=

−(1−𝑇2(𝑎0))+√(1−𝑇2(𝑎0))
2

+4𝑦anh
2 𝑇2(𝑎0)

2𝑦anh𝑇2(𝑎0)
  (8) 

and finally, 𝑥 is computed from the atanh function (inverse hyperbolic function). This ex-
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The relationship (7) may be transformed to isolate T(x) as a function of yanh; thus, the
inverse anhysteretic function may be recovered:(

1− T2(a0)T2(x)
)

yanh = T(x)
(

1− T2(a0)
)

(6)

T2(x)yanhT2(a0) + T(x)
(

1− T2(a0)
)
− yanh = 0 (7)

If yanh = 0 then the degenerated solution is T(x) = 0, x = 0, otherwise T(x) is
computed as the positive root of the quadratic equation AT2(x) + BT(x) + C = 0,

T(x) =
−B +

√
∆

2A
=
−
(
1− T2(a0)

)
+
√
(1− T2(a0))

2 + 4y2
anhT2(a0)

2yanhT2(a0)
(8)

and finally, x is computed from the atanh function (inverse hyperbolic function). This
expression is provided in Takács’ textbook [21] (page 22).

The importance of the relationship (10) is in the fact that it is valid regardless of the
interpretation of x. Thus, x may be interpreted as the reduced effective field [34].

The computation flowchart may be summarized as follows:

1. Set the value for a0;
2. Set the limiting value for ym,−1 < ym < 1.;
3. Compute T(xm) from (10);
4. Compute xm using the hyperbolic area tangent function;
5. Compute b from (4);
6. For successive values of y ∈ 〈−ym; ym〉, compute the corresponding x values for the

ascending and the descending loop branches from transformed (3), solved for x. If
necessary, compute the values of anhysteretic field strength via (10).

It can be easily noticed that this computation chain is typical for an inverse model, in
which the magnetic field strength is a function of magnetization.

Figure 6 depicts a family of simulated minor hysteresis loops (solid lines) and an-
hysteretic curves (dashed lines) for the fixed value a0 = 2 and for different amplitudes
ym = 0.95, 0.75, 0.5, and 0.25. The interpolated value of coercive field strength for ym = 0.95
is 1.95; thus, this loop approaching saturation can be considered as the major loop. It can
be noticed that the slopes of anhysteretic curves depend on the excitation amplitude: as
ym decreases, the slope dxanh/dy (i.e., the reciprocal of reduced anhysteretic susceptibility)
increases for the same y.



Energies 2023, 16, 2237 8 of 18Energies 2023, 16, 2237 8 of 19 
 

 

 

Figure 6. A family of simulated symmetric hysteresis loops and the corresponding anhysteretic 

curves for 𝑎0 = 2. 

A detailed inspection of Figure 6 leads to the conclusion that there is no single uni-

versal anhysteretic curve valid in the whole 𝐻 = 𝐻(𝑀) plane, since for each amplitude of 

the loop, one can distinguish a local anhysteretic curve corresponding to the minor loop. 

This fact has been mentioned in several papers, including the “offset anhysteretics” in the 

conclusions of the paper [35] (the authors could not provide an interpretation of this ef-

fect). An important contribution towards developing a better understanding of the anhys-

teretic concept is represented by the paper by Sablik and Langman, who envisaged the 

whole family of anhysteretic curves obtained for different excitation conditions as a plane 

[36]. The present paper extended their reasoning to describe the case of symmetric minor 

loops for a GO steel sample. 

3. Modeling 

3.1. Modeling in Quasi-Static Excitation Conditions 

The original T(x) model was defined in terms of dimensionless quantities 𝑥 and 𝑦. 

Their physical interpretation was proposed in ref. [34], in which 𝑥 was interpreted as a 

reduced “effective field”, by analogy to the JA model, whereas 𝑦 as reduced magnetiza-

tion. 

The T(x) model may be written in physical units for symmetric excitation as 

𝑀 = 𝑀s tanh
𝐻eff∓𝐻c

𝑎
± 𝑏(𝐻eff

TIP, 𝑀TIP)  (9) 

in which 𝐻eff is defined as 𝐻eff = 𝐻 + 𝛼𝑀, whereas 

𝑏(𝐻eff
TIP, 𝑀TIP) = 0.5𝑀s  [tanh

𝐻eff
TIP+𝐻c

𝑎
− tanh

𝐻eff
TIP−𝐻c

𝑎
]    (10) 

It can be noticed that the T(x) model requires the knowledge of coercive field strength 

𝐻c for the major loop. The model parameters are saturation magnetization 𝑀s, A/m, co-

ercive field strength 𝐻c, A/m, the dimensionless Weiss’ coefficient 𝛼, accounting 

for mutual interactions between magnetic moments within the material (it appears 

in the second term of the assumed definition for the effective field 𝐻eff = 𝐻 + 𝛼𝑀), and 

the parameter 𝑎, A/m, which basically controls the loop shape. The values of model pa-

rameters have to be determined on the basis of magnetic measurements. 

The nominal thickness of grain-oriented steel used in magnetic circuits of power 

transformers is in the range 0.27–0.35 mm (here we did not take into account the ultra-

thin gauges, mentioned in ref. [7] and the Introduction section). For model verification we 

chose a sheet of ET 122-30 grade (0.3 mm thick). Hysteresis loops were measured using a 

single-sheet tester device and a computer-aided measurement setup, whose fundamental 

Figure 6. A family of simulated symmetric hysteresis loops and the corresponding anhysteretic
curves for a0 = 2.

A detailed inspection of Figure 6 leads to the conclusion that there is no single universal
anhysteretic curve valid in the whole H = H(M) plane, since for each amplitude of the
loop, one can distinguish a local anhysteretic curve corresponding to the minor loop. This
fact has been mentioned in several papers, including the “offset anhysteretics” in the
conclusions of the paper [35] (the authors could not provide an interpretation of this effect).
An important contribution towards developing a better understanding of the anhysteretic
concept is represented by the paper by Sablik and Langman, who envisaged the whole
family of anhysteretic curves obtained for different excitation conditions as a plane [36].
The present paper extended their reasoning to describe the case of symmetric minor loops
for a GO steel sample.

3. Modeling
3.1. Modeling in Quasi-Static Excitation Conditions

The original T(x) model was defined in terms of dimensionless quantities x and y.
Their physical interpretation was proposed in ref. [34], in which x was interpreted as a
reduced “effective field”, by analogy to the JA model, whereas y as reduced magnetization.

The T(x) model may be written in physical units for symmetric excitation as

M = Mstanh
Heff ∓ Hc

a
± b
(

HTIP
eff , MTIP

)
(9)

in which Heff is defined as Heff = H + αM, whereas

b
(

HTIP
eff , MTIP

)
= 0.5Ms

[
tanh

Heff
TIP + Hc

a
− tanh

Heff
TIP − Hc

a

]
(10)

It can be noticed that the T(x) model requires the knowledge of coercive field strength
Hc for the major loop. The model parameters are saturation magnetization Ms, A/m,
coercive field strength Hc, A/m, the dimensionless Weiss’ coefficient α, accounting for
mutual interactions between magnetic moments within the material (it appears in the
second term of the assumed definition for the effective field Heff = H + αM), and the
parameter a, A/m, which basically controls the loop shape. The values of model parameters
have to be determined on the basis of magnetic measurements.

The nominal thickness of grain-oriented steel used in magnetic circuits of power
transformers is in the range 0.27–0.35 mm (here we did not take into account the ultra-thin
gauges, mentioned in ref. [7] and the Introduction section). For model verification we
chose a sheet of ET 122-30 grade (0.3 mm thick). Hysteresis loops were measured using a
single-sheet tester device and a computer-aided measurement setup, whose fundamental
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parameters were provided in a recent publication [37]. The excitation frequency was 5 Hz,
which can be considered as approaching a quasi-static (DC) condition, since this value lies
well below the threshold value at which dynamic effects begin to play an important role,
cf., [38]. Figure 7 depicts some measured hysteresis loops for the considered grade.
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In our computations we assumed that the major loop was obtained for Bm ∼= 1.8 T.
For the major loop b

(
HTIP

eff , MTIP) → 0 , the effect of varying slope of anhysteretic curves
and hysteresis loop branches for different maximum flux densities (cf., Figure 6 for sim-
ulated curves in dimensionless units) was captured in the description by the update of
b
(

HTIP
eff , MTIP) values for minor loops.
The estimation procedure is a bit awkward because magnetization appeared on both

sides of (12) (it is included implicitly in the effective field). Thus, a nonlinear equation had
to be solved for magnetization using, e.g., the Newton–Raphson method at each reference
data point. The fitness indicator was the sum of squared deviations between the measured
and the modeled magnetization values corresponding to the same preset field strength
values. For estimation purposes we used the Matlab implementation of the robust DIRECT
algorithm [39], developed by Finkel [40]. This code has been used previously and was
found to be quite useful in solving the estimation problem for the Jiles–Atherton model [41].
The idea of the algorithm may be summarized as follows:

- Transformation of the n-dimensional search space into an n-dimensional hypercube
with unit dimensions;

- Subdivision of the hypercube into smaller units and sampling of the fitness value
(sum of squared deviations between the measured and modeled magnetization values
corresponding to the same preset field strength values);

- Choice of the “most promising” unit for further processing;
- “Zoom” of the chosen unit into the n-dimensional hypercube and its successive

processing according to the rule described above.

The modeling results for the major loop are depicted in Figure 8. The values of all
parameters are also shown in the figure. It can be remarked that the estimated value of the
“effective field” coefficient α was roughly equal to Hc/Ms [41,42].
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Figure 8. The measured and the modeled major loop for the considered grade.

In order to describe minor loops, it is clear that the substitutions y = M/Ms, a0 = Hc/a
and x = Heff/a should hold. Two modeling strategies may be considered at this point:

- Model 1:

For a given amplitude of minor loop Mm, compute the equivalent amplitude ym.
Compute the reduced coercive field a0 = Hc/a.

Next, following the algorithm outlined in the previous section, compute the hysteresis
loop branches in the reduced units x = atanh(y∓ b)± a0. Figure 9 depicts the simulated
x = x(y) (i.e., heff = heff(m)) hysteresis loops corresponding to µ0Mm = 0.5 and 1 T.

Energies 2023, 16, 2237 10 of 19 
 

 

 

Figure 8. The measured and the modeled major loop for the considered grade. 

In order to describe minor loops, it is clear that the substitutions 𝑦 = 𝑀/𝑀s, 𝑎0 =

𝐻c/𝑎 and 𝑥 = 𝐻eff/𝑎 should hold. Two modeling strategies may be considered at this 

point: 

- Model 1: 

For a given amplitude of minor loop 𝑀m, compute the equivalent amplitude 𝑦m. 

Compute the reduced coercive field 𝑎0 = 𝐻c/𝑎. 

Next, following the algorithm outlined in the previous section, compute the hystere-

sis loop branches in the reduced units 𝑥 = atanh(𝑦 ∓ 𝑏) ± 𝑎0. Figure 9 depicts the simu-

lated 𝑥 = 𝑥(𝑦) (i.e., ℎeff = ℎeff(𝑚)) hysteresis loops corresponding to 𝜇0𝑀m = 0.5 and 1 

T. 

 

Figure 9. Simulated ℎeff = ℎeff(𝑚) loops corresponding to 𝜇0𝑀m = 0.5 and 1 T. 

Substituting back 𝑀 = 𝑦𝑀s and 𝐻 = 𝑎𝑥 − 𝛼𝑀, we obtain the sought hysteresis mi-

nor loop in physical units. 

- Model 2: 

Figure 9. Simulated heff = heff(m) loops corresponding to µ0 Mm = 0.5 and 1 T.

Substituting back M = yMs and H = ax− αM, we obtain the sought hysteresis minor
loop in physical units.

- Model 2:

This approach is based on geometric interpretation of the effective field related to the
concept of affine transformation. A similar problem is defined in digital image processing
as homography. The coordinates of any point P in the ordinary coordinates (H, M) (thus
also the major loop tip, used in subsequent computations) may be represented in the slanted
coordinates Heff = Heff(M) where the tangent of angle φ is equal to αM/H, cf., Figure 10.



Energies 2023, 16, 2237 11 of 18

The relationship for the forward transformation may be derived by recalling the
formula for rotation matrix in 2D by angle θ, which is[

xnew
ynew

]
=

[
cos θ − sin θ
sin θ cos θ

][
xold
yold

]
(11)

However, in our case we just rotated the “dependent” (field-related) axis, thus[
m

heff

]
=

[
1 0

sin φ cos φ

][
m
h

]
(12)

where the symbols m, h, heff denote magnetization, field strength, and effective field
strength in reduced units, respectively, and φ = −atan

(
αMTIP/HTIP).

Energies 2023, 16, 2237 11 of 19 
 

 

This approach is based on geometric interpretation of the effective field related to the 

concept of affine transformation. A similar problem is defined in digital image processing 

as homography. The coordinates of any point P in the ordinary coordinates (𝐻, 𝑀) (thus 

also the major loop tip, used in subsequent computations) may be represented in the 

slanted coordinates 𝐻eff = 𝐻eff(𝑀) where the tangent of angle 𝜙 is equal to 𝛼𝑀/𝐻, cf., 

Figure 10. 

The relationship for the forward transformation may be derived by recalling the for-

mula for rotation matrix in 2D by angle 𝜃, which is 

[
𝒙𝐧𝐞𝐰

𝒚𝐧𝐞𝐰
] = [

𝐜𝐨𝐬 𝜽 − 𝐬𝐢𝐧 𝜽
𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽

] [
𝒙𝐨𝐥𝐝

𝒚𝐨𝐥𝐝
] (11) 

However, in our case we just rotated the “dependent” (field-related) axis, thus 

[
𝒎

𝒉𝐞𝐟𝐟
] = [

𝟏 𝟎
𝐬𝐢𝐧 𝝓 𝐜𝐨𝐬 𝝓

] [
𝒎
𝒉

] (12) 

where the symbols 𝑚, ℎ, ℎeff  denote magnetization, field strength, and effective field 

strength in reduced units, respectively, and 𝜙 = − atan(𝛼𝑀TIP 𝐻TIP⁄ ). 

 

Figure 10. The coordinate systems 𝐻 = 𝐻(𝑀) and 𝐻eff = 𝐻eff(𝑀). 

The inverse transformation is given as 

[
𝒎
𝒉

] = [
𝟏 𝟎

−𝐭𝐚𝐧 𝝓 𝟏/ 𝐜𝐨𝐬 𝝓
] [

𝒎
𝒉𝐞𝐟𝐟

] (13) 

Exemplary modeled minor loops are depicted in Figures 11 and 12. The value of co-

ercive field strength in dimensionless units was taken from the parameters for the major 

loop, i.e., 𝑎0 = 15/19.5 ≅ 0.769. In Figure 11 the modeling results are shown for both 

models. It can be stated that model 1 described the experimental data slightly better than 

model 2 for the medium excitation amplitude; however, the shape of the minor hysteresis 
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Figure 10. The coordinate systems H = H(M) and Heff = Heff(M).

The inverse transformation is given as[
m
h

]
=

[
1 0

− tan φ 1/ cos φ

][
m

heff

]
(13)

Exemplary modeled minor loops are depicted in Figures 11 and 12. The value of
coercive field strength in dimensionless units was taken from the parameters for the major
loop, i.e., a0 = 15/19.5 ∼= 0.769. In Figure 11 the modeling results are shown for both
models. It can be stated that model 1 described the experimental data slightly better than
model 2 for the medium excitation amplitude; however, the shape of the minor hysteresis
loop for the lower excitation amplitude was better reproduced with model 2. Modeled
differential susceptibilities for model 2 were lower than for model 1 in both cases.
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3.2. Extension to the Dynamic Conditions

An extension to the dynamic conditions may be carried out using the formalism
presented in ref. [37]. The approach relies on the application of the power–law relationship
considered by Zirka and coworkers [43] (who used it for the description of the excess field
only) in order to describe the distortion of the loop shape due to eddy currents in different
time–spatial scales generated in the conductive material. The proposed algorithm may be
perceived as a special case of the Chua–Bass model [44]. A somewhat similar approach was
considered in ref. [45].

The starting point for considerations is the dependence coercive field strength vs.
frequency for the major loop. The results of measurements and their fitting to the fractional-
type relationship Hc = Hc0 + A f β are depicted in Figure 13.
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The estimated value of exponent in the above-given relationship is used in successive
computations. The fractional power law for determination of dynamic hysteresis loops is
written as

H(t) = Hstat(M) +

 1

K
(

1− (M/Ms)
2
) dM

dt

β

(14)
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where the only fitting parameter is the normalization constant K appearing in the denomi-
nator of the second term of the expression.

Exemplary results of modeling minor loops under the increased excitation frequency
are depicted in Figure 14. We chose the main frequency in Europe (50 Hz) since the results
are of practical importance. It can be stated that the trends observed for quasi-static loops
remained valid, i.e., modeled dynamic susceptibilities from model 2 were lower than for
model 1. In order to perform a quantitative assessment of both models, we computed the
discrepancies between measured and modeled coercivities and remanence magnetizations.

Model 1 underestimated the coercive field strength by 7.9%, whereas model 2 by 2.9%.
Model 1 overestimated the remanence magnetization by 7.7%, whereas model 2

underestimated this value by 7.8%. Therefore, it may seem that model 2 performed a little
better. This observation may be confirmed by yet another figure of merit, namely, loop area,
which corresponds to the dissipated energy loss. For model 1 the computed loss area was
measured as smaller than its counterpart by 5.7%, whereas for model 2 by merely 0.2%.
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4. Discussion

In the paper we verified the possibility to model minor hysteresis loops of grain-
oriented steel with the phenomenological T(x) model in which one of the variables was
identified as the “effective” field. We considered two possible approaches to carry out
transformation from the “effective” field (which is not directly measurable) to the “ordinary”
H field. It can be stated that both approaches might be useful.

It should be remembered that the considered approach takes into account the irre-
versible field component only. It is felt that further model refinement might be obtained by
the introduction of additional functional dependences accounting for reversibility. Some
preliminary results were presented previously in refs. [46,47].

A recent contribution [48] which considered a more general transformation based on
hypergeometric functions also offered an improved description of minor loops in GO steel.
However, to the best of our knowledge, a simple relationship similar to the hyperbolic
tangent of a sum/difference of its arguments does not exist for hypergeometric functions.
Such an expression would be needed for an explicit definition of the anhysteretic curve.
Moreover, the advantage of the present approach is that it offers a tangible interpretation of
anhysteretic curves and puts in the spotlight its deep connection to the hysteresis loop. It
should be remembered that the considered models correspond to the conditions in which
magnetic materials are characterized [49].

In order to let the readers obtain a more comprehensive picture of the advantages of the
approach presented in this paper, we include here a brief discussion of some chosen papers
concerning two other hysteresis models most commonly used in electrical engineering,
namely the Preisach formalism [50,51] and the JA model.
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The Preisach model is a phenomenological bottom–up approach in which the outcome
hysteresis is the result of summing individual contributions from elementary units, referred
to as hysterons. The model usually uses magnetic field strength as its input and magnetiza-
tion as its output; thus, in order to adapt it to the conditions in which magnetic properties
of materials are characterized [49], it is necessary to carry out additional numerical compu-
tations [52,53]. The fundamental issue for this description is the proper identification of the
so-called hysteron density function.

Rouve et al. [54] compared several formulations for the hysteron density function and
modeled hysteresis curves for a 0.27 mm thick GO steel sample. The relative errors for loop
area (representing energy loss) in most cases were of the order 20%–40%. It is interesting to
remark that the most promising implementation of the Preisach model takes into account
the interaction term, which is equivalent to the use of the “effective field” such as in the
present contribution.

Eichler et al. suggested that the use of a nonuniform grid applied to hysteron distri-
bution might improve the overall performance of the Preisach model and its accuracy for
hysteresis loops in GO steel [55]. The proposed approach allowed them to increase the
computation speed by two orders of magnitude; however, it required more complicated
pre-processing grid data necessary for modeling.

Naghizadeh et al. [56] focused on the identification issue for the JA model. The authors
compared several metaheuristic methods (simulated annealing, genetic algorithms, differential
evolution, particle swarm optimization and shuffled frog leaping algorithm) in terms of their
ability to recover optimal values of JA model parameters for chosen grades of grain-oriented
and non-oriented steel. Despite the authors being able to obtain quite-accurate representations
of minor loops, it is remarkable that the parameter sets obtained with different methods were
quite different. Moreover, it can be noticed that their values varied significantly upon changing
the excitation amplitude; however, it is difficult to draw general meaningful conclusions about
the observed trends. A similar problem may be noticed when analyzing the results of a
recently published paper [57]. It is obvious that freeing the values of model parameters
should in general yield better results than keeping them fixed or varying in accordance to
some prescribed functional dependencies [58]; however, a question arises about the physical
interpretation of parameter values and the validity of the proposed methodology.

The problem of estimating JA model parameters with meaningful physical interpreta-
tion has recently been addressed in refs. [59,60]. In these publications the authors proposed
introducing some constraints between the values of some parameters which affect the shape
of the “anhysteretic” curve in the JA model in order to be rid of some non-physical solutions,
reported previously, e.g., in ref. [19]. It should be emphasized that in the considered T(x)
model such problems do not exist.

As far as the dynamic extension of the hysteresis model is concerned, we would like
to point the attention of the readers to some recent papers from the Durham team [61,62].
The authors were clearly inspired by Zirka’s approach [43]; thus, they focused on the
three-term separation formula in which a relationship similar to (14) was used for the
description of “excess” field. As pointed out previously, our approach assumed that such
an expression describes all dynamic contributions due to eddy currents in multiple time–
spatial scales. It is remarkable that most probably due to the presence of a “classical”
field term, Hamzehbahmani was forced to use different functional dependencies for the
reciprocal of K in the formula equivalent to (14).

Future research may be focused on the following aspects:

1. An extended T(x) model may be used to describe hysteresis curves of a material
subject to applied stress. It is expected that Sablik’s extension to the effective field
may be useful for this purpose [63];

2. The possibility to describe hysteresis curves in a ferromagnetic lamination when a
T(x) model is applied on a local (microscopic, not bulk) scale and the coupling of the
model with the finite element method using the solver implemented in the Argos
suite should be explored [64,65].
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3. The model should be extended to the case of biased and multi-harmonic excita-
tion [66–68] and further validation of the description of dynamic properties should
be performed.

5. Conclusions

In the present paper we showed the possibility to describe symmetric minor loops of
grain-oriented steel with the phenomenological T(x) model, in which the variable x was
interpreted as a reduced “effective” field. We have elucidated the deep relationship between
anhysteretic curve and its hysteretic counterpart, i.e., the minor hysteresis loop. It can be
stated that the T(x) framework provides a self-consistent description of both phenomena.
We proved that, in fact, there exist families of anhysteretic curves. Two approaches for
modeling the “effective” field have been considered. We showed that the combination of
the T(x) model plus an additional dynamic term derived from the Hc = Hc( f ) dependence
allows one to reproduce minor loops quite accurately. The presented results may hopefully
be interesting to engineers working on hysteresis modeling and to physicists alike.
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Nomenclature

CGO abbreviation for “Conventional Grain Oriented”(electrical steel)
HGO abbreviation for “High Grain Oriented”
GO abbreviation for “grain oriented”
JA abbreviation for “Jiles-Atherton” (model)
a0 dimensionless quantity in the T(x) model, interpreted as coercive field strength in reduced units

b
dimensionless quantity in the T(x) model, used to match loop tips so that they belong to the
anhysteretic curve

x
dimensionless quantity in the T(x) model, interpreted as strength of applied field or effective
field in reduced units

y dimensionless quantity in the T(x) model, interpreted as magnetization in reduced units
T abbreviated notation for hyperbolic tangent

α
mean field (Weiss’) coefficient, accounting for mutual interactions between magnetic moments
within ferromagnetic material, dimensionless

β
fractional coefficient which describes the evolution of coercive field strength upon excitation
frequency increase (experimental data fitted with a power law plus free term)

a
shape parameter in the JA and the T(x) models, A/m, in the latter description it is used to
adjust the value of the fraction subject to hyperbolic tangent transformation, cf. Equation (9)

Hc
coercive field strength for the major loop, A/m; subscript “0” in the section devoted to dynamic
extension is meant to draw attention of the readers that this quantity refers to quasi-static limit

Heff effective field, A/m, in the simplest form defined as Heff = H + αM
Ms saturation magnetization, A/m
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