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Abstract: Fault location on overhead power lines achieved with the highest possible accuracy can
reduce the time to locate faults. This contributes to ensuring the stability of power systems, as well as
the reliability of power supply to consumers. There are a number of known mathematical techniques
based on different physical principles that are used in fault location on overhead power lines and
whose errors vary. Fault location on overhead power lines uses techniques based on the estimation
of emergency state parameters, which are referred to as distance-to-fault techniques and are widely
used. They are employed in digital protection relay terminals and power-line fault locators. Factors
that have a significant impact on the error of fault location on overhead power lines by emergency
state parameters are design, manufacturing, and operation. The aim of this article is to analyze the
existing techniques and to present a new analytical technique for estimating errors of fault location
on overhead power lines by using emergency state parameters. The technique developed by the
authors makes it possible to properly take into account a set of random factors, including various
measurement errors of currents and voltages in the emergency state, which have a significant impact
on the fault location on overhead power lines error. The technique allows one to determine more
accurately the fault location and the size of the inspection area, which is necessary to reduce the
time it takes to carry out emergency recovery operations. The proposed technique can be applied in
fault locators and digital protection relay terminals that use both single-end, double- and multi-end
sensing of currents and voltages in the emergency state.

Keywords: overhead power line; fault location; emergency state parameters; error; analytical
technique; simulation

1. Introduction

Fault location (FL) on overhead power lines (OPLs) that is as accurate as possible is
one of the key operational tasks of electric utilities. The way it is addressed impacts the
reliability of power system operation, including maintaining static and dynamic stability,
as well as ensuring reliability of power supply to consumers [1–3]. Given an insufficient
number of redundant OPLs, as well as devices for automatic switching of backup power in
distribution grids, the issue of reducing the time for fault location and emergency recovery
operations on OPLs is particularly relevant [4,5].

To solve the abovementioned problem, a number of mathematical techniques are
used that are based on different physical principles that require information databases and
calculations that vary in terms of their complexity [6]. Therefore, fault locators designed on
their basis differ in terms of their error, which significantly affects the distance covered as
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part of the walk-around inspection of a OPL by technicians when searching for the actual
fault location.

Of the FL techniques that are based on the estimation of emergency state parameters,
the so called “distance-to-fault” [7–9] techniques are widely used. As a rule, they are
implemented in the digital terminals of protection relays of OPLs or in stand-alone PL fault
locators. The errors of the single-end, double- and multi-end OPL FL techniques are due to
different causes. Most of the errors result from the OPL FL algorithm adopted, its features,
and expressions used for calculations [10,11].

An analysis of methodological and random errors of OPL FL techniques includes the
following:

• Determination of the parameters for calibrating the OPL fault locator based on specific
parameters and configuration of the OPL;

• Calculation of parameters of currents and voltages in the assumed site of installation
of the PL fault locator in case of faults at various points of the OPL;

• Identification of possible locations of OPL faults, using the selected OPL FL algorithm
and the corresponding expressions used to perform calculations;

• Determination of the error of calculating the distance to the OPL fault location accord-
ing to the chosen algorithm of the fault locator [12,13].

The regulatory and technical documents of electric utilities establish requirements for
determining the OPL inspection area:

• ±15% of the OPL length, if its length is up to 50 km, inclusive;
• ±10% of the OPL length, if its length ranges from 50 to 100 km, inclusive;
• ±7% of the OPL length, if its length ranges from 100 to 300 km, inclusive;
• ±5% of the OPL length, if its length is 300 km or more [14].

Consequently, the maximum length of the OPL inspection area should not exceed
the specified values. Technicians, after an emergency shutdown of the OPL with failed
automatic reclosing, must arrange an inspection of the minimum possible section of the
OPL, which depends on the accuracy of the adopted OPL FL algorithms [15,16].

An important feature of OPLs currently in operation is the non-uniformity of the
resistivity along the OPL, which is due to the following:

• The use of different types of towers in individual sections of the OPL, which is due to,
for example, the changes in the terrain of the OPL route;

• Changes in ground resistance at different sections of the OPL, which is caused by
the route of the OPL running in areas with different types of soil (rocky, permafrost,
swamps, floodplains of rivers, and reservoirs, etc.);

• Convergence at certain sections of a given OPL with other OPLs running within shared
corridors;

• The absence of an overhead ground wire at some sections of the OPL (in some cases,
by the design choice, the ground wire is used only on access routes to substations in
regions with low lightning activity);

• Different lengths of OPL spans;
• Different types and cross-sections of wires on different sections of the OPL [17–20].

Therefore, failure to consider the above factors can lead to significant errors in calcu-
lating the distance to an OPL fault location.

Simulation tools are widely used nowadays to estimate the error of OPL FL algo-
rithms [21–23]. In particular, the results of simulation make it possible to rule out the
components of methodological errors in the calculation algorithm of the OPL FL, includ-
ing those caused by non-uniformity of specific parameters of OPLs, thus significantly
increasing the accuracy of calculating the distance to the fault location [22].

A large number of simulation results, as well as statistical data obtained from electric
utilities, make the case for the expediency of applying statistical methods to estimate the
errors of OPL FL techniques.
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In [10], it was proposed to use a software package to implement statistical tests of
OPL FL algorithms. The study found the conditional laws of distribution of errors of
determining the distance to OPL fault location, while taking into account the probabilistic
change in the parameters of the calculation algorithm. It was noted that the distribution
of errors in calculating the distance to the OPL fault location was governed by the normal
(Gaussian) law.

As a rule, electric utilities operating overhead OPLs do not have the capabilities to
conduct simulations as well as advanced statistical data processing to calculate and analyze
the errors of OPL FL techniques [24]. In this case, one should employ analytical techniques
for estimating the errors of the OPL FL, which are significantly less computationally
involved and hence allow performing approximate calculations “manually”.

The purpose of the article is to analyze the existing techniques of analytical estimation
of OPL FL errors by emergency state parameters, as well as to present a novel technique
developed by the authors.

2. Review of Techniques of OPL FL by Emergency State Parameters

Let us analyze the techniques of OPL FL based on measuring emergency state parame-
ters [25].

One study [26] presented an OPL FL technique with asynchronous measurements from
both of its ends, having a length (L), ohmic resistance, (RPL), and inductive reactance (XPL),
connecting two power supply systems. This technique uses the results of measurements of
instantaneous values of phase currents (i′A, i′B, i′C), (i′′A, i′′B, i′′C) and voltages (u′A, u′B,
u′C), (u′′A, u′′B, u′′C) during a short circuit (SC) from the two ends of a OPL (′—the first
end; ′′—the second end). Based on these data, one determines the relative value of the
distance to the SC location n and the physical distance from the end of the OPL having
the index’ as per the expression L′ = n-L. When analyzing the waveforms of currents and
voltages obtained from both ends of the OPL, they are aligned along the cut line at the
moment of SC start; instantaneous values of currents i′ and i′ ′ and voltages u′ and u′′ of the
faulty phase are measured; derivatives of current with respect to time di′/dt and di′′/dt are
calculated; and after that, the relative value of distance to fault location is determined as
per Equation (1):

n =
(u′ − u′′ ) + RPLi′′ + XPL

di′′
dt

RPL(i′ + i′′ ) + XPL

(
di′
dt +

di′′
dt

) , (1)

where n is the relative value of the distance to the SC location; u′ and u′′ are instantaneous
values of voltages obtained from waveforms of voltages of the faulty phase from the first
and the second ends of the transmission line, V; i′ and i′ ′ are instantaneous values of
currents obtained from waveforms of currents of the faulty phase from the first and the
second ends of the OPL, A; di′/dt and di′′/dt are derivatives of currents with respect to time,
A/s; and RPL and XPL are ohmic resistance and inductive reactance of OPL phases, Ohm.

The disadvantage of this technique is that no filtering is applied when processing
instantaneous values of currents and voltages to reduce the effect of undesirable harmonic
components and noise on the accuracy of the OPL FL. When power quality parameters
(PQPs) deviate from standard values, the actual fault location on the OPL may be outside
the PL walk-around inspection area. Moreover, this technique yields a large error on OPLs
with non-uniform resistivity distribution along the line.

Another study [27] presented a technique for adapting the distance protection and
OPL FL, which uses a mathematical model of the OPL. The technique uses data from
measurements of fault currents and voltages and makes look-ahead iterative calculations
with the OPL model by simulating faults at various points of the OPL. This calculates the
difference in the distances between the simulated fault location and the one determined by
the proposed OPL FL technique, on the basis of which the correction factors are calculated.
The technique provides factoring in of the currents and voltages at the ends of OPLs
obtained by the simulation not only during SCs at different points of the OPL but also in
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the case of various PQP deviations. PQP values are determined by the data from power-
quality-control devices, based on which the correction factors are calculated to improve the
accuracy of the OPL FL [28,29].

The downside of this technique is, arguably, the complexity of its implementation, as
it requires a large number of computational experiments for each point of the short circuit
in the OPL, with each having a different PQP deviation, calculations of correction factors,
iterative calculations under different operating conditions of the OPL, storing in OPL fault
locator a number of complex dependencies of OPL FL errors on various factors, etc. [30].

One study [31] considered a technique of OPL FL detection by using the data of mea-
surements from its two ends, allowing the researchers to calculate the complex impedances
of the forward (index 1), reverse (index 2), and zero (index 0) sequences, i.e., Z1P L, Z2 PL,
and Z0 PL. The calculations use data on the length of the OPL, L; measured values of com-

plex phase currents (
.
I
′
A,

.
I
′
B, and

.
I
′
C), (

.
I
′′

A,
.
I
′′

B, and
.
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′′

C); and complex phase voltages (
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U
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U
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.
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C) of the main frequency at the moment of the SC from
two line ends (’—the first end of the OPL; ”—the second end of the OPL), non-synchronized
with respect to the angles. Based on these data, the calculation technique determines the
type of SC, the relative value of the distance to the fault location (n), and the actual distance
to the fault, LSC = n·L. Furthermore, the angle between the corresponding voltages at the
ends of the OPL is measured, for example, by means of GPS, and the vectors of currents
and voltages at the second end are additionally rotated by the angle thus measured. This is
necessary in order to convert phase currents and voltages into symmetrical components of

complex forward, reverse, and zero sequence currents and voltages: (
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0). After that, the relative distances
from the ends of the OPL to the fault location are determined by Equations (2) and (3):

n′0 =

.
U
′′
0 −

.
U
′
0 +

.
I
′′
0 Z0PL( .

I
′
0 +

.
I
′′
0

)
Z0PL

, (2)

n′′0 =

.
U
′
0 −

.
U
′′
0 +

.
I
′
0Z0OPL( .

I
′
0 +

.
I
′′
0

)
Z0L

. (3)

A significant shortcoming of this technique is the low accuracy of the OPL FL in the
case of deviations of PQP from their standard values.

Another study [32] presented an OPL FL technique in which phase currents and
voltages are measured at both ends of the OPL and are then converted into calculated
complex values, using the expressions stated above. After that, using the imaginary parts
of the calculated values, one calculates the relative and actual distances to the fault location
from both ends of the OPL. The advantages of this technique include the fact that it does
not use equivalent parameters of power supply systems and that there is no effect of the
transient resistance in the OPL fault location.

The disadvantage of the technique is the need to use only imaginary components of the
calculated values, which leads to an additional error in the OPL FL due to the insufficient
amount of parameters taken into account.

Another study [33] presented an OPL FL technique in which the need to use only
imaginary components of the calculated values was eliminated. For this purpose, the angle
between the currents at the ends of the OPL was measured by using digital communication
channels or a Global Positioning System (GPS). In the first case, the angles are determined
on the basis of time-synchronized samples, or by continuously calculating the time of signal
passage between the two sub-assemblies of the differential protection of the OPL. In the
second case, time synchronization pulses are received from GPS signal receivers. Next,
phase currents and voltages are measured at both ends of the OPL, converted into calculated
complex values as per the expressions stated above, and, using the complete calculated



Energies 2023, 16, 1552 5 of 16

values, one finds the relative and actual distances to the fault location from both ends of the
OPL. The advantages of the technique are that it does not rely on equivalent parameters
of the power supply systems, and it eliminates the effect of the transient resistance at the
point of the OPL fault.

The disadvantage of the technique is the need to use sophisticated equipment and
algorithms, such as digital communication channels between the ends of OPLs, as well as
satellite time-synchronization equipment.

Each of the considered techniques of OPL FL by emergency state parameters has its
error, the value of which depends both on the errors of the parameters included in the
calculation expressions used in calculating the distance to the fault location and a variety
of external factors.

3. Techniques of Estimating the Error of OPL FL Based on the Errors of the Parameters
Included in the Expression for Calculating the Distance to the Fault Location

The key factors that have a significant impact on the OPL FL error can be provisionally
divided into three groups: design, production, and operation [10].

The design factor is due to the methodological error of the adopted OPL FL technique,
arising at the stage of design of a OPL fault locator, for example, due to the impossibility
of accounting or compensating for variables that affect the results of the calculation of the
distance to the fault location.

The production factor is related to the specifications of an OPL fault locator and its
proper condition.

The operation factor is due to errors in setting the parameters of the OPL and/or
power supply systems, as well as to errors in transmitting data, such as emergency state
waveforms, to power-line technicians.

In general, depending on the availability and accuracy of the necessary input data
for the implementation of an OPL FL technique, the time of its execution may vary [34].
The actual time of restoring the power supply to consumers who do not have a backup
power supply and who are powered from a faulty OPL depends on this [35–37]. Power-line
technicians cannot be sent out to carry out emergency recovery operations on the OPL until
the calculation has not been performed and the distance to the fault in relation to one of
the supplying substations has not been determined. Both the location of the walk-around
inspection area and its length depend on the accuracy of calculation results.

If the calculation is implemented so as to yield large errors, the period of time to locate
the fault on the OPL will be considerable—in the extreme case, lasting up to the moment
when the fault is detected by visual examination. Taking into account the location of places
for entry of specialized equipment onto OPLs, the presence of hard-to-access areas due to
natural (rivers, swamps, mountains, etc.) and manmade (protected areas of enterprises,
special industrial facilities, etc.) factors, the time required for a walk-around inspection
OPLs depends in a complex way on the magnitude of the OPL FL error and is unique to
each OPL and its sections [38,39].

In [27], it was noted that the calculation of the distance to the fault location (xf) of the
OPL by emergency state parameters (ESPs) is determined by a functional relationship of
the following form:

x f = F(I1, I2, U1, U2, ZSI1, ZMI2, ZPL, L . . .), (4)

where I1, I2 and U1, U2 are the currents and voltages at the ends of the OPL; Zc1 and Zc2
are the matrices of self impedances and mutual impedances of adjoining power systems;
ZPL is the matrix of complex impedances of OPLs; and L is the length of the OPL.

If currents and voltages are not measured at both ends of the OPL, and the OPL has one
or more branches or intermediate cables, then the relationship (4) will become significantly
more complicated, and, in many cases, it will not have an unambiguous solution.

It is important to note that calculation expressions similar to (4) are formed by the
designers of OPL fault locators under the assumption that the conditions of absolute
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symmetry and pure sine wave of currents and voltages corresponding to the industrial
frequency of 50 Hz hold true for the PL. In the case of a violation of the spatial coherence of
current and voltage signals during double-end or multi-end OPL FL, as caused, for example,
by PQP deviation, there will be additional errors in the calculations of the distance to the
fault that are not taken into account as part of the analytical calculations [40]. Thus, each
OPL FL algorithm has its specific resilience to violations of the spatial coherence of currents
and voltages, as well as the specific dependency of errors in calculations of distances to the
fault location on the calculation expression used.

On the basis of the adopted OPL FL technique, operating conditions, and parameters
of the OPL, a calculation expression corresponding to (4) is formed, which includes the
values used in calculations of the distance to the fault location. For Equation (4), there
is also a relationship of the error of calculating the distance to the fault, which has the
following form:

∆x f = F(∆I1, ∆I2, ∆U1, ∆U2, ∆ZSI1, ∆ZMI2, ∆ZPL, ∆L . . .), (5)

where ∆I1, ∆I2, ∆U1, ∆U2, ∆ZSI1, ∆ZMI2, ∆ZPL, ∆L . . . are errors of measurement of currents,
voltages, resistances, and power line length involved in the calculation.

When estimating the total error of the OPL FL, ∆x f , it is advisable to use statistical
methods [13,27], and the ways they are used when solving the problem may vary.

One study [27] proposed a technique based on the assertion that the OPL FL is an
indirect measurement procedure, and the total error, ∆x f , is the sum of the estimation errors
of each of the parameters involved in the calculation of Equation (4). Therefore, the final
expression for determining the OPL FL error takes the form of an expression for determining
the total RMS value. Let us clarify the procedure for performing analytical calculations
through a case study of an OPL during a short-circuit through transient resistance, ZTR, as
shown in Figure 1.
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The main calculation expressions of the OPL FL technique are formed on the basis of
the results of measurements of current and voltage moduli at the ends of the OPL I1, I2, U1,
and U2, as well as the following expressions:

I1·n·ZPL + U1 = USC, (6)

I2(1− n) ZPL + U2 = USC. (7)

Given that the distance to the fault location (the SC point) is equal to x f = n·L, and
equating Equations (6) and (7), after transformations, we arrive at the following expression:

x f =
U2 −U1 + I2·L·ZPL

(I1 + I2)ZPL
. (8)

The application of the calculation of Equation (8) in PL fault locators is characterized
by the following features [27]:
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• The Equation (8) is valid for components of both reverse and zero sequences, and the
OPL FL procedure is implemented by making constant the corresponding moduli of
currents I1 and I2 and voltages U1 and U2, which greatly simplifies the engineering
solution;

• When performing OPL FL, it is not necessary to know the type of the short circuit
(single-phase or two-phase);

• Transient resistance at the fault location is not used in the calculations, since the
double-end measurement virtually eliminates its effect on the error of the OPL FL
technique;

• Since the calculation is performed using the components of the reverse and zero
sequences, which are absent in the loaded state, the influence of the value of the load
on the accuracy of the OPL FL technique is completely ruled out;

• Calculation algorithm is simple enough, in terms of its software/hardware implemen-
tation in OPL fault locators or digital relay protection terminals [41,42].

Let us consider an example of the implementation of the OPL FL technique for a
real-world 220 kV OPL, with a length of L = 120 km, based on the actual measurements
obtained for one of the emergency states during a short circuit in the OPL. We perform
the calculation as per Equation (8) by the components of the zero sequence, and Zl = Z0
= 3·0.426 = 1.278 Ohm/km. The amplitudes of the currents and voltages at the ends of
the OPL measured by the digital relay protection terminals are as follows: I1 = 2.0 kA,
I2 = 0.56 kA, U1 = 40 kV, and U2 = 28 kV [27].

We then calculate the distance to the fault on the OPL:

x f =
U2 −U1 + I2·L·ZPL

(I1 + I2)ZPL
=

28− 40 + 0.56·120·1.278
(2.0 + 0.56)·1.278

= 22.582 (km). (9)

Based on the assumptions made, the error of the indirect measurement of xf for the
example under consideration corresponds to the following expression:

∆x f =

√(
∂x f

∂I1
∆I1

)2

+

(
∂x f

∂I2
∆I2

)2

+

(
∂x f

∂U1
∆U1

)2

+

(
∂x f

∂U2
∆U2

)2

+

(
∂x f

∂Z0
∆Z0

)2

+

(
∂x f

∂L
∆L
)2

. (10)

Taking into account the partial derivatives calculated (Equation (10)), as well as error
values set, ∆I1 = 10%, ∆I2 = 5%, ∆U1 = ∆U2 = 3%, ∆Z0 = 5%, and ∆L = 2%, for the given
example, the OPL FL is attained with the following accuracy [27]:

x f = 22.582± ∆x f = 22.582± 2.08 (km). (11)

It is important to note that the OPL FL techniques, which use calculation expressions,
directly depend on the power-line topology and its parameters, and this is one of their
main drawbacks. Increasing the complexity of the calculation algorithm and expanding
the number of parameters involved, so as to minimize the error of the OPL FL, leads to
an increase in the computational load on the OPL fault locator and introduces additional
dependence on the amount and accuracy of the data used in the calculation [22].

3.1. Error Analysis Using the Parameters of the PL FL Error Distribution

An overwhelming majority of the OPL FL algorithms, when calculating the distance to
the fault, xf, are based on calculating the ratio of scalar quantities of the following form [43]:

x f =
y1

y2
. (12)

If y1 and y2 are calculated without errors, that is, there are no measurement errors of
currents and voltages in the emergency state and no distorting factors, then the OPL FL
is implemented with the required accuracy. However, in the presence of random factors
(interference, noise, etc.), the situation drastically changes for the worse.
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Suppose that y1 and y2 are random variables governed by the normal distribution laws
y1 ∈ N(m1, σ1) and y2 ∈ N(m2, σ2), where m and σ are the expected value (mathematical
expectation) and standard deviation for the normal (Gaussian) distribution of a random
variable with the probability density:

py =
1

σ
√

2π
e(
−(y−m)2

2σ2 ). (13)

If the variances of the quantities y1 and y2 are small, an approximate expression can
be accepted for practical OPL FL calculations:

x f ≈
m1

m2
. (14)

However, in the case of nonzero variance values, the quantities y1 and y2, calculations
that rely on the approximate Equation (14) will lead to large OPL FL errors, which are
unacceptable in the context of real-world operation.

Another study [43] proposed to use statistical characteristics of the quantity to obtain
analytical estimates of OPL FL errors:

yy = 1/y, where y ∈ N(m, σ) (15)

This determines the expected value M[yy] of the quantity yy, for which the distribution
(15) is valid. In [42], it was proposed to use the following expression:

M[yy] ≈ 1/m, for σ << m, (16)

as well as the inequality
M[yy(y)] > yy(M[y]), (17)

for the convex function yy of the stochastic variable y.
Note that the convexity of the function yy is ensured at y > 0, so the inequality (17)

cannot be applied directly to analytical calculations.
To calculate the expected value of the variable 1/y, we use the following expression:

M
[

1
y

]
=
∫ ∞

−∞

1
y

py(y)dy =
∫ ∞

−∞

1
y
· 1
σ
√

2π
e(
−(y−m)2

2σ2 )dy. (18)

In order to perform calculations using Expression (18), it is necessary to implement
numerical integration. However, in the case of infinite limits, this integral has a discontinu-
ity point at y = 0. To solve (18), study [43] proposed special mathematical techniques for
obtaining the finite distribution of the expected value:

M
[

1
y

]
=

1
σ

e
−m2

2σ2

∫ m
σ

0

1
y

e
y2
2 dy. (19)

The integral of the Equation (19) is continuous and has limited integration limits, so
it allows us to solve a number of practical problems of estimating the OPL FL error. In
particular, given that m is normalized, we can plot the dependency of the expected value of
the calculated distance to the fault location—M [1/y] as a function of the standard deviation
σ of the variable y (Figure 2). The probabilistic variable y has a normal distribution with
the expected value m = 1 and standard deviation, σ.
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Our analysis of Figure 2 allows us to draw the following conclusions:

• The expected value of the quantity (1/m) tends toward 1/m and is equal to one only
when σ→ 0 ;

• If the RMS value of σ reaches large values, then the expected value of the variable (1/y)
tends toward zero. This phenomenon is explained by the fact that the distribution
(normalized Gaussian probability density) of the variable y is symmetric with respect
to zero;

• An increase in the variance (standard deviation σ) leads to an even greater tendency
of M[1/y] toward zero;

• For small values of σ (σ = 0.1, . . . , 0.75), we obtain estimates of the expected value
M[1/y] that exceed unity. This indicates a bias in the OPL FL estimates for this group
of techniques;

• To ensure the high accuracy of the OPL FL by ESP, it is extremely important to reduce
the variance of the variable y or to compensate for the biases of the OPL FL estimates
by applying adaptation techniques [22].

Another study [43] noted challenges arising in estimating the error variance of the
OPL FL by ESP. These challenges are caused by difficulties in solving the following integral
expression:

M
[

1
y2

]
=
∫ ∞

−∞

(
1
y2

)
py(y)dy =

∫ ∞

−∞

(
1
y2

)(
1

σ
√

2π

)
e
−(y−m)2

2σ2 dy. (20)

An in-depth mathematical analysis notwithstanding, the author of [43], unfortunately,
did not propose practically significant techniques for calculating the errors of OPL FL
techniques, and there are no calculations of errors for specific examples of faults in OPLs.

In those cases where it is not possible to obtain exact value of the numerical character-
istics of random variables, it is advisable to use approximate expressions. The authors of
the article are not aware of other methods for the analytical evaluation of potential errors
of fault location on overhead power lines.

3.2. Approximate Calculation of the Expected Value and Variance in Determining the Distance to
the Fault on the OPL

Let us assume that the previously introduced value, x (xf is the distance to the location
of the short circuit in the OPL), has a relatively small variance σ2(x). Such an assumption
is valid because it makes no practical sense to use OPL FL techniques with large errors in
calculating the distance to the fault location.

Let η = α(x), where α(x) is a sufficiently smooth function. Note that, under the intro-
duced constraints, there is an approximate expression for the mean value of M[η] = M[α(x)]
that has a small error.
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Let us use Taylor’s formula:

α(x) = α(a) + α′(a)(x− a) +
(

α′′ (a)
2

)
(x− a)2 +

(
α′′′ x1

6

)
(x− a)3; (a ≷ x1 ≷ x). (21)

By replacing a with M[x], we obtain the following:

α(x) = α(M[x]) + α′(M[x])xo + α′′
(

M[x]
2

)
(xo)2 +

(
α′′′

6

)
x1(xo)3; (M[x] ≷ x1 ≷ x). (22)

Since the variance σ2(x) is assumed to be small, the fluctuation, xo, takes mostly
small absolute values. Therefore, the last term in the right-hand side of Equation (22)
turns out to be significantly smaller than all the others. By neglecting it, we obtain the
approximate formula:

α(x) ≈ α(M[x]) + α′(M[x])xo +

(
α′′M[x]

2

)
(xo)2, (23)

from which it follows that

M[α(x)] ≈ α(M[x]) + α′(M[x])M[xo] + α′′
(

M[x]
2

)
M[xo]2. (24)

Since M[xo] = 0, we arrive at the approximate formula for the expected value:

M[α(x)] ≈ α(M[x]) + α′′
(

M[x]
2

)
σ2(x). (25)

By reasoning in a similar way, we can show that if f (X) = α(x1, x2, . . . , xn) = α(X) is a
sufficiently smooth function of n variables x1, x2, . . . , xn, and the vector projections y1, y2,
. . . , yn are pairwise uncorrelated (in particular, independent) random variables, then the
general expression for the expected value will take the following form:

M[α(y)] ≈ α(M[y]) +
1
2 ∑n

i=1 α′′ xi,xi(M[y])σ2(yi). (26)

In the case of the OPL FL problem in question, we have the following:

x f (y1, y2) =
y1

y2
, (27)

where y1 and y2 are independent random variables with small variances, and M[y2] is
non-zero; then we have α(y1, y2) = y1/y2. Hence, we obtain the following:

α(x1, x2) =
x1

x2
, α′′ x1, x1(x1, x2) =

2x1

x3
2

, α′′ x2, x2(x1, x2) = 0. (28)

Thus, taking into account the Equation (26), we obtain an approximate formula for
calculating the expected value in determining the fault location on the OPL:

M
[

x f

]
= M

[
y1

y2

]
≈ M[y1]

M[y2]
+

M[y1]σ
2(y2)

(M[y2])
3 (29)

We use the approximate Equations (24) and (25) to approximate the variance of
techniques for OPL FL by ESPs of the forms (4) and (27). By subtracting the second
expression from the first and discarding the terms containing (xo)2 and σ2(x) = M[xo]2, we
obtain the following:

ηo = η −M[η] = α(x)−M[α(x)] = α′M[α(x)]xo. (30)



Energies 2023, 16, 1552 11 of 16

Therefore, (ηo)2 ≈ [α′(M[x])]2(xo)2; hence, we obtain the following:

σ2[α(x)] = σ2(η) = M(ηo)2 ≈
[
α′(M[x])

]2
σ2(x). (31)

Thus, the variance can be calculated by the following expression:

σ2[α(x)] ≈
[
α′(M[x])

]2
σ2(x). (32)

Generalizing Equation (32) to the case of a random vector function, when vector
projections y1, y2, . . . , yn are pairwise uncorrelated (in particular, independent) random
variables, we arrive at the following expression:

σ2[α(y)] ≈∑n
i=1

[
α′xi(M[y])

]2
σ2(yi). (33)

When applied to the case of the OPL FL problem in question, we obtain the following:

x f (y1, y2) =
y1

y2
, (34)

where y1 and y2 are independent random variables with small variances, and M[y2] is
non-zero; then we have α(y1, y2) = y1/y2.

Since

α(x) = α(x1, x2) =
x1

x2
, that α′x1(x1, x2) =

−x1

x2
2

, α′x2(x1, x2) =
1
x2

, (35)

then, taking into account Equation (33), we obtain an approximate formula for calculating
the variance of the error of the OPL FL by emergency state parameters:

σ2
(

x f

)
= σ2

(
y1

y2

)
≈ σ2(y2)

(
(M[y1])

2

(M[y2])
2

)
+

σ2(y1)

(M[y2])
2 (36)

3.3. Results of Statistical Analytical Calculations of PL FL Errors

Using the results of the calculations obtained earlier, let us determine the statistical
characteristics of the OPL FL errors by using approximate Equations (29) and (36).

First, for the calculation relation (29), we obtain analytically the statistical characteris-
tics of the numerator and denominator corresponding to the random variables y1 and y2
(Equation (4)). We assume that the random variables involved in calculating the OPL FL
are uncorrelated and centered. In calculations, let us assume that the measurement error of
random variables corresponds to their RMS value; for example, ∆L = σL [44–46].

Given that
y1 = U2 −U1 + I2·L·ZPL ; y2 = (I1 + I2)ZPL, (37)

the expected values of the random variables y1 and y2 will be determined by the measured
values [27]:

M(y1) = y1 = 28− 40 + 0.56·120·1.278 = 73.882 (kV),

M(y2) = y2 = (2.0 + 0.56)·1.278 = 3.272(kV)

We obtain the following expressions for the variances σ2(y1) and σ2(y2):

σ2(y1) = σ2(U2)– σ2(U1) + σ2(I2)·σ2(L·ZPL) + (M(I2))
2σ2(L·ZPL)+

(M(L·ZPL))
2σ2(I2)= σ2(U2)− σ2(U1) +

[
(M(I2))

2 + σ2(I2)
]
·

[
σ2(L)·σ2(ZPL) + (M(L))2·σ2(ZPL) + (M(ZPL))

2σ2(L)
]
+ (M(L))2(M(ZPL))

2σ2(I2); (38)
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σ2(y2) =
[
σ2(I1)σ

2(ZPL) + (M(I1))
2·σ2(ZPL) + (M(ZPL))

2·σ2(I1)
]
+

+
[
σ2(I2)σ

2(ZPL) + (M(I2))
2σ2(ZPL) + (M(ZPL))

2σ2(I2)
]
=σ2(ZPL)[σ

2(I1) + (M(I1))
2+

+ σ2(I2) + (M(I2))
2]+(M(ZPL))

2·[σ2(I1) + σ2(I2)]. (39)

Numerical values of the variables included in Equations (38) and (39) are summarized
in Table 1.

Table 1. Variables for analytical calculation of OPL FL errors.

RMS Values

Variable σ(U1)
(kV)/%

σ(U2)
(kV)/%

σ(I1)
(kA)/%

σ(I2)
(kA)/%

σ(L)
(km)/%

σ(ZPL)
(Ohm/km)/%

Value 1.2/3 0.84/3 0.2/10 0.028/5 2.4/2 0.0639/5

Expected Values

Variable M(I1)
(kA)

M(I2)
(kA)

M(L)
(km)

M(ZPL)
(Ohm/km)

Value 2.0 0.56 120 1.278

Substitution of numerical values (Table 1) in relationships (38) and (39) leads to the
following results:

σ2(y1) = σ2(U2)− σ2(U1) +
[
(M(I2))

2 + σ2(I2)
]
·

[(
σ2(L)

)
σ2(ZPL) + (M(L))2σ2(ZPL) + (M(ZPL))

2σ2(L)]
]
+ (M(L))2(M(ZPL))

2σ2(I2) =

= (0.84)2 − (1.2)2 + [(0.56)2 + (0.028)2]·[(2.4)2·(0.0639)2 + (120)2· (0.0639)2 + (1.278)2·(2.4)2]
+(120)2·(1.278)2·(0.028)2 = 39.155 (kV)2,

(40)

σ2(y2) = σ2(ZPL)
[
σ2(I1) + (M(I1))

2 + σ2(I2) + (M(I2))
2
]
+

+(M(ZPL))
2·
[
σ2(I1) + σ2(I2)

]
=(0.0639)2·

[
(0.2)2 + (2.0)2 + (0.028)2 + (0.56)2

]
+

+ (1.278)2·
[
(0.2)2 + (0.028)2

]
= 0.0844

(
kV
km

)2
. (41)

Then the variance of the OPL FL error according to expressions (36), (40), and (41) and
calculations of M(y1) and M(y2) will be as follows:

σ2
(

x f

)
= σ2(y2)·

(M[y1])
2

(M[y2])
2 +

σ2(y1)

(M[y2])
2 =

= 0.0844
(73.882)2

(3.272)2 +
39.155
(3.272)2 = 46.689

(
km2

)
(42)

To solve the practical problems of the OPL FL, it is advisable to calculate the distance
to the fault location not by the Equation (4), but by the relationship (29), which takes the
following numerical value:

M
[

x f

]
=

M[y1]

M[y2]
+

M[y1]σ
2(y2)

(M[y2])
3 =

73.882
3.272

+
73.882·0.0844

(3.272)3 = 22.758 (km). (43)
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Turning to the form of Equation (11), we obtain the following:

x f = M
[

x f

]
± σ

(
x f

)
= 22.758 ± 6.83 (km). (44)

Consequently, the probability of finding a fault in an OPL within the area defined by
Equation (44), given the normal distribution law and specified statistical parameters of the
random variables shown in Table 1, will be 68.27%.

4. Discussion of the Proposed Analytical Technique for Estimating the Error of OPL FL
by ESP

Our analysis of the results obtained by Equations (38)–(44) allows us to draw the
following conclusions:

• Compared to the analytical calculation by Equations (9)–(11), which assume the use of
partial derivatives, Equations (38)–(44) involve weighted sums of statistical variables
(expected values and variances). The presented analytical technique allows us to
take into account in a more comprehensive way the totality of random factors that
have a significant impact on the error of the OPL FL based on the parameters of the
emergency state;

• If the calculation of the distance to the fault location is a function of a ratio of random
variables of the form xf = y1/y2, then, from a statistical point of view, it is necessary to
use the expected value M[xf] (Equation (43)) of this ratio to carry out OPL FL. The use
of the specified calculation value allows one to take into account various measurement
errors of currents and voltages in the emergency state in the most proper way possible.
This case is common because current and voltage measuring transformers of different
kinds and types, with different specifications and accuracy classes, are usually installed
at the ends of the same OPL;

• Our analysis of calculation Equations (38)–(44), which serve as the basis of a new
analytical technique for estimating the errors of the OPL FL by emergency state
parameters, shows that they are valid for single-end, as well as double-end and
multi-end, OPL FL techniques;

• The obtained calculation expressions for the expected value and variance of the dis-
tance to the fault of the OPL allow us to calculate, with greater accuracy, the distance
to the fault, as well as the size of the inspection area, which is critical for power-line
technicians.

5. Conclusions

The potential accuracy of calculating the distance to the fault location by emergency
state parameters has significant differences for each specific OPL. It depends on statistical
data on errors of current and voltage measuring transformers, specific features of digital
processing of current and voltage signals in the PL fault locator, and accuracy of specifying
the values of parameters of the OPL being analyzed and their actual values, as well as a
number of other factors.

The presented analytical technique for assessing the error of the OPL FL by emergency
state parameters makes it possible to determine the fault location and the size of the
inspection area with greater accuracy, which is necessary to reduce the time it takes to
perform emergency recovery operations, in order to ensure the stability of power systems
and the reliability of power supply to consumers.

The proposed mathematical expressions are of much practical importance, because
they can be adopted in the OPL fault locators and digital relay protection terminals that
use single-end, as well as double- and multi-end, sensing of currents and voltages while in
the emergency state.
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