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Abstract: A photovoltaic generator connected to a large network and supplying a nonlinear load
(source of harmonics) injects distorted current into the grid. This manuscript presents an invariant-
ellipsoid set design of a robust controlled active power filter to inject current into the large grid with
minimum total harmonic distortion (THD). The nonlinear load current is considered an external
disturbance to minimize its effect on the injected grid current. Moreover, the large grid is modeled
as a fixed voltage source in a series with a Thevenin impedance whose value changes within an
interval. Using the invariant-ellipsoid technique, the problem is cast as a robust disturbance-rejection
tracking control. The volume of the ellipsoid is minimized, which results in minimizing the effect
of disturbance on system performance and keeping the trajectories as close as possible to the origin.
The design is cast into a set of nonlinear matrix inequalities that are linearized by fixing a scalar.
The resulting convex optimization is solved iteratively by linear matrix inequalities (LMIs). The
simulation and experimental findings show that the proposed design is successful in reducing THD
injected into the grid when grid impedance is uncertain and variable loads are applied (balanced and
unbalanced cases).

Keywords: active power filter; invariant ellipsoid; linear matrix inequalities; robust control

1. Introduction
1.1. Motivation

The continuous growth of renewable energy sources, such as wind and photovoltaic
power generation, has become mandatory. This is due to the increasing loads of traditional
power systems as well as emerging environmental issues. Power electronics provide an
interface between renewable energy sources and the grid. It enables the control of the
power flow, currents, voltages, and frequencies. Such interface and nonlinear loads are the
main sources of harmonics in current and voltage [1]. Therefore, grid-connected converters
such as inverters and filters (for the reduction of harmonics injected into the grid) have
great importance in connecting grids. For grid-connected operation, these converters have
to ensure that the current injected into the grid does not violate the standards given in [2].
These standards define the permissible limits in terms of total harmonic distortion despite
heavy or light-loaded grid conditions (resulting in uncertain grid impedance). The inverters
are classified as either current source or voltage source inverters depending on whether
the inverter is fed by a constant current or constant voltage. While only the output current
magnitude of a current source inverter (CSI) drive can be adjusted, both the magnitude and
frequency can be adjusted in a voltage source inverter (VSI). Therefore, VSI is commonly
used in industry and is implemented in this study.
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1.2. Related Research

Passive or active power filters are used for harmonic distortion reduction. Active
power filters (APFs) are power electronic-based devices that provide improved filtering
performance, faster response, greater flexibility, and a smaller size than passive filters.
Improving power factors and voltage waveforms for single- and three-phase AC systems
with nonlinear loads can be achieved by APFs [3]. Due to their cost-effectiveness and
advancements in digital control techniques, APFs are widely employed in the industry for
harmonic and reactive power compensation [2]. In the literature, different single-phase APF
setups are presented, such as the active series filter (series with the source of harmonics) [4],
active shunt filter (parallel with the source of harmonics), universal APF, and hybrid filter.

The voltage produced by VSI that is operated by a pulse width modulated (PWM)
needs to be filtered to prevent grid currents that have prohibitive harmonic content. Using
low-pass LCL passive filters with a rectifier input stage should reduce the harmonics of the
current absorbed by power converters. However, these filters might offer poor performance
and instability because of the resonance peak. These resonance peaks can be significantly
reduced by inserting resistive elements into the LCL filter while considering the optimiza-
tion constraints [5,6]. This method should provide a stable response but can deteriorate
the system’s efficiency. One possible solution is using the active damping approach [7–11].
However, a common drawback in using active damping is that the robustness to grid
parameter uncertainty variations in the grid impedance is ensured posteriorly. Linear
matrix inequalities (LMIs) are a useful design tool that is widely utilized to construct robust
controllers that can handle parametric uncertainties and variations, especially the ones
that are based on Lyapunov functions [12,13]. In grid-connected converters, LMI-based
conditions allow controller synthesis while dealing with pole location and optimization
constraints [14,15].

Another method that is widely used for optimal rejection of disturbances is H1 state
feedback [16]. The main drawback of this technique is the impracticality when using PWM
inverters due to its high control gains, which require high-frequency components and
lead to amplitude saturation. To overcome this problem, suboptimal H1 controllers were
developed where the problem of actuator saturation was mitigated by adding constraints
on the size of the control gains.

Nevertheless, H1 state feedback controllers are still not applied widely to grid-connected
converters that are subject to parameter uncertainty. In [17], H1 state feedback controllers
are successfully applied on uninterruptible power supplies, with total harmonic distortion
(THD) matched by a pertinent standard. In grid-connected converters, H2 control is
applied, and experimental verification is given in [18] to achieve robust control, despite
the fact that grid variations and rejecting broad-band frequency disturbance exist. H∞
control is also presented in [19] to obtain optimal disturbance rejection control, robust
against grid uncertainty. [20] proposes a predictive current control method based on the
composite sliding mode to enhance system disturbance attenuation; however, the controller
is nonlinear and time-variant.

1.3. Contributions

In this paper, the control region is modeled as an ellipsoid and the target is to attract
the state trajectory of the system x(t) to a small region around the origin. This method is
a time-invariant method where the volume of the attracting ellipsoid is minimized while
keeping the trajectory inside it for a future time.

In the proposed robust controller, the system performance (in terms of asymptotic
stability, x(t)→0 as t→∞) is optimized despite any external disturbances. The research
methodology and contributions of this paper can be summarized as follows:

• A linearized mathematical model is developed for a study system. The study system
is a PV source and inverter + filter supplying a large grid and a nonlinear load.

• The harmonics injected into the grid current by the nonlinear load are modeled as an
external disturbance to be rejected by the proposed control.
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• The designed control is based on the attracting ellipsoid method (AEM), extended
to the tracking problem, and LMI optimization. The controller is also robust against
changes in the grid topology.

• The proposed ellipsoidal design is recently developed in robust control theory. It is
utilized here for the first time to reduce the harmonics produced by the converters.

• The proposed controller in this study is proved, through simulation and experimental
tests, to lower the total harmonic distortion (THD). The comparison to existing control
methods shows superior performance.

• Many simulations and experimental tests are conducted to test the proposed controller:
before/after adding APF, load changes, with unbalanced linear load, uncertainty grid
parameters, and the distorted grid voltage.

• Unlike the other approaches, the proposed design is state feedback (proportional)
control time-invariant, easy to implement, and robust against parameter uncertainties.

1.4. Paper Organization

The rest of the paper is organized as follows. Section 2 presents the problem statement
and the system model. The proposed controller design is discussed in Section 3. Simulation
and experimental validation are given in Section 4. Finally, Section 5 concludes the paper.

Notations

The notations are standard. Rm is the set of vectors of m × 1 dimension, Rrxq is the set
of real matrices of dimension r × q, and (.)′ denotes the transposition of a vector or a matrix.
For a matrix P, P > 0 (<0) means that P is a symmetric positive (negative) definite matrix.
Similarly, (M + N + ∗) means (M + N + M′ + N′).

A matrix
[

M N
∗ Z

]
means

[
M N
N′ Z

]
.

Finally, 0 and I denote the zero matrices and the identity matrix, respectively.

2. Problem Statement
2.1. Study System Model

The study system is a nonlinear load (harmonic producing element) connected in
parallel with APF. Both are connected to a large grid at the point of common coupling,
PCC, as shown in Figure 1. The large utility grid is represented by its equivalent Thevenin
constant voltage source in series with reactance Lg. The nonlinear load is represented by an
injected current source iL contaminated with harmonics. The single-phase nonlinear load is
depicted in Figure 2, and all components’ values (system parameters) are given in Table 1.

The main function of the shunt active power filter (SAPF) is to inject an equal but
opposite harmonic compensating current to compensate for current harmonics. This means
that SAPF acts as a current source that injects 180◦ phase-shifted harmonic components
generated by the load. As a result, components of harmonic currents contained in the load
current are canceled by SAPF, and the grid current remains sinusoidal. Note that the current
injected by a grid-following converter is regulated with a precise phase displacement from
the grid voltage at the point of common connection (PCC). As a result, knowledge of
the grid voltage’s fundamental frequency phasor is available all the time for the accurate
calculation of the converter’s reference current, amplitude, and angle with respect to the
grid voltage phasor. Outer control loops modify this to inject the needed amount of active
and reactive power, as well as the RMS control voltage.
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Table 1. Parameters of the system under study.

Parameter Value

Converter Inductance Lc 1 mH
Filter Capacitor Cf 62 µF

Max. grid inductance Lgmax 1.5 mH
Min. grid inductance Lgmin 0.5 mH

Load inductance Lc 10 mH
Load capacitor Cc 0.1 mF
Load resistor Rc 50 Ω

The active filter is fitted near the source of harmonics in a radial power distribution
feeder so that it effectively attenuates the harmonics throughout the feeder.

Applying Kirchhoff’s laws, the study system can be modeled as follows:

Lc
dic
dt = u− vc

Lg
dig
dt = vc − vg

.
vc =

1
C f

(
−ig + iL + ic

) (1)

The parameters’ meanings and values of (1) are given in Table 1. For small deviations
around an operating point, the state vector and the external disturbances may be defined as:
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x =
[
∆ic ∆ig ∆vc

]′, w = ∆iL

The Linearized model, considering vg = constant, gives the state equation:

.
x =

 0 0 −1
Lc

0 0 1
Lg

1
C f

−1
C f

0

x +

 1
Lc
0
0

u +

 0
0
1

C f

w, z =
[
0 1 0

]
x (2)

where z is the variable to be optimized. Equation (2) can be written as:

.
x = Ax + Bu + Dw,

y = Cyx, Cy = [0 1 0]
z = Czx, Cy = Cz = C

(3)

where the vectors x(t) ∈ Rn, u(t) ∈ Rm, y(t) ∈ Rl , w(t) ∈ Rp, z(t) ∈ Rr are, respectively,
the states, control, output for feedback, the external disturbance (perturbation), and the
output to optimize. The system matrices are:

A =

 0 0 −1
Lc

0 0 1
Lg

1
C f

−1
C f

0

, B =

 1
Lc
0
0

, D =

 0
0
1

C f

, Cy = Cz = C =
[
0 1 0

]

The pairs (A, B) and
(

A, Cy
)

are controllable and observable, respectively. Note that y
is equal to the grid current ∆ig. Note that in the above model, the time delay is neglected
because the system is very fast.

2.2. Problem Formulation

It is required to design a state feedback controller:

u = Kx (4)

such that the injected current to the grid ig be as clean as possible and under different
topology changes of the grid (represented by uncertainty in Lg).

To obtain a clean grid current, ig has to follow a sinusoidal reference r(t). Following
a time-varying reference is termed a tracking problem. This is carried out by minimizing
the error.

e = r− y . (5)

3. Problem Solution
3.1. Augmented System

Because the system has no integrator (system type 0), there will be a steady-state error
for a step input, according to the system model (3). As a result, as shown in Figure 3, the
plant system order must be increased by inserting an integrator.



Energies 2023, 16, 1362 6 of 18

Energies 2023, 16, x FOR PEER REVIEW 6 of 18 
 

 

3. Problem Solution 
3.1. Augmented System 

Because the system has no integrator (system type 0), there will be a steady-state error 
for a step input, according to the system model (3). As a result, as shown in Figure 3, the 
plant system order must be increased by inserting an integrator. 

 
Figure 3. Tracking system. 

The control objective is to minimize the effect of grid reactance changes on the output 
voltage of the study system by rejecting the harmonics. The output voltage is also used 
for feedback, so 𝐶𝐶𝑦𝑦 is chosen equal to 𝐶𝐶𝑧𝑧 = 𝐶𝐶. The dynamic tracker, state feedback with 
integral control, is suggested as follows: 

𝑢𝑢 = 𝐾𝐾𝐾𝐾 + 𝐾𝐾𝐼𝐼𝜉𝜉, 𝜉̇𝜉 = 𝑟𝑟 − 𝐶𝐶𝐶𝐶 (6) 

The augmented system’s closed-loop is given by: 

�𝑥̇𝑥𝜉̇𝜉� = �𝐴𝐴 + 𝐵𝐵𝐵𝐵 𝐵𝐵𝐾𝐾𝐼𝐼
−𝐶𝐶 0 � �

𝑥𝑥
𝜉𝜉� + �𝐷𝐷0�𝑤𝑤 + �0𝐼𝐼� 𝑟𝑟

𝑧𝑧 = [𝐶𝐶 0] �
𝑥𝑥
𝜉𝜉� + 𝐵𝐵2𝑢𝑢

 (7) 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡 𝑤𝑤′𝑤𝑤 ≤ 1 

Or, 

�𝑥̇𝑥𝜉̇𝜉� = �𝐴̂𝐴 + 𝐵𝐵�𝐾𝐾�� �
𝑥𝑥
𝜉𝜉� + 𝐷𝐷�𝑤𝑤 + �0𝐼𝐼� 𝑟𝑟, 𝑧𝑧 = 𝐶̂𝐶 �

𝑥𝑥
𝜉𝜉� + 𝐵𝐵2𝑢𝑢,  

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡 𝑤𝑤′𝑤𝑤 ≤ 1 
where the augmented matrices are: 

𝐴̂𝐴 = � 𝐴𝐴 0
−𝐶𝐶 0� ,𝐵𝐵� = �𝐵𝐵0� ,𝐷𝐷� = �𝐷𝐷0� , 𝐶̂𝐶 = [𝐶𝐶 0],𝐾𝐾� = [𝐾𝐾,𝐾𝐾𝐼𝐼] (7) 

Note that the term 𝐵𝐵2𝑢𝑢 is added to the output z to avoid a large control signal, which 
is undesired in practice. Also, the normalized bounded norm of the external disturbance 
w, ‖𝑤𝑤(𝑡𝑡)‖2 = 𝑤𝑤′𝑤𝑤 ≤ 1, 𝑡𝑡 ≥ 0, can always be achieved by proper selection of D. 

For example, if the original system has 𝐷𝐷𝐷𝐷 ≤ 2, then selecting 𝐷𝐷𝑛𝑛𝑛𝑛𝑛𝑛 = 1
2
𝐷𝐷 results in 

satisfying the constraint 𝑤𝑤′𝑤𝑤 ≤ 1. 

3.2. The Invariant (or Attracting) Ellipsoid Set 
The invariant (or attracting) ellipsoid design has recently been developed in robust 

control of linear and nonlinear systems [21]. Moreover, the ellipsoidal design is success-
fully applied in many applications, e.g., automatic generation control [22], piezoelectric 
actuators [23], car active suspension [24], islanded AC [25,26], and hybrid microgrids [27]. 
For a positive definite matrix 0 < 𝑃𝑃 = 𝑃𝑃′ ∈ 𝑅𝑅𝑛𝑛+𝑙𝑙  introduce the Lyapunov (or energy) 
function [28], 

Figure 3. Tracking system.

The control objective is to minimize the effect of grid reactance changes on the output
voltage of the study system by rejecting the harmonics. The output voltage is also used
for feedback, so Cy is chosen equal to Cz = C. The dynamic tracker, state feedback with
integral control, is suggested as follows:

u = Kx + KIξ,
.
ξ = r− Cx (6)

The augmented system’s closed-loop is given by:[ .
x
.
ξ

]
=

[
A + BK BKI
−C 0

][
x
ξ

]
+

[
D
0

]
w +

[
0
I

]
rz =

[
C 0

] [x
ξ

]
+ B2u (7)

subject to w′w ≤ 1

Or, [ .
x
.
ξ

]
=
(

Â + B̂K̂
)[x

ξ

]
+ D̂w +

[
0
I

]
r, z = Ĉ

[
x
ξ

]
+ B2u,

subject to w′w ≤ 1

where the augmented matrices are:

Â =

[
A 0
−C 0

]
, B̂ =

[
B
0

]
, D̂ =

[
D
0

]
, Ĉ =

[
C 0

]
, K̂ = [K, KI ] (8)

Note that the term B2u is added to the output z to avoid a large control signal, which
is undesired in practice. Also, the normalized bounded norm of the external disturbance w,
‖w(t)‖2 = w′w ≤ 1, t ≥ 0, can always be achieved by proper selection of D.

For example, if the original system has Dw ≤ 2, then selecting Dnew = 1
2 D results in

satisfying the constraint w′w ≤ 1.

3.2. The Invariant (or Attracting) Ellipsoid Set

The invariant (or attracting) ellipsoid design has recently been developed in robust
control of linear and nonlinear systems [21]. Moreover, the ellipsoidal design is success-
fully applied in many applications, e.g., automatic generation control [22], piezoelectric
actuators [23], car active suspension [24], islanded AC [25,26], and hybrid microgrids [27].
For a positive definite matrix 0 < P = P′ ∈ Rn+l introduce the Lyapunov (or energy)
function [28],

V =

[
x
ξ

]′
P−1

[
x
ξ

]
≤ 1 (9)

This quadratic function can also be interpreted as an ellipsoid set, E, centered at
the origin.
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The following two requirements are the basic ideas of the ellipsoidal-based control:
(1) For an initial state vector outside of the ellipsoid, the state trajectory must be

attracted to the ellipsoidal set, including the origin (attracting ellipsoid);
(2) The trajectory will not leave the ellipsoid once it reaches it (invariant set).
These require that

.
V ≤ 0 subject to V ≥ 1, and w′w ≤ 1. Or along with ((7),(8)) and let

Q = P−1 gives,[
x
ξ

]′(
QÂ + QB̂K̂ + ∗

)[x
ξ

]
+ 2w′D̂′Q

[
x
ξ

]
≤ 0, s.t.V ≥ 1, and w′w ≤ 1 (10)

The last two constraints can be combined into one using the S-procedure, [21]. Equation (10)
is satisfied if the following equation is fulfilled:x

ξ
w

′[(ÂP + B̂Y + ∗
)
+ αP D̂

∗ −αI

]x
ξ
w

 ≤ 0 (11)

for a scalar, α > 0. Where Y = K̂P, and (3) to reduce the external disturbance effect on
the system response and to stabilize the dynamic system (7) in a small enough vicinity of
the origin, the ellipsoid volume must be minimized. For this, the ellipsoid E, (9), for the
augmented vector is replaced by:

Ez = z′((Ĉ + B2K̂)P(Ĉ + B2K̂)′)
−1

z ≤ 1 (12)

for the output z. This ellipsoid is bounding the output z. To minimize the impact of the
external disturbance w on the output z, the volume of the ellipsoid Ez has to be minimized.
This is why adding the term B2u in (7) results in a small control signal. Substituting
for z from (6), (7), one gets z = (C + B2K)x + B2KIξ. Due to the changes in the large
grid topology, Lg, changes. Therefore, the Â matrix in (11) is replaced by Â + ∆Â, The
uncertainty is represented in the norm-bounded form, ∆Â = M∆(t)N, ‖∆(t)‖ ≤ 1.

The following theorem determines the controller.

Theorem 1. Assume that the system (7), is controllable
(

Â, B̂
)
, and observable

(
Â, Ĉ

)
, under

L∞-bounded exogenous disturbances. Then, the robust disturbance-rejection state feedback plus
integral controller is obtained by solving:

minimize trace
[
ĈPĈ′ +

(
B2YĈ′ + ∗

)
+ B2ZB′2

]
(13)

s.t.

(ÂP + B̂Y + ∗
)
+ αP + εMM′ D̂ PN′

∗ −αI 0
∗ ∗ − ∈ I

 ≤ 0,
[

Z Y
∗ P

]
≥ 0, P > 0 (14)

Note that, due to its linearity, the trace function is used. The minimization is carried
out to the variables α, P = P′ > 0, Y, Z. Note that the product term αP is a source of
nonlinearity in the above matrix equations. This difficulty can be removed by fixing α. The
resulting equations will become LMIs. The minimization is done through iterations on α.

3.3. The Proposed Controller

The above LMIs (13) are solved using yalmip interface and sedumi solver. The
following gain matrices of the proposed controller are: K = [−8.3923 2.2162 −1.953],
Ki = 2692.3.
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4. Simulation and Experimental Validation
4.1. Simulation Validation

MATLAB/SimPowerSystems Toolbox is used to test and simulate the proposed shunt
Active Power Filter (APF) connected to the grid with a nonlinear load. To verify the
robustness of the proposed control, five test cases are achieved. In case (1), the grid current
is tested and compared without and with controlled APF. The proposed controller shows
the advantage of using shunt APF. In case (2), the grid current is checked using harmonic
spectra as a percentage of the fundamental component of the grid current against varying
the load current from 25% to 150% of the rated value. In case (3), the proposed system with
invariant set controlled APF is tested against an unbalanced nonlinear load. In case (4),
the proposed controller grid current is checked against grid parameters uncertainty (Lg is
varied from 50% to 150 % of the rated value). Finally, in case (5) the proposed controller has
tested against the distorted grid and grid parameters uncertainty. In this case, the proposed
controller is compared with H∞ robust controller [29].

Case (1): Comparison between, without, and with controlled shunt APF
In this case, the proposed system is tested without and with a controlled APF. The

invariant set controller is used to regulate the grid currents. Figure 4 shows the grid
phase-current without controlled APF in (a, b) and with controlled APF in (c, d). Figure 4a
shows the grid current waveform without controlled APF, and the respected harmonic
spectra are given in Figure 4b. The Total Harmonic Distortion (THD) for this case is
15.57% (disagreeing with IEEE 1547 standard [30]). While Figure 4c shows the grid current
waveform with controlled APF, and the respected harmonic spectra are given in Figure 4d,
the Total Harmonic Distortion (THD) for this case is 1.58% (which agrees with IEEE 1547
Standard [30]).
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Figure 4. The grid phase-current waveform and the harmonics contents (a,b) without control and
(d,c) with the invariant set controller.

Tables 2 and 3 show the odd harmonic grid current distortion in percent of the fun-
damental component without and with APF, respectively. The given results show that
it is a must to use a controlled APF to tackle this problem. Meantime, the invariant set
controller gives much lower THD compared to the H∞ controller used in [31], which is
5.27% (disagreeing with IEEE 1547 standard).
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Table 2. Odd harmonic grid current distortion in percent of the fundamental component without APF.

Harmonic Component Percentage

Fundamental 100%
h = 3 9.47%
h = 5 0.06%
h = 7 1.77%
h = 9 8.58%

h = 11 0.87%
h = 13 0.3%
h = 15 0.07%
h = 17 0.03%
h = 19 0.04%

Table 3. Odd harmonic grid current distortion in percent of the fundamental component with APF.

Harmonic Component Percentage

Fundamental 100%
h = 3 0.97%
h = 5 0.24%
h = 7 0.24%
h = 9 0.04%

h = 11 0.02%
h = 13 0.01%
h = 15 0.01%
h = 17 0.01%
h = 19 0.00%

Table 4 provides a summary of the situations for 25%, 50%, 100%, and 150% of the
rated load, respectively case (1). It demonstrates the degree to which the proposed system,
with or without a tracker, matches or mismatches the IEEE 1547 THD standard for 25%,
50%, 100%, and 150% of the rated load.

Table 4. THD and agree/disagree with IEEE 1547 standard without and with controlled APF against
load changes.

Nonlinear Load Without Controlled APF With the Proposed
APF Control

Load
25%

THD
7.65%

Agree with IEEE
1574?

No

THD
0.47%

Agree with IEEE 1574?
Yes

50% 9.39% No 0.97% Yes
100% 15.57% No 1.58% Yes
150% 25.95% No 2.78% Yes

Case (2): Comparison between without and with controlled shunt APF during
load changes

The proposed system shown in Figure 1 has been tested by varying the nonlinear
load current in steps as a percentage of the rated load without and with controlled APF.
Figure 5 shows the Harmonic spectra and the limits of IEEE 1547 Standard for the grid
current without and with control under 25%, 50%, 100%, and 150% rated loads. The
results illustrate that the proposed system without controlled APF has THD higher than
5% and disagrees with the IEEE 1547 Standard, while with proposed controlled APF in
all the load change cases, the THD is much less (5%) and all four cases agree with IEEE
1547 Standard. Table 4 illustrates the THD in all cases, with and without controlled APF,
and if it agrees/disagrees with the IEEE 1547 standard.
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Case (3): Unbalanced Nonlinear Load
A three-phase system with a nonlinear load (three-phase rectifier load) is used to test

the proposed technique under a very severe condition. The three-phase proposed system
(Figure 1 is the single-phase version) is tested with an unbalanced three-phase nonlinear
load. In Figure 6, at t = 0.2 s, the three-phase load changes from a balanced load to an
unbalanced load. The three-phase unbalanced loads applied are 80% phase A, 100% phase
B, and 60% phase C, as shown in Figure 6a. The three-phase grid currents are given in
Figure 6b, as well as the harmonic spectra of the three-phases of the grid currents (Phase
A in (c), Phase B in (d), and Phase C in (e)) and limits of IEEE 1547 Standard. The results
prove that the proposed system with invariant set controlled APF has THD much less
than 5% and agrees with the IEEE 1547 Standard. The THD for the three-phases of the
grid current while unbalanced are: THD-phase A = 1.72%, THD-phase B = 2.67%, and
THD-phase C = 1.39%). All phases agree with the IEEE 1547 Standard.

Case (4): Uncertainty in the grid parameters
To determine the ability to track sinusoidal references, Figure 7a,b demonstrates, for

both cases of extreme values of grid inductance (Lgmin, and Lgmax), the grid currents. It is
clearly shown that, even with the load currents (100% of rated value) with harmonics, the
grid currents provided by the invariant set control system have very low distortion and low
harmonic content and agree with the IEEE 1547 Standard. Moreover, the THD with Lgmin is
0.87%, and the THD with Lgmax is 2.37%. Case (5) shows the superiority of the proposed
controller as compared to the H∞ controller [29].

After injecting grid currents, the proposed and H∞ controllers are tested for adherence
with IEEE 1547 criteria for individual harmonics and THD. As demonstrated in Table 5, both
controllers operate accurately even when the grid impedance is uncertain. Furthermore,
our proposal outperforms the H∞ controller.

The H∞ is one of the most effective methods for rejecting disturbances, however,
the degree of rejection slows down the system response. In the proposed method, this
condition does not exist. The degree of disturbance rejection is greater than H ∞ when the
system response is much faster than H∞. This is one of the outstanding features of the
proposed method.
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Figure 7. Harmonic spectra and the limits of IEEE 1547 Standard for the grid currents with invariant
control at 100% load with uncertainty in the grid inductance; (a) with Lmin, and (b) with Lmax.

Table 5. Comparing THD using the suggested controller and the H∞ controller at Lgmin and Lgmax.

Invariant Sets Controller H∞ Controller [29]

Lgmin Lgmax Lgmin Lgmax
2.87%THD 0.87% 2.37% 1.13%

Case (5): Distorted Grid voltage and uncertainty in grid parameters
Consider a grid distorted voltage with 3rd, 5th, and 7th harmonic components with

amplitudes of 5%, 6%, and 5% of the fundamental, respectively, to verify that the invariant
set controller can effectively attenuate harmonics [32]. A comparison between the pro-
posed controller and the H∞ controller in [29] is given in this section when the system is
opposing a grid-distorted voltage and uncertainty in the grid parameters (Lgmin, and Lgmax).
Figures 8 and 9 show the three-phase grid current waveform and the respective harmonic
spectra during distorted grid voltage and with Lgmin and Lgmax, respectively.
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In Figures 8a and 9a the three-phase grid current waveform of the proposed controller
during distorted grid voltage and with Lgmin and Lgmax, respectively, while the three-phase
current waveform of the H∞ controller is shown in [29].

In Figures 8b and 9b, the harmonic spectra and the limits of IEEE 1547 Standard for the
grid current of the proposed controller during distorted grid voltage and with Lgmin and
Lgmax, respectively, while in [29] the harmonic spectra and the limits of IEEE 1547 Standard
for the grid current of the H∞ controller.

Both controllers are tested for compliance with IEEE 1547 requirements for individual
harmonics and THD after injecting grid currents. As shown in Table 6, both controllers
are working accurately even with uncertainty in the grid impedance and harmonics in the
grid voltage.
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Table 6. Comparing the distorted voltage grid’s THD using the suggested controller and the H∞
controller at Lgmin and Lgmax.

Invariant Set Controller H∞ Controller [29]

Distorted voltage
grid + Lgmin

Distorted voltage
grid + Lgmax

Distorted voltage
grid + Lgmin

Distorted voltage
grid + Lgmax

THD 2.04% 3.27% 2.22% 3.29%

4.2. Experimental Validation
4.2.1. Experimental Setup

The experimental setup involved a single-phase nonlinear load that is fed by a reduced
grid voltage via a step-down transformer, a current sensor, and a data acquisition system,
as shown in Figure 10. In this setup, a DAQ card NI PCIe-6323 with 32 Analog Input,
48 Digital I/O, 4 Analog Outputs, and 250 kS/s single-channel sampling rate was used.
This data acquisition system was used to read the real inductor current to be fed to the
developed controller under the simulation environment. In this experiment, a sampling
rate of 0.5 msec and an input voltage level of −10 to 10 Volts were used.
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Figure 10. (a) Real circuit of the single-phase nonlinear load, (b) schematic diagram of the experimen-
tal setup, (c) real-time experimental setup.

The inductor and grid current and voltage values are measured and sensed via a data
acquisition system. The stored files in the data acquisition system are then imported to the
MATLAB environment and then exported to a MATLAB workspace to be plotted with the
same sampling time used in the data acquisition system.

4.2.2. Experimental Results

To investigate the robustness of the proposed controller, the single-phase proposed
system shown in Figure 10 is tested without the controller (open-loop) at 100% load.
Figure 11 shows open- loop real measurement of input voltage, inductor voltage, and
inductor current. Note that open(closed)-loop means without(with) using the proposed
tracker. The real grid current is measured through the current sensor.
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Figure 11. Open loop measurement of real input voltage, inductor voltage, and inductor current.
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The grid current and inductor current are given in Figure 12a. The THD of the grid
current is 20.38%. Figure 12b shows the spectrum analysis of Igrid without control.
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Figure 12. System response without control: (a) Igrid vs. IL with THD_Igrid = 20.38%, (b) spectrum
analysis of Igrid, (c) Harmonics contents of Igrid.

Meanwhile, the harmonics contents as a percentage of the fundamental of Igrid without
control are given in Figure 12c. However, the THD is quite high; we chose a load that reflects
this excessive distortion to the grid current to evaluate the proposed regulation. It can filter
out most of this distortion and generate an output that conforms to the IEEE1547 standard.
This means that it will perform perfectly under any actual grid main current distortion.

The proposed controller is tested and evaluated through the result findings in Figure 13.
Figure 1 depicts the circuit diagram required to calculate the results seen in Figure 13. Using
a data acquisition system, the inductor and grid current and voltage values are measured.
The data acquisition system’s stored files are then imported into the MATLAB environment
and exported to a MATLAB workspace for plotting using the same sampling time as the
data acquisition system.
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The grid current and inductor current are shown in Figure 13a. The THD of the grid
current is 1.747%. Figure 13b illustrates the spectrum analysis of Igrid with the proposed
control. In the meantime, the harmonics contents as a percentage of the fundamental of
Igrid with the invariant set control are given in Figure 13c.

The simulation and experimental tests prove that the proposed controller has reduced
the THD of the grid current from a very high percentage (20.38% in practical results) which
does not agree with the IEEE 1547 standard (5%) to a very low percentage (1.747% in
practical). Note that adding L between the filter capacitor and the nonlinear load will
help to decrease the harmonic contents, but the proposed APF succeeded in doing the job
perfectly without using that.

5. Conclusions

In this paper, the ellipsoidal design to solve a regulator problem (for constant refer-
ence) is extended to solve a tracking problem (time-varying reference). The study system
considered in this work is a grid system with a nonlinear load and variable inductance. The
system is represented by the state-space model, the nonlinear load is modeled as a current
disturbance, and the grid inductance variation is cast into the norm-bounded form. The
attracting ellipsoid method (AEM) and LMI optimization was used to design a controller
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that is robust against changes in the grid topology. The proposed robust control attenuates
the effect of the harmonics-producing nonlinear load on the grid current. It is also capable
of tracking the sinusoidal reference for the grid current, in addition to ensuring stability for
the grid inductance changes. Simulation and experimental results show compliance with
the IEEE standard 1547.

Future work is applying the synergetic control approach [33] and AI methods [34,35]
to increase the robustness and invariance of the worst external disturbances.
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