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Abstract

:

The paper proposes a simple compact thermal model of a large LED module. This model takes into account self-heating in each of the LEDs contained in such a module and mutual thermal couplings between each pair of these LEDs. It also allows determining the waveforms of the junction temperature of each of the LEDs. In each moment of time, the temperature distributions in the LED module in the form of values of the junction temperature of all the diodes contained in this module are calculated using the proposed model. The developed thermal model has the form of an electric network and it contains a much smaller number of components than thermal models given in the literature. The form of the developed model and the method of determining the values of its parameters as well as the results of calculations and measurements confirming the practical usefulness of this model are presented.
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1. Introduction


The properties of semiconductor devices, including power LEDs, strongly change under the influence of temperature changes [1,2,3,4]. In particular, an increase in the junction temperature of such devices significantly shortens their lifetime and causes deterioration of the operating parameters [5,6,7,8,9,10,11,12]. Therefore, it is important to determine their junction temperature for specific operating conditions. This temperature is higher than the ambient temperature due to the self-heating phenomenon and mutual thermal couplings between the devices placed on a common base [13,14,15,16,17,18,19,20,21,22].



LED modules containing from a few to a dozen or so LEDs are commonly used in lighting systems [11,23,24,25,26,27]. Such modules contain power LEDs connected in series and situated on the common basis, which typically is a metal core printed circuit board (MCPCB) [11,24,26,28]. Except small LED modules dedicated to LED lamps, modules of the shape of rectangles, whose area exceeds even 100 cm2, and LEDs situated along straight parallels to the axis of the module are used. In these modules, an increase in the junction temperature of each of the LEDs contained in them not only shortens the lifetime of such a module [7], but also results in a decrease in the value of the luminous flux [25,29] of the emitted light.



Many papers have been devoted to the problem of modeling thermal phenomena in power modules [30,31,32] or in LEDs and LED modules, e.g., [8,12,13,25,33,34]. The paper [13] presents a compact thermal model of power LEDs. It has a classic form of an RC network, whose components are determined using the network identification by deconvolution method. The experimental verification of the presented model was carried out and a good agreement was obtained between the results of calculations and measurements for selected operating points with forced liquid cooling.



In [29], it was shown that mutual thermal couplings in the LED module significantly affect optical parameters and junction temperatures of LEDs contained in it. It was also shown that the cooling efficiency of individual LEDs depends on their location. In [35], a compact thermal model of a power LED was proposed, in which the catalog information about the thermal resistance between the junction and the case of these diodes was used. The experimental verification of the model was carried out with forced and free cooling.



In the paper [28], the influence of cooling conditions of the power LED on parameters of its compact thermal model was analyzed. The tests were carried out with forced cooling of the tested LEDs, in a wide range of ambient temperature changes. In the cited paper, the influence of the method of soldering a thermal pad on the parameters of this model was also considered. The test results were illustrated using the cumulative thermal resistance waveforms as a function of time constants.



The paper [36] presents the results of measurements of transient thermal impedance of selected power LEDs fixed to the substrate using various soldering methods. Based on the obtained measurement results, the values of the parameters of the compact thermal model were determined for each of the considered methods of mounting the tested LEDs. The influence of the method of mounting the LEDs on the obtained test results was indicated.



In the paper [37], a 3D thermal model of a power LED was proposed, formulated using the results of calculations obtained using the FloTHERM program. The considered model takes into account the geometric dimensions of both the tested LEDs and the dimensions of the substrate to which the LED is mounted. The correctness of the developed model was verified experimentally.



In our previous paper [25], a thermal model of a small LED module contained in a LED lamp was proposed. This module has the shape of a circle with the diameter of about 4 cm. In turn, thermal properties of a large rectangular LED module with the area of about 111 cm2 were analyzed in [23,38]. Thermal properties of the considered module were characterized using one averaged temperature of the entire module. Therefore, this model does not take into account the non-uniform temperature distribution in this module.



The paper [23] presents the results of measurements illustrating the effect of the method of soldering power LEDs contained in a large LED module on their transient thermal impedance. Both waveforms of this parameter were considered for whole LED modules and for individual LEDs contained in one of these modules. It was shown that both the methods of soldering and the location of the LED in the module significantly affect the waveforms of transient thermal impedance, and consequently the parameters of the compact thermal model of the module treated as a whole or the parameters of each of the diodes contained in it.



In the paper [38], a thermal model of a large LED module was proposed, which makes it possible to determine the value of the junction temperature of each of the 16 LEDs contained in this module. Using the modeling concept presented in [38], it is necessary to use subcircuits modeling self-heating or mutual thermal couplings between individual pairs of LEDs contained in the considered module in a number equal to the square of the number of LEDs contained in the module. In the case considered in the cited paper, the module contains 16 LEDs, i.e., its model contains as many as 256 subcircuits. The disadvantage of the model described in the cited paper is its high degree of complexity. The results of the experimental verification of this model show that it correctly models both self-heating in each of the diodes and mutual thermal couplings between the diodes contained in this module. The correctness of the proposed model for various power dissipation conditions in the considered module was experimentally demonstrated.



In this paper, a new form of the compact thermal model of a large LED module is proposed. This model takes into account self-heating in each diode and mutual thermal couplings between each pair of the diodes contained in this module, and, at the same time, its structure is much simpler than the models described in the literature, because it consists of sub-circuits, the number of which is the product of the number 2 and the number of LEDs included in the module. The following sections describe the tested module, present the form of the developed model, describe the method of determining the values of the parameters of this model, and show the results of calculations and measurements illustrating the correctness of the developed model.




2. Tested Module


The LED module manufactured by Fideltronik Poland [39] was selected as the research object. This module contains 16 high power LEDs connected in series and mounted on a MCPCB of the dimensions 22.3 cm × 5 cm [40]. Every LED has one thermal pad and two electrical pads. The PCB comprises an aluminum-core base layer, a thin thermally conductive dielectric layer, and a copper-circuit layer of the thicknesses 1.5 mm, 100 μm, and 35 μm, respectively. The LEDs included in the module are soldered with the convection reflow technique [41,42,43,44].



The used power LEDs of the type XPGBWT-H1-CCKP-AFHE5KE40 (by CreeLED, Inc., Durham, NC, USA) are characterized by the maximum admissible forward current IDmax = 1.5A at forward voltage VF = 3.1 V. The value of luminous flux of the light emitted by the considered LED at temperature 25 °C is not lower than 150 lm [40]. Low values of thermal resistance between the junction and the thermal pad Rthj-s = 4 K/W occur. The maximum admissible junction temperature is equal to Tjmax = 150 °C. Figure 1 shows the dimensions of the considered module and the arrangement of the LEDs on its surface.



In the considered module, the LEDs are placed in two rows containing eight devices each. The distance between the rows and the distance between the centres of adjacent LEDs in a row are a = 25.5 mm.



In the description of the developed model, which is presented in Section 3, the distances between individual diodes included in the module under consideration are important. The distance between individual pairs of LEDs is shown in Table 1.



As can be seen in Table 1, in the considered module there are only 16 different values of the distance between the LEDs in the range from zero to     50   · a  . These values are identical for describing the distances between different pairs of LEDs.




3. Model Form


The compact thermal model of the LED module developed by the authors has the form of an electronic network, the diagram of which is shown in Figure 2.



There are 17 subcircuits in this model; 16 of them contain a current source and RC components. They make it possible to calculate the value of a junction temperature increase in each of the LEDs contained in the module caused by the power dissipation in one LED. In each of these subcircuits the current source represents the power dissipated in one of the LEDs contained in the module (sources ID1, ID2,.., ID15, ID16). In turn, the voltages in particular nodes mean an increased ΔTik of the junction temperature of the k-th LED caused by the power dissipation in the i-th LED. Due to the fact that the distances between the pairs of different LEDs may be identical, in some subcircuits, voltages in particular nodes correspond to a temperature increase in two LEDs at the same distance from the heat source.



The RC components model self and transfer transient thermal impedances present in the model. The transfer thermal resistances between individual pairs of LEDs increase with an increase in the distance between them. The same distance between the LEDs corresponds to the same value of transfer thermal resistance. The values of the junction temperature of individual LEDs are calculated using the subcircuit at the bottom of the figure. In this subcircuit, the voltage source VTa represents the ambient temperature, and the individual controlled voltage sources (E1, E2,..., E15, E16) determine an increase in the junction temperature of individual LEDs above the ambient temperature using the formula of the form


  Δ  T  D i   =   ∑  k = 1   16    Δ  T  D k − i      



(1)







For example, the junction temperature increase in LED D1 is given by the formula


    Δ  T  D 1   = Δ  T  D 1 − 1   + Δ  T  D 2 − 1   + Δ  T  D 3 − 1   + Δ  T  D 4 − 1   + Δ  T  D 5 − 1   + Δ  T  D 6 − 1   + Δ  T  D 7 − 1   + Δ  T  D 8 − 1   + Δ  T  D 9 − 1   + Δ  T  D 10 − 1   + Δ  T  D 11 − 1       + Δ  T  D 12 − 1   + Δ  T  D 13 − 1   + Δ  T  D 14 − 1   + Δ  T  D 15 − 1   + Δ  T  D 16 − 1      



(2)







Due to the fact that the distances between different pairs of LEDs are identical, the junction temperature increases in LED D1 resulting from mutual thermal couplings are the same. In the case of LED D1, its distances from diodes D2 and D16 are the same, therefore ΔTD1–2 = ΔTD16–1. For LEDs located closer to the center of the module, there will be more pairs of diodes placed at the same distance from the tested diode.



The structure of individual subcircuits containing RC components corresponds to the classical Cauer model used to model thermal properties of discrete semiconductor devices [14,45,46]. However, in the presented model, individual nodes correspond to individual LEDs contained in the module, and not to structural components of the heat flow path. When formulating this model, it was assumed that heat conduction in the module (between individual LEDs) is responsible for the heat flow, and this flow is isotropic.



This means that a junction temperature increase in LED Di due to the dissipation of power pk in LED Dk is the same as a temperature increase in LED Dk due to the dissipation of power pi of the same value in LED Di. In addition, a junction temperature increase in LEDs at the same distance from the heat source, caused only by this source, is the same.



Due to the symmetry of the considered module, in order to describe its thermal properties, it is necessary to determine the values of RC components occurring only in four subcircuits visible in the upper part of Figure 2, i.e., 52 thermal resistances and 52 thermal capacitances. For comparison, the model from [38] uses 128 self or transfer thermal transient impedances, each of which is described using at least five thermal time constants. This means that for the application of the model from the cited paper, it is required to determine at least 640 thermal resistances and 640 thermal capacitances. Meanwhile, the new model requires 12 times fewer parameters than the literature model. The method of estimating the parameters of the new model is described in the next section.




4. Estimation Model Parameters Values


In order to estimate values of the parameters of the compact thermal model described in Section 3, it is necessary to perform the appropriate measurements and calculations. Self-transient thermal impedances Zthi(t) of individual LEDs (acting as heating devices) contained in the module are measured using the indirect electrical method described, among others, in the paper [47]. Simultaneously with the measurement of Zthi(t) of the individual LEDs contained in the tested module, the waveforms of the junction temperature of the other LEDs (acting as temperature sensors) contained in this module are measured. On the basis of the obtained results of temperature measurements of individual sensors, transfer transient thermal impedances between the heating device and each of the sensors are determined. Thanks to such a solution, the waveforms of the heating device’s self-transient thermal impedance and transfer transient thermal impedances between the heating device and each of the sensors are determined in one measurement. The measurement is performed in the measuring system presented in the diagram shown in Figure 3.



In the measurement method used, self and transfer transient thermal impedances are measured in accordance with the definition of these parameters given, among others, in [16,47]. The junction temperature in this definition is measured indirectly using the calibrated dependence of the voltage across the LED forward biased on temperature vD(T) called the thermometric characteristic.



The measurement is performed in three stages. The first stage is the measurement of the thermometric characteristics of each LED contained in the tested module. At this stage, switch S is open and all the LEDs connected in series cause the flow of the measuring current of a low value IM. The tested module is located in a thermostat, whose temperature is regulated. At each of the set temperature values, voltage on each of the tested LEDs is measured.



In the second stage of the measurement, switch S is closed and current IH flows through the heating device, the value of which depends on the efficiency of the voltage source EH and resistance of resistor RH. Due to the phenomenon of self-heating, the junction temperature of the heating LED increases until a steady state is reached. At the same time, as a result of mutual thermal couplings, the junction temperature of the other LEDs increases. After obtaining the steady state, the forward voltage of the heating device VDH, current IH, and the power density of the emitted radiation Φe are measured. Based on the Φe value measured with a radiometer and the catalog information on the spatial radiation patterns, the value of the optical power Popt is determined.



The third stage of the measurement begins at t = 0, when switch S opens and all the LEDs are forward biased by current IM. Then, the junction temperature of each LED decreases, causing an increase in the forward voltage of each LED, and the time courses of these voltages are recorded by means of an analog-to-digital converter and a computer (PC) until the steady state is reached. Finally, based on the recorded forward voltage time courses, measured thermometric characteristics and the values of voltage VDH, current IH, and power Popt, the time courses of self Zthi(t) and transfer Zthi-k(t) of the transient thermal impedances occurring in the presented model are calculated based on the equations given in [47].


   Z  t h i    t  =    T  j i    t  −  T a     P i  −  P  o p t      



(3)






   Z  t h i − k    t  =    T  j k    t  −  T a     P i  −  P  o p t      



(4)




where Ta is the ambient temperature, Pi—power supply of Di.



In order to determine values of the RC components contained in one subcircuit shown in Figure 2, the measured waveforms of mutual transient thermal impedances between this heat source and subsequent sensors should be successively subtracted from the course of the self-transient thermal impedance of the heat source, starting from the sensor located closest to this heat source. The obtained differential transient thermal impedances are approximated by the classic formula of the form


  Δ  Z  t h i − k    t  =    T  j i    t  −  T  j k   ( t )    P i  −  P  o p t     =  R  t h i − k   ·   1 − exp   −  t   R  t h i − k   ·  C  t h i − k          



(5)




where Rthi-k is mutual thermal resistance between LED Di and LED Dk, and Cthi-k is thermal capacitance of LED Dk.




5. Investigations Results


In order to verify the correctness of the developed model, calculations and measurements of time courses of self and transfer transient thermal impedances in the module under consideration, as well as time courses of the junction temperature of individual LEDs contained in the tested module under different conditions of power dissipation in it, were carried out. The obtained results of measurements and calculations were compared for different conditions of power dissipation in LEDs contained in the tested module. In the figures presented below (Figure 4, Figure 5, Figure 6 and Figure 7), solid lines indicate the measurements results, and dashed lines—the calculations results. All the measurements results presented in this section were performed using the set-up of the diagram shown in Figure 3.



Figure 4 shows the waveforms of self and transfer transient thermal impedances between selected LEDs included in the tested module. In each of the examples presented in particular figures, the power is dissipated only in one LED: D1 (Figure 4a), D2 (Figure 4b), D3 (Figure 4c), and D4 (Figure 4d).



As is visible, in all the considered cases a good agreement between the measured and modeled waveforms is obtained. It is worth noting that the values of self-transient thermal impedances are always higher than transfer transient thermal impedances. In addition, the transfer transient thermal impedances between the LEDs decrease as the distance between the LEDs increases. In the steady state, the eigenvalues of transient thermal impedances are even seven times higher than mutual transient thermal impedances. It is also worth noting that the values of mutual transient thermal impedances may differ even twice (e.g., Zth1–16(t) and Zth1–8(t) in Figure 4a).



Comparing the waveforms of self-transient thermal impedances obtained for individual LEDs, it can be seen that they differ significantly, even by 30%. The lowest values of this parameter were obtained for D2, and the highest for D3. These differences may be caused by both imperfections in the assembly of D3 and the differences in the heat dissipation efficiency caused by different locations of the considered LEDs relative to the edge of the MCPCB. Regardless of the cause of these differences, they can be correctly described by the proposed thermal model.



Figure 5 shows the dependences of self and mutual thermal resistances Rth in the considered module on the distance l from the heat source, measured and obtained using the model.



As can be seen, the presented relations Rthi-k(l) are even functions. For each of the considered heat sources, the highest Rthi-k values were obtained in the heat source (l = 0). While the thermal resistance values for l = 0 strongly depend on which LED is the heat source, transfer thermal resistances (for l ≠ 0) are a decreasing function of the distance from the heat source and practically do not depend on the choice of the heat source. With an increase in the distance of the LED from the heat source in the range of 25 to 100 mm, the value of the transfer thermal resistance decreases from 3.5 K/W to only 2.6 K/W. This relationship is correctly described in the proposed thermal model.



Figure 6 shows the measured and calculated waveforms of the junction temperatures of selected LEDs included in the considered module during its cooling. Before the cooling process, the module was in the steady state. In the case shown in Figure 6a, before the start of cooling, the power of 4.8 W was released only in D1, and in the case presented in Figure 6b, in each of LEDs D1–D4 the power of approximately 4.65 W was simultaneously released.



It can be seen that the junction temperature of LED D1, in which the power is dissipated, is much higher (even by 25 °C) than the junction temperature of the other LEDs. This indicates that in the steady state there is a strongly non-uniform temperature distribution in the module. The differences between the junction temperatures of individual LEDs disappear only after a few hundred seconds from the moment of turning off the power.



In Figure 6b, a large variation in the value of the junction temperature of LEDs D1–D4 can be observed, which at the moment t = 0 reaches even 20 °C. Due to the fact that in each of the tested LEDs the power of a similar value is lost, the observed temperature differences are mainly the effect of the differences in the thermal resistance values of individual LEDs. Hence, the highest value of the junction temperature was obtained for LED D2, and the lowest for LED D1. The junction temperatures of devices D5 and D6 before the start of cooling are much lower than for devices D1–D4 and they range from 40 to 50 °C. The discrepancies between the results of calculations and measurements are small and do not exceed 5 °C.



In turn, Figure 7a shows the calculated and measured waveforms of the junction temperature of the diodes while cooling the module after the power equal to about 4.5 W was dissipated in each of LEDs D1–D8 contained in the tested module, and Figure 7b shows the results for the power equal to 2.87 W in each of all the LEDs contained in the module.



Figure 7a shows a practically uniform temperature distribution in the area, where devices D5, D6, D7, and D8 are placed. The differences in the junction temperature of these LEDs do not exceed 3 °C. In the case shown in Figure 7b, it can be seen that the temperature differences between the adjacent LEDs when powering all the LEDs contained in the module reach 10 °C. It is worth noting that despite a low value of the power lost in each of the LEDs, their junction temperature exceeds as much as 120 °C due to mutual thermal couplings between the LEDs.



As is visible in Figure 4, Figure 5, Figure 6 and Figure 7, the obtained results of calculations fit very well the results of measurements. The good agreement between the obtained results corresponding to a different manner of power dissipation in the module proves the correctness of the proposed thermal model.



Changes in the value of the junction temperature of LEDs cause changes in the irradiance. Figure 8 shows the values of irradiance of LED D1 with the current flow of 1.5 A through a different number of LEDs.



As can be seen, with an increase in the number of LEDs that are simultaneously fed, the irradiance of D1 decreases. This is the effect of mutual thermal coupling between the LEDs. This causes an increase in the junction temperature of the considered LED, resulting in a decrease in the emitted optical power.




6. Conclusions


The paper proposes a new compact thermal model of a large LED module. This model makes it possible to calculate the junction temperature of each of the LEDs contained in this module, taking into account the phenomenon of self-heating and mutual thermal couplings between these devices.



The developed model has a much simpler form than the analogous thermal models described in the literature. This model was verified experimentally for a LED module with the area of about 100 cm2, containing 16 LEDs. In this case, the new model contains only 17 subcircuits instead of 256 subcircuits found in the classic literature models. Such a significant reduction in the number of circuit components did not deteriorate the accuracy of the model. A good agreement was obtained between the calculated and measured time courses of the junction temperature of the LEDs contained in the considered module for various variants of power dissipation in the considered module. At the same time, a time–spatial temperature distribution was obtained in the considered module in the form of the time courses of the junction temperature of each of the LEDs contained in this module.



It was also shown that mutual thermal resistances between the LEDs decrease with an increase in the distance between them. The values of self and transfer thermal resistances depend both on the location of the LEDs on the surface of the module and their distance from the edge of the MCPCB.



The presented method of formulating a thermal model can be used in the development of compact thermal models of electronic systems containing many components. An important advantage of the developed model is a simple and fast way to estimate the values of its parameters, which allows for the measuring of all the elements present in one subcircuit within one measurement process. This results in a significant reduction in the time necessary to estimate the parameter values.



It is worth noting that in the tested LED module, there is a non-uniform temperature distribution both in the case when the power dissipated in the individual LEDs differs significantly, and in the case when the power dissipated in all the LEDs is of a similar value. The temperature differences between the LEDs reach up to 30 °C.



The new compact thermal model presented in this paper may be useful in describing properties of electronic systems with different topologies, made in different technologies, and containing different electronic components. Such a model will contain such a number of branches visible in Figure 2 as the number of the components in which the power is dissipated. The values of each resistor and capacitor occurring in this model depend on the distances between each pair of such components and thermal properties of the used PCB and the cooling system. The formulation of such a model is not complicated, and the estimation of parameter values is fast. The developed model was prepared in a form dedicated to the SPICE program, but it can also be used in other programming environments or in other programs for the analysis of electronic circuits. Its limitation is a possibility to calculate only the junction temperatures of electronic components. Nevertheless, it is impossible to calculate the values of temperature in the points of the module.



The proposed model is verified at free cooling of the tested module only. In the future, the validation of this model for the module cooperation with selected systems of forced cooling will be performed.
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Nomenclature




	Cthi-k
	Thermal capacitance of the diode Dk



	LED
	Light-emitting diode



	l
	Distance between the heat source and the heat sensor



	MCPCB
	Metal core printed circuit board



	Pi
	Power supply of diode Di



	Popt
	Optical power



	Rthi-k
	Mutual thermal resistance between diodes Di and Dk



	Ta
	Ambient temperature



	Tji
	Junction temperature of diode Di



	Zthi(t)
	Self-transient thermal impedances of diode Di



	Zthi-k(t)
	Mutual transient thermal impedance between diodes Di and Dk



	ΔTDi
	An increase in the junction temperature of diode Di above the ambient temperature



	ΔTDik
	An increase in the junction temperature of diode Dk above the ambient temperature caused by power dissipation in diode Di



	Φe
	Power density of the emitted radiation
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Figure 1. Dimensions of the tested module with locations of the used LEDs (a) and the view of the tested module (b). 
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Figure 2. Network representation of a new compact thermal model of the LED module. 
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Figure 3. Diagram of the set-up to measure self and transfer transient thermal impedance of the diodes contained in the tested LED module. 






Figure 3. Diagram of the set-up to measure self and transfer transient thermal impedance of the diodes contained in the tested LED module.



[image: Energies 16 07329 g003]







[image: Energies 16 07329 g004] 





Figure 4. Measured and modeled waveforms of self and transfer transient thermal impedances in the tested module at power dissipation in: D1 (a), D2 (b), D3 (c), D4 (d). 
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Figure 5. Dependence of thermal resistance Rthi-k on the distance l between the LEDs placed in the tested module. 
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Figure 6. Measured and calculated waveforms of the junction temperature excess of selected LEDs included in the tested module while cooling after the dissipation power of 4.8 W in diode D1 only (a) and 4.65 W in each of diodes D1–D4 (b). 
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Figure 7. Measured and calculated waveforms of the junction temperature excess of selected diodes included in the tested module while cooling after the dissipation power of 4.5 W in diodes D1–D8 only (a) and 2.9 W in each diode in the module (b). 






Figure 7. Measured and calculated waveforms of the junction temperature excess of selected diodes included in the tested module while cooling after the dissipation power of 4.5 W in diodes D1–D8 only (a) and 2.9 W in each diode in the module (b).



[image: Energies 16 07329 g007]







[image: Energies 16 07329 g008] 





Figure 8. Irradiance of LED D1 when the current flows through a different number of LEDs contained in the module. 
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Table 1. Distances between individual pairs of LEDs included in the considered LED module.
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	D1
	D2
	D3
	D4
	D5
	D6
	D7
	D8
	D9
	D10
	D11
	D12
	D13
	D14
	D15
	D16





	D1
	  0  
	  a  
	   2 · a   
	   3 · a   
	   4 · a   
	   5 · a   
	   6 · a   
	   7 · a   
	   5  2  · a   
	     37   · a   
	     26   · a   
	     17   · a   
	     10   · a   
	    5  · a   
	    2  · a   
	  a  



	D2
	  a  
	  0  
	  a  
	   2 · a   
	   3 · a   
	   4 · a   
	   5 · a   
	   6 · a   
	     37   · a   
	     26   · a   
	     17   · a   
	     10   · a   
	    5  · a   
	    2  · a   
	  a  
	    2  · a   



	D3
	   2 · a   
	  a  
	  0  
	  a  
	   2 · a   
	   3 · a   
	   4 · a   
	   5 · a   
	     26   · a   
	     17   · a   
	     10   · a   
	    5  · a   
	    2  · a   
	  a  
	    2  · a   
	    5  · a   



	D4
	   3 · a   
	   2 · a   
	  a  
	  0  
	  a  
	   2 · a   
	   3 · a   
	   4 · a   
	     17   · a   
	     10   · a   
	    5  · a   
	    2  · a   
	  a  
	    2  · a   
	    5  · a   
	     10   · a   



	D5
	   4 · a   
	   3 · a   
	   2 · a   
	  a  
	  0  
	  a  
	   2 · a   
	   3 · a   
	     10   · a   
	    5  · a   
	    2  · a   
	  a  
	    2  · a   
	    5  · a   
	     10   · a   
	     17   · a   



	D6
	   5 · a   
	   4 · a   
	   3 · a   
	   2 · a   
	  a  
	  0  
	  a  
	   2 · a   
	    5  · a   
	    2  · a   
	  a  
	    2  · a   
	    5  · a   
	     10   · a   
	     17   · a   
	     26   · a   



	D7
	   6 · a   
	   5 · a   
	   4 · a   
	   3 · a   
	   2 · a   
	  a  
	  0  
	  a  
	    2  · a   
	  a  
	    2  · a   
	    5  · a   
	     10   · a   
	     17   · a   
	     26   · a   
	     37   · a   



	D8
	   7 · a   
	   6 · a   
	   5 · a   
	   4 · a   
	   3 · a   
	   2 · a   
	  a  
	  0  
	  a  
	    2  · a   
	    5  · a   
	     10   · a   
	     17   · a   
	     26   · a   
	     37   · a   
	   5  2  · a   



	D9
	   5  2  · a   
	     37   · a   
	     26   · a   
	     17   · a   
	     10   · a   
	    5  · a   
	    2  · a   
	  a  
	  0  
	  a  
	   2 · a   
	   3 · a   
	   4 · a   
	   5 · a   
	   6 · a   
	   7 · a   



	D10
	     37   · a   
	     26   · a   
	     17   · a   
	     10   · a   
	    5  · a   
	    2  · a   
	  a  
	    2  · a   
	  a  
	  0  
	  a  
	   2 · a   
	   3 · a   
	   4 · a   
	   5 · a   
	   6 · a   



	D11
	     26   · a   
	     17   · a   
	     10   · a   
	    5  · a   
	    2  · a   
	  a  
	    2  · a   
	    5  · a   
	   2 · a   
	  a  
	  0  
	  a  
	   2 · a   
	   3 · a   
	   4 · a   
	   5 · a   



	D12
	     17   · a   
	     10   · a   
	    5  · a   
	    2  · a   
	  a  
	    2  · a   
	    5  · a   
	     10   · a   
	   3 · a   
	   2 · a   
	  a  
	  0  
	  a  
	   2 · a   
	   3 · a   
	   4 · a   



	D13
	     10   · a   
	    5  · a   
	    2  · a   
	  a  
	    2  · a   
	    5  · a   
	     10   · a   
	     17   · a   
	   4 · a   
	   3 · a   
	   2 · a   
	  a  
	  0  
	  a  
	   2 · a   
	   3 · a   



	D14
	    5  · a   
	    2  · a   
	  a  
	    2  · a   
	    5  · a   
	     10   · a   
	     17   · a   
	     26   · a   
	   5 · a   
	   4 · a   
	   3 · a   
	   2 · a   
	  a  
	  0  
	  a  
	   2 · a   



	D15
	    2  · a   
	  a  
	    2  · a   
	    5  · a   
	     10   · a   
	     17   · a   
	     26   · a   
	     37   · a   
	   6 · a   
	   5 · a   
	   4 · a   
	   3 · a   
	   2 · a   
	  a  
	  0  
	  a  



	D16
	  a  
	    2  · a   
	    5  · a   
	     10   · a   
	     17   · a   
	     26   · a   
	     37   · a   
	   5  2  · a   
	   7 · a   
	   6 · a   
	   5 · a   
	   4 · a   
	   3 · a   
	   2 · a   
	  a  
	  0  
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