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Abstract: Multistage fracturing in horizontal well has become one of the important techniques
for the efficient development of low-permeability sandstone reservoirs. In multistage hydraulic
fractured horizontal wells (MHFHWs), the depth of fracturing fluid invasion into the formation is a
key parameter evaluating the imbibition enhancement after fracturing. However, few studies have
been conducted on the invasion depth of fracturing fluids combining experiments and mathematical
models under high-pressure differences in MHFHWs. Therefore, in this work, a mathematical model
with experimental validation is proposed for evaluating the fracturing fluids invasion under high
pressure. We first conducted a series of displacement experiments under different pressure differences
to obtain the breakthrough time and invasion velocity. All core samples are taken from the block X of
Xinjiang oilfield. A mathematical model of fracturing fluid injection was then established, considering
the two-dimensional filtration of fracturing fluid. Then, the calculated invasion velocity was validated
against the experimental data. Afterward, the invasion depth and invasion volume were determined
for this typical horizontal well. Results show that at the end of 72 min, the invasion depth reaches
1.516 m when measured by core experiments and 1.434 m when calculated by the proposed model.
The total invasion volume of all fracturing stages is estimated as 21,560.05 m3 and the actual total
fluid volume injected is 24,019.6 m3. The paper formed a scientific and reasonable evaluation method
of fracturing fluid invasion depth during the fracturing of horizontal wells, which provides solid
theoretical support for the effective evaluation of fracturing to improve oil recovery.

Keywords: invasion depth; displacement experiment; numerical simulation; low-permeability oil
reservoir; horizontal well fracturing

1. Introduction

Horizontal well combined with multistage hydraulic fracturing has become an im-
portant method for developing low-permeability oil reservoirs. Fracturing can greatly
enhance the seepage capacity of the reservoir and improve oil recovery [1–4]. The eval-
uation of fracturing effect has also become an important branch in the development of
low-permeability oil reservoirs [5,6]. Liquid invasion has long been the focus of research,
and many scholars are dedicated in determining the effect of liquid invasion. It is com-
monly admitted that liquid invasion will damage the formation through water blocking
in tight gas reservoirs [7,8]; however, it may improve oil recovery by imbibition in some
low-permeability oil reservoirs [9–11]. The invasion depth of fracturing fluid is not only
related to the swept area of fracturing fluid, but is also a parameter that must be considered
in subsequent flowback operations [12], and even plays a role in the imbibition area during
the shut-in stage [13–15]. Therefore, invasion depth is a valuable factor for evaluating
the fracturing effect. Since the invasion depth varies with pressure difference or time, it
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is difficult to accurately calculate. Therefore, a comprehensive and effective solution for
obtaining the fracturing fluid invasion depth is required.

In previous studies of liquid invasion, experiments with invasion volume changing
over time were performed and equations with various parameters were built to curve-fit
experimental data [16,17]; however, most were focused on the loss of acid and drilling
fluids, especially for open-hole completed horizontal wells [18,19]. Some experiments and
mathematical models are widely used to estimate the liquid invasion of formations, which
provides a certain reference for the study of fracturing fluid filtration [20–23]. Subsequently,
the filtration of fracturing fluid was considered, and a larger part of the study was con-
ducted on natural fractures by simulation, but the filtration of natural fractures faced a
lack of experimental data [24,25]. Elbel et al. [26] have shown the depth of penetration into
the matrix in fracturing zones from experiments and investigated formation permeability
reduction to clarify the production effects of fluid loss. Clark [27] analyzed available ex-
perimental data to obtain the correlation of cumulative volume and time, and proposed
two different models to better fit the data. Crandall et al. [28] conducted experiments
to simulate fluid flow through four fracture profiles and estimate the fraction factor for
fractures. Guo and Liu [29] developed a new fracturing fluid leak-off model for natural
fractures analytically, and analyzed the effect of pressure on the penetration speed. The
abovementioned studies range from the experimental studies of invasion velocity to frac-
ture fluid invasion depth, but few experiments have considered high-pressure difference,
and investigation on invasion depth rarely considers filtration as the fracture gradually
propagates. As fracture depth increases, the fracture pressure difference increases, and an
invasion depth experiment under high-pressure difference needs to be established.

In fracturing horizontal wells, it is essential to characterize the pressure distribution
around the fracture in calculating invasion depth during fracturing in low-permeability oil
reservoirs. The pressure variation directly changes the pressure difference between the frac-
ture and the formation, which affects the invasion rate and invasion depth of the fracturing
fluid [30,31]. The pressure and production characteristics of fractured horizontal wells have
been investigated with lots of models based on the fluid and formation properties [32–34].
Zhang et al. [35] presented a semi-analytical model of a vertically fractured well considering
three distinct regions without considering the effect of the injection process of fracture fluid
on reservoir pressure. Al-Rbeawi [36] has focused on the fluid flow phenomenon with
triple porous media; it is favorable to understand pressure distribution in the outer porous
media with existing naturally induced fractures. Wu et al. [37] comprehensively studied
a model composed of a fracturing fluid injection model and a flowback and production
model, and the pressure variation area was calculated from the fracture after injection.
When calculating the pressure redistribution of the fracturing model, the two-dimensional
fluid loss model of fracturing fluid should be considered [38]. To calculate invasion depth
with numerical simulation, the pressure redistribution of each time step will be updated to
construct new pressure differences with fracture pressure. Semi-analytical models were
developed to solve the pressure distribution around the fracture; however, most inves-
tigated the flow behavior after the fracture is fully formed. The fracture is supposed to
expand while filtering during the fracturing time, and the fracturing fluid also flows along
the fracture, so we develop a two-dimensional filtering model combined with fracture
propagation to calculate the invasion depth.

To determine the invasion depth of fracturing fluid reasonably, this work develops
a mathematical model with experimental validation. To simulate the high pressure of
the realistic fracture, an experimental equipment that meets the high-pressure conditions
is built. Due to the pressure difference between fracture and reservoir varying with
time during fracturing, we adjust the pressure in the inlet and outlet to build different
pressure differences for experiments, which can obtain the relationship between pressure
difference and fracturing fluid invasion velocity. Afterward, a mathematical model of
fracturing fluid injection model was established, considering the two-dimensional filtration
of fracturing fluid, and the invasion depth of fracturing fluid under various pressure
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differences was evaluated. Combined with experimental measurement and numerical
simulation, a solution for obtaining the invasion depth data was formed, which provides a
reference for fracturing effect evaluation and subsequent production.

2. Materials and Methods
2.1. Experiments

In this section, we conducted displacement experiments to investigate the break-
through time and invasion velocity of fracturing fluid. The experimental data measured
can be used to help validate the accuracy of the numerical model. It is also able to evaluate
the depth of fracturing fluid invasion into the formation.

2.1.1. Experimental Apparatus and Material

The actual formation fracture pressure in the fracturing process of low-permeability
reservoirs can reach 70 to 90 MPa due to the high in situ stress. In order to satisfy the
high-pressure requirements for laboratory experiments, an experimental displacement
system with ultra-high temperature and pressure was built.

Figure 1 illustrated the equipment used in the laboratory displacement experiments. A
constant flow pump is used to drive fluid into the intermediate container at different speeds,
and its maximum flow rate and pressure reach 50 mL/min and 200 MPa, respectively. A
core holder is adopted with a maximum pressure of 200 MPa and a test temperature
of 200 ◦C. A back pressure pump with a maximum pressure of 100 MPa is constructed
to generate different back pressure at the end of the core holder. The confining pressure
pump can provide confining pressure for the core holder to simulate rock pressure with a
maximum pressure of 200 MPa. A metering system is employed to record the pressure at
both ends of the core holder and the breakthrough time of fluid.
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Figure 1. Schematic diagram (left) and an overall picture (right) of the apparatus employed for
experimental fracturing fluid invasion.

Figure 2 lists the core samples, which are taken from the horizontal section of the
well in block X of Xinjiang oilfield. Cylindrical samples with a diameter of 2.5 cm and
a length of 5 cm were drilled. The physical properties of the eight cores are shown in
Table 1. The experimental fluid adopts simulated oil and slick water. Simulated oil was
formulated according to crude oil properties under the reservoir conditions and slick water
was prepared by simulating fracturing fluid viscosity with the value 10 mPa·s.
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Figure 2. Diagram of eight core samples from block X of Xinjiang oilfield.

Table 1. Physical properties of eight core samples.

Core Number Porosity (%) Permeability (mD) Length (cm) Diameter (cm)

1 11.3 0.897 4.978 2.505
2 9.9 0.442 5.032 2.506
3 7.7 2.350 5.036 2.467
4 9.6 0.120 5.026 2.483
5 10.3 1.880 4.981 2.504
6 10.7 0.527 5.006 2.506
7 9.2 1.580 5.008 2.504
8 7.9 1.732 5.023 2.496

2.1.2. Experimental Procedures

In the process of fracturing construction, the formation pressure gradually increases,
and the invasion depth of fracturing fluid in the formation continues to expand. The time
when fracturing fluid breaks through the cores is recorded under different differential
pressures. The experimental procedures were conducted as follows:

1. The 8 sets of core samples from the block X of Xinjiang oilfield were selected.
2. After washing and drying, the samples were placed into the core holder. The valve

at the inlet was shut down, and the outlet was connected to the vacuum pump. The
valve at the outlet of the holder was shut down after vacuuming for 24 h, and then
the vacuum pump was closed.

3. The core was saturated with oil first at a rate of 0.05 mL/min for 12 h, and then at
a rate of 0.1 mL/min for 6 h. The saturation rate was gradually increased and the
saturation time was reduced until the core was saturated.

4. Water was injected to initialize the oil saturation similar to the reservoir conditions,
and then aging was conducted for 48 h.

5. The confining pressure, the pressure at the inlet, and the pressure of the back pressure
pump at the outlet gradually increased. The confining pressure of the core holder
should be 2 or 3 MPa higher than the pressure at the inlet.

6. When the pressure at the outlet reaches the designated outlet pressure, the valves
at both ends of the holder were kept closed. When slick water was pumped until
the pressure reached 70 MPa, the valves at both ends of the holder were open, and
breakthrough time was recorded.

7. The procedures above were repeated with the outlet pressure gradually increasing,
according to Table 2, and the breakthrough time was recorded.
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Table 2. The designated experimental pressure difference and inlet–outlet pressure.

Core Number Experiment Pressure
Difference (MPa)

Inlet Pressure
(MPa)

Outlet Pressure
(MPa)

1 40 70 30
2 35 70 35
3 30 70 40
4 25 70 45
5 20 70 50
6 15 70 55
7 10 70 60
8 5 70 65

The experiments were designed using different cores for different pressure differences
mainly to prevent the cores from forming dominant water flow channels, and similar
experimental cores were selected to avoid other differences. The experiments mainly
investigated the invasion depth of cores under high-pressure differences, so the same slick
water was provided without considering the influence of fracturing fluid. At the same
time, the composition interaction of the slick water with the gravel core can be ignored in
the experiments.

2.2. Mathematical Models

Due to the difference between core size, fracture size, and the short experiment time,
the pressure distribution at both ends of the core fails to fully characterize the actual
situation of invasion into deeper formation and along the fracture. The well-known Carters
leak-off model [39]—of which the revised version is commonly used in 2D and even 3D
simulations of hydraulic fracturing [40]—is mostly used when the fracture shape is formed.
In the fracturing process, the fracture can have different lengths in each time step; therefore,
it is necessary to establish a mathematical model to describe the two-dimensional filtration
of fracturing fluid. This proposed model can reasonably predict the invasion depth of
fracturing fluid under different pressure differences.

2.2.1. Model Assumptions

In the process of fracturing, the fracturing fluid is continuously injected into the
formation along the fracture with high pressure. Part of the fracturing fluid injected is
remained in the fracture volume, while the other part is filtrated into the formation around
the fracture. With the MHFHWs, stress shadow and perforation erosion are two key
effects involved, particularly when proppants are pumped at high injection rates during
the development of unconventional reservoirs [41,42]. Both effects lead to non-uniform
distribution of fracturing fluid among clusters [43,44], and the proposed work is simplified
to some extent. Multiple fractures are not fractured simultaneously but one after the other,
and we simply investigate one cluster in each stage with a large fracture spacing of 34 m,
so the stress shadow and perforation erosion were negligible. Based on the theories of rock
mechanics and fluid mechanics, the injection volume of the fracturing fluid is equal to the
filtration volume of the fracturing fluid plus the volume change of the fracture. Material
balance of fracturing fluid injection, considering the two-dimensional filtration of fracturing
fluid, is built with the following assumptions:

1. Injection rate of fracturing fluid is set as 5 m3/min for each cluster during fracturing.
2. Grids are divided into two ways. The grid length in the fracture direction (y direction)

adopts a decreasing sequence, whereas the grid length in the horizontal well direction
(x direction) is refined around the fracture. As shown in Figure 3, inside the red box is
the grid division between two fractures.

3. The fracture pressure is assumed as constant during the fracturing process, and the
pressure of the grid near the fracture is equal to the fracture pressure.
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4. The fracture expands forward by one grid every 6 min. At every time step, the
pressure differences and invasion depth can be calculated.
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Figure 3. Grid division between two fractures in different directions.

The proposed model simulates fracture growth by setting the pressure in the fracture
grid to constant pressure at each time step. The fracture grid flows as a source to the
formation and the fracture grid expands over the fracturing time. The mesh is generated
based on the known fracture length and we assume the fracture growing one grid with
a proper time step. To simulate the gradual extension of the fracture, the fracture grows
according to fracture length and fracturing time with decreasing extension length.

2.2.2. Two-Dimensional Filtration Model of Fracturing Fluid

According to the continuity equation and Darcy’s law [45], the differential equation of
fracturing fluid filtration is derived as follows:

∇ · [ kd
µ
(∇P− G)] + q = C f ϕ

∂P
∂t

(1)

For a quarter of the reservoir model, the outer boundary conditions can be described
as closed outer boundary conditions, as shown in Figure 3. The bottom edge parallel to
the horizontal well and the left edge that the fracture has not stimulated follows closed
boundary conditions [33]:

∂P
∂y

∣∣∣∣
y=0

= 0;
∂P
∂x

∣∣∣∣
x=0

= 0 (2)

and constant pressure outer boundary conditions like the fracture boundary and the top
edge as well as the right edge illustrated in Figure 3 are expressed as [38]:

P
∣∣∣y=Ly = Pi; P|x=Lx

= Pi (3)

The inner boundary condition and initial condition are written as:

P|x≤l f
= Pf (y = 0) (4)
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P|t=0 = Pi (5)

The two-dimensional single-phase fluid flow can be written as:

∂

∂x

(
kd
µ
(

∂P
∂x
− G)

)
+

∂

∂y

(
kd
µ
(

∂P
∂y
− G)

)
+ q = C f ϕ

∂P
∂t

(6)

and the discretized form is expressed as:

Tx,i+1/2

(
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i,j
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− Tx,i− 1

2

(
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i,j − Pn+1
i−1,j

)
+ Ty,j+ 1

2

(
Pn+1

i,j+1 − Pn+1
i,j

)
+Ty,j− 1

2

(
Pn+1

i,j − Pn+1
i,j−1

)
+ Qvi,j =

Vpi,jC f
∆t

(
Pn+1

i,j − Pn
i,j

)
.

(7)

where, Tx,i±1/2 =
(

kd
µ

)
i±1/2,j

∆yih/∆xi±1/2 and Ty,j±1/2 =
(

kd
µ

)
i,j±1/2

∆xih/∆yj±1/2 are

defined as the conductivity coefficient of fluid in x and y directions, respectively.
The five diagonal equations composed of differential equations and additional condi-

tions are solved, and the pressure of each grid is obtained using strongly implicit method.
The filtration velocity with pressure difference is calculated as:

υi =
kd
µ
(

Pf − Pi,1

∆y1
− G) (8)

and then the fracturing fluid leak-off can be expressed as:

q = 4
m

∑
i=0

kd
µ

Pf − Pi,1

∆y1
lxih (9)

Therefore, the total leak-off is derived as:

Vn
loss = Vn−1

loss + 4
m

∑
i=0

kd
µ

Pf − Pi,1

∆y1
lxih (10)

where, ϕ is rock porosity; µ stands for the viscosity of the fracturing fluid, Pa·s; Pi and
Pf denote original formation pressure and fracture pressure, respectively, Pa; Cf indicates
rock comprehensive compression coefficient, Pa−1; ∆y1 is grid length of the first row in y
direction, m; G is the threshold pressure gradient, Pa/m; Vn

loss indicates leak-off volume at
time n, m3; m is the number of crack grids; h stands for leak-off height for fracturing fluid,
m; kd is formation permeability, m2; and lxi indicates the length of the ith grid in the crack
direction, m.

In the two-dimensional filtration model of fracturing fluid, as the fracturing operation
progresses, the grid pressure near the fracture also gradually increases. The total time T
is divided into N time step with a tiny time period, ∆t. Within each time step, pressure
distribution will be calculated according to the differential equation of injected fracturing
fluid. Formation pressure with new distribution is adopted and fracture pressure Pf is
reassigned in grid Y = 1 in a new step. The formation pressure distribution after fracturing
and the invasion depth are obtained with iterative calculation. Detailed procedures are
listed in Figure 4.
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3. Results and Discussions
3.1. Experimental Results

The breakthrough time and invasion velocity of fracturing fluid is recorded, as shown
in Table 3. The inlet pressure is fixed at 70 MPa for each core, and the outlet pressure
changes. Since the length of the experimental core is 5 cm, the invasion velocity un-
der different experimental pressure differences can be calculated. With the designated
pressure difference of 40 MPa, 35 MPa, 30 MPa, 25 MPa, 20 MPa, 15 MPa, 10 MPa, and
5 MPa, the breakthrough time varies from 69 to 285 s, and the invasion velocity from
0.017 to 0.072 cm/s. Results indicate that the larger experimental pressure difference leads
to a shorter breakthrough time and a higher velocity. Within the designated pressure
difference, the fracturing fluid invasion velocity has a smaller variation range.

Table 3. Breakthrough time and invasion velocity under different pressure differences.

Core Number Pressure Difference (MPa) Breakthrough Time (s) Invasion Velocity (cm/s)

1 40 69 0.072
2 35 85 0.059
3 30 92 0.054
4 25 111 0.045
5 20 108 0.046
6 15 121 0.041
7 10 138 0.036
8 5 285 0.017

3.2. Model Validation

The basic parameters of well X-1 in block X of Xinjiang oilfield are selected, as listed
in Table 4. Hydraulic fracturing with multistage was applied in this well and there
are two clusters in this section. The fracture half-length is 80 m and the distance between
clusters is 34 m. A grid model of the formation around the fracture was generated consid-
ering these parameters. Grids in the horizontal well direction are divided symmetrically
since two clusters of fractures are fracturing at the same time. The closer the distance to
the fracture, the greater the pressure gradient. The grid length increases sequentially from
fracture to inter-clusters. In the fracture direction, the fractures expand outwards and the
decreasing grid length is adopted. Twenty grids are divided along the fracture direction
and fifty grids in the horizontal well direction, resulting in a thousand grids in total.



Energies 2023, 16, 5148 9 of 16

Table 4. Reservoir properties and operation parameters of well X-1.

Well Name X-1 Well Name X-1

Formation depth (m) 2988–3095 Half-length of fracture (m) 80
Injection speed per stage (m3/min) 10–14 Liquid inflow per stage (m3) 689–1410

Distance between stages(m) 28–87 Distance between clusters (m) 22.2–52.5
Wellbore radius (m) 0.062 Number of stimulated stages 26
Pore compression

coefficient (MPa−1) 0.0017 Formation porosity (%) 9.58

Density of fracturing fluid (kg/m3) 1020 Initial formation pressure (MPa) 35.0
Poisson’s ratio 0.21 Young’s modulus (MPa) 25,700

Sand body thickness (m) 8 Permeability (mD) 1.44
Fracturing treatment

pressure (MPa) 67–70 Pressure at shut-in time (MPa) 23–34

Based on the established grid model and two-dimensional filtration model of fractur-
ing fluid, the numerical simulation for invasion velocity under different pressure differences
in well X-1 was investigated, and the pressure difference corresponding to the experiments
ranging from 5 MPa to 40 MPa in intervals of 1 MPa was adopted. As depicted in Figure 5,
the numerical results show good agreement with the experimental data, and the root-mean-
squared error (RMSE) of the numerical results corresponding to the experimental data was
calculated, resulting in a value of 0.0053. It can be seen from the figure that the error of the
numerical results is relatively small and the model has high stability, indicating that the
proposed mathematical model can well predict the invasion velocity of the fracturing fluid,
and further invasion depth and invasion volume in MHFHWs can be calculated with the
established model.
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Figure 5. Invasion velocity under different pressure differences in core experiments and numerical
simulation.

Furthermore, the calculated flow velocity is between 0.02 cm/s and 0.07 cm/s. Compared
to values given by Yi and Peden [46] and Li et al. [24], which range from 1× 10−3 m/min to
2× 10−3 m/min and 2× 10−5 m/min to 5× 10−5 m/min, respectively, the leak-off velocity in
this paper is several orders of magnitude larger. This large difference could be due to two main
reasons as low fracturing fluid viscosity and high-pressure difference. The fracturing fluid
viscosity in our experiment was 10 mPa·s, and in the study by Li et al. [24] was 400 mPa·s.
Pressure differences were almost 2.069 MPa and 6 MPa in the two studies, which reached up
to 40 MPa in this work. The difference of the two parameters made it reasonable as the velocity
has a negative correlation with the viscosity and a positive with the pressure difference.
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3.3. Invasion Depth and Invasion Volume

Invasion depth and invasion volume of fracturing fluid can also be estimated with
invasion velocity obtained by experiments. We noticed that the invasion velocity at a
pressure difference of 25 MPa is lower than that at 20 MPa and 30 MPa, and one of
the reasons is that the permeability of the core is smaller compared to other cores. The
relationship between invasion velocity and pressure difference is fitted in Figure 6, which
is expressed as:

v = −0.01832 + 0.02209× ln(∆P), R2 = 0.90835 (11)
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The differential pressure ∆P changes over time because pressure distribution differs in
each time step, and the functional relationship between velocity and differential pressure
can be noted as:

v = f (∆P) (12)

In order to obtain the invasion depth, integral calculus is made with invasion time
and invasion velocity, and the invasion depth is calculated as an integral formula:

S =
∫

vdt =
∫

f (∆P)dt (13)

In the two-dimensional filtration model of fracturing fluid, filtration occurred at
overall fracture height, whereby the invasion time can be calculated as a cuboid. Therefore,
invasion volume is determined as:

V = S× L f × h f × φ (14)

where, Lf is fracture length, m; hf is fracture height; and φ is porosity.
The fracturing time is set as 72 min, and during this period, the fracturing fluid

gradually invades into the formation with an initial differential pressure of 30 MPa, leading
to the variation of invasion depth. As shown in Figure 7, the invasion depth reaches 1.516 m
at the end of 72 min when calculated by core experiments. We use the invasion velocity to
further calculate invasion depth with the proposed model, and the invasion depth at the
end of fracturing is about 1.434 m. The relative error between the simulation results and
experimental data is 5.41%, and the deviation of length is within 0.1 m. It also illustrates
that the mathematical model can reasonably describe and evaluate the invasion depth of
fracturing fluid in a single fracture, which can provide a useful reference for the subsequent
well shut-in and flowback production.
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Figure 7. Invasion depth calculated by core experiments and numerical simulation.

The invasion volume is another parameter for evaluating the leak-off of fracturing
fluid, which is expressed as the product of invasion depth, fracture cross-section, and
porosity. The fracture half-length and fracture height in well X-1 is designed as 80 m and
8 m, respectively. Therefore, the invasion volume at different fracturing time is determined
using Equation (12), as shown in Figure 8. At the end of 72 min, the calculated invasion
volume is about 175.89 m3.
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3.4. Pressure Change around Hydraulic Fractures

As the fracture continues to expand forward, the pressure gradually propagates
outward along the fracture and on both sides. After fracturing, the inter-cluster pressure
changes greatly and the pressure disturbance will spread to the whole inter-cluster region
during the injection process when the distance between clusters become small. With the
proposed two-dimensional filtration model, the pressure distribution near the fracture can
be drawn.

As shown in Figure 9, when the fracture pressure is set as 70 MPa and the original
reservoir pressure is 35 MPa, in the case of the simultaneous fracturing of two clusters
in a section, the energy is transmitted to the formation and the pressure near the fracture
increases. The distance between the two clusters is large enough and, therefore, the pressure
disturbance does not overlap. Note that the pressure distribution is different from the
fracturing fluid filtrate distribution, the pressure propagation covers the area between
clusters, and the pressure distribution is symmetrical on both sides.
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3.5. Invasion Depth with Fracturing Time

The invasion depth under different differential pressure (30 MPa, 25 MPa, 20 MPa,
15 MPa, and 10 MPa) during the fracturing process is calculated. Figure 10 provides the
invasion depth at different fracturing times. The invasion depth gradually increases with
the fracturing time. In the early stage, the invasion velocity is large, but the increment
slows down in the later stage. As shown, a larger pressure difference results in a longer
invasion depth at the same fracturing time. When the initial pressure difference is 30 MPa,
the invasion depth of the fracturing fluid is about 1.434 m at the end of 72 min of fracturing.
When the initial pressure difference drops to 25 MPa, 20 MPa, 15 MPa, and 10 MPa, the
invasion depths during the fracturing process reduce to 1.237 m, 1.039 m, 0.841 m, and
0.643 m, respectively.
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In hydraulic fracturing, 26 stages were designed for well X-1, and the distances
between the stages are within 28–87 m. The proposed mathematical method is used to
estimate the invasion depth data of all stages in the horizontal well fracturing. Since the
initial pressure of the fracturing stage is affected by the change of the formation pressure
in the previous stage of fracturing, the formation pressure after fracturing the previous
stage is assigned to the next stage for pressure calculation, and the invasion depth of the
fracturing fluid of each stage is various. As listed in Table 5, the invasion depth range of
each stage is between 1.158–1.434 m, and the average invasion depth of the later fracturing
stages is smaller. The total invasion volume of all fracturing stages is calculated to be
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21,560.05 m3, while the actual total fluid volume entering the well is 24,019.6 m3 during the
fracturing process, indicating that most of the fracturing fluid is filtrated into the formation.

Table 5. Numerical simulation invasion depth of each section of 26 stages of the horizontal well.

Fracturing Stage Invasion Depth (m) Fracturing Stage Invasion Depth (m) Fracturing Stage Invasion Depth (m)

1 1.434 10 1.329 19 1.212
2 1.426 11 1.306 20 1.205
3 1.419 12 1.289 21 1.185
4 1.422 13 1.261 22 1.190
5 1.404 14 1.258 23 1.172
6 1.364 15 1.250 24 1.163
7 1.375 16 1.238 25 1.170
8 1.346 17 1.241 26 1.158
9 1.336 18 1.231

4. Conclusions

This paper proposed a mathematical model with experimental validation for evaluat-
ing the invasion of fracturing fluids. The core samples and operational data of multistage
fracturing horizontal wells from block X of Xinjiang oilfield are selected. The conclusions
can be drawn as follows:

• Eight groups of displacement experiments under different pressure differences were
conducted under high pressure, indicating that a larger experimental pressure differ-
ence leads to shorter breakthrough time and higher velocity.

• A mathematical model for evaluating the invasion depth was developed and the
calculated results of invasion velocity show good agreement with experimental data,
illustrating the accuracy of the mathematical model, and further invasion depth in
MHFHWs can be calculated.

• Within 72 min of the fracturing time with an initial differential pressure of 30 MPa, the
invasion depth reaches 1.516 m using the core experiments, and it is about 1.434 m
with the proposed mathematical model. The error is within 0.1 m, and the invasion
volume is further calculated by the invasion depth, which is about 175.89 m3 on one
side of the fracture.

• The pressure redistribution of each time step was updated to construct new pressure
differences with fracture pressure in MHFHWs, and 26 stages were estimated with
the invasion depth ranging from 1.158 to 1.434 m. The total invasion volume of all
fracturing stages is estimated as 21,560.05 m3 and the actual total fluid volume injected
is 24,019.6 m3.

In this work, some assumptions were made to simplify fracture propagation in the
work, and the model simulates fracture growth by setting the pressure in the fracture
grid to constant pressure at each time step. Therefore, in our future work, coupling
geomechanics with flow modeling should be taken into account to calculate pressure
change in fracture. The stress shadow among clusters also needs to be valued to make the
model more applicable for ordinary MHFHWs.
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Nomenclature

µ The viscosity of the fracturing fluid, Pa·s
kd Formation permeability, m2

∆P Pressure difference, Pa
G Threshold pressure gradient, Pa/m
Cf Comprehensive compression coefficient, Pa−1

ϕ Rock porosity
Pi Original formation pressure, Pa
Pf Fracture pressure, Pa
q Source or sink flow per unit volume, 1/s
x, y, z Directions of the coordinate axis
Lx, Ly Boundary coordinate value in x and y direction, m
Lf Fracture length, m
vi Velocity of the ith grid, m/s
∆y1 Grid length of the first row in the y direction, m
Vn

loss Leak-off volume at time n, m3

m Total number of fracture grids
h Leak-off height for fracturing fluid, m
lxi Length of the ith grid in the fracture direction, m
T Total time, s
N Total time step
∆t Time interval, s
hf Fracture height, m
v Velocity of curve fitting, m/s
S Invasion area, m2

V Invasion volume, m3
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