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Abstract: To address the problem that piezoelectric energy harvesters are difficult to apply in certain
environments, this paper establishes the theoretical study of the intermediate fixed disc piezoelectric
energy harvester (IFDPEH) based on the unimorph under concentrated force. The reliability of the
model was indirectly verified by numerical simulation and Computer-Aided Engineering (CAE)
simulation. The effects of load, radius ratio (piezoelectric layer/intermediate support), thickness
ratio (piezoelectric layer/total thickness), and elastic modulus ratio (substrate/piezoelectric layer) on
electrical energy were studied. The results indicate that the radius/thickness ratios of the IFDPEH
based on aluminum and beryllium bronze are 0.05/0.31 and 0.05/0.48, respectively. In addition,
through parameter comparison, it is found that the most important parameters affecting IFDPEH
power are radius ratio and large load. The results are demonstrated to be meaningful for broadening
the application of piezoelectric energy harvesters by the derived closed-form equations for the
electrical energy along the diameters of the piezoelectric discs in the z-direction.

Keywords: energy harvester; piezoelectric unimorph circular diaphragm; electrical energy;
intermediate fixed

1. Introduction

In view of the self-supply requirements of low-power electronic products, devices
under harsh conditions such as the seaside or unmanned desert areas, self-driving cars,
and household safety systems, as well as the difficulty in replacing the built-in batteries in
the equipment and the resulting pollution of the environment, almost ubiquitous forms
of available environmental energy—such as the liquid flow of waves, the swing of air
objects, the operation of mechanical equipment, and the vibration of cars, and so on—has
gradually attracted attention. The energy-harvesting devices based on the principles of
electromagnetic, electrostatic, capacitance, friction, and piezoelectric has become a focus
in the field of energy recovery [1]. The energy conversion of a piezoelectric vibrator is
to convert vibration energy into electrical energy by using its piezoelectric effect. Due to
the sensitivity of the low-frequency piezoelectric energy harvester to vibration, it can be
easily placed in microelectromechanical systems (MEMS) [2]. It has many advantages,
such as relatively simple structure and large functional density, high conversion efficiency,
no electromagnetic interference, no pollution, and so on. Therefore, research on using
piezoelectric energy-harvesting devices to replace the batteries of micro-generators for the
power supply of wireless sensors and other devices has also moved to the center of major
scientific research platforms.

As well as summarized by Kim and Mourad, scholars have done a lot of significant
research on piezoelectric materials and structure analysis on beams, disks, and cymbals [3,4].
However, most relevant studies are based on the previous two forms of piezoelectric
vibrators to improve their structure, section shape, stress mode, and other aspects, rather
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than exploring energy harvest technology. Tudor et al. designed two prototypes for the
power supply of MEMS, conducted theoretical research and experiments on resonance
frequency, open circuit, and load output varying with amplitude, and tested them on
an automobile engine, which could generate a peak power of 3.9 mW [5]. Zhang et al.
proposed the application of periodic gravity and rotating wheel road noise excitation.
The test results demonstrated that at the low frequency of 6 Hz, the output power of the
equipment was 12 and 50 times higher than that of road-noise-only excitation or periodic
gravity excitation, respectively [6]. Cheol et al. set a cantilever beam behind the front
bumper decorative grille of new energy electric vehicles. The real vehicle test shows that
when the vehicle runs at 90 km/s, the voltage of the device can reach 60.25 V and the
power can reach 18.7 mW. While in [7], a cymbal-shaped energy harvester was mounted
on a car tire. Test results showed that the maximum output voltage, and power, together
with electrical energy of the device is about 3.5 V, 2.8 mW, and 24 J/rev respectively, which
provide energy to two sensors of the tire. Atthapol et al. designed a light-duty electric
multi-purpose bicycle based on piezoelectric. The test shows that the device can store
3200 mA with a 5 V battery, and output 11.5 V voltage and 1.2 mA current at the normal
cycle speed generated at 13.6 mW [8]. A novel piezoelectric disk energy harvester was
developed by [9]. Under the test condition of 10 g mass and 9.8 m/s2 acceleration, the
maximum output power of the energy harvester with 19 mm diameter and 6 mm hole can
reach 8.34 mW. Li et al. made a double piezoelectric energy harvester. Experiments showed
the optimal peaking voltage along with the root mean square power of 36.07 V, 5.31 V, and
5.47 mW, 0.05 mW, for the two energy harvesters, respectively, under constant driving
conditions (1000 r/min) [10]. Abdel et al. designed a piezoelectric stacked suspension
spring device. The results showed that when the vehicle is excited by a resonant frequency
of 1.46 Hz and an acceleration amplitude of 0.5 g, the maximum voltage as well as the
power value captured in the quarter car model are 19.11 volts and 36.74 mW. The recovered
voltage is increased by 75.6% as well as the power by 53.4% for the semi-vehicle model [11].

With the acceleration of the demand for piezoelectric applications, how to improve
the electric energy of piezoelectric structure devices has become a hot issue. Therefore, the
majority of scholars have been enriched in theoretical modeling. From Andrzej et al [12].
the finite element method is used to solve the axis-symmetric piezoelectric twin wafer
problem, and it is theoretically proved that the electrical signal generated by the circular
transducer clamped on the outer edge of the piezoelectric wafer is zero. Then in [13],
they assume that the strain of the lead zirconate titanate (PZT) plate presented a linear
distribution with the thickness. The parameters such as the size of PZT substrate and
bonding layer material and their corresponding mechanical properties were analyzed.
Under the same structure, Kim S et al. studied the impacts of geometric parameters along
with electrode configurations to obtain electrical energy from piezoelectric plates under
a uniform distributed load and carried out subsequent experimental verification [14,15].
In Prasad et al.’s study, the equilibrium equation of a piezoelectric unimorph circular
diaphragm containing one or more piezoelectric layers is derived, and the closed solution
is obtained when the disc piezoelectric layer diameter is smaller than the diameter of the
substrate [16]. Wischke et al. applied the coupled-field finite element method to evaluate the
electrical energy from disks of different sizes [17]. A similar research program for harvesters
was presented in [18], which is an analysis model of the piezoelectric composite circular
diaphragm by using the Raleigh Method, and analyzed the optimal structural parameters
of a piezoelectric harvester under the boundary conditions of simply supported and fixed
supports was analyzed. Finally, it was concluded that simply supported piezoelectric
energy capture devices have higher energy recovery efficiency and are more suitable
for energy acquisition applications. Changki et al. also further studied the structure
and obtained the expression of the total output power of the device under a uniform
load. In their study, attention was paid to key elements, such as the bonding layer in the
composite piezoelectric oscillator, and the factors that may reduce the energy collection
performance were analyzed. The optimal design parameters were determined and verified
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by experiments [19,20]. While most scholars focus on linear parameter analysis, Dai et al.
focused on the use of the Eulerian Lagrange principle and the Galerkin method, the
nonlinear distributed parameter model of the energy harvester under the combined action
of base vibratior and vortex-induced vibrations was established to study the performance
of the electrical load resistance, wind speed, as well as base acceleration for the coupling
frequency, electro-mechanical damping, along with the energy harvester performance [21].
Skaliukh et al. modeing of nonuniform pre-polarized piezoelectric ceramic sensors. It is
shown that the initial polarization field has an important effect on the displacement and
deformation distribution of the converter [22]. Yuan et al. studied the nonlinear behavior
established a lumped parameter model of a piezoelectric energy harvester with a fixed
circular composite plate around the periphery and determined the parameters through
experiments [23]. Thereafter, Iman. et al. comprehensively modeled the fixed circular plate
around the piezoelectric layer by taking into account the electric field generated along the
diameter of the piezoelectric layer to optimize the polarization boundary of the clamped
piezoelectric disc. The findings show that the location of the zero-strain point is related to
the radius of the piezoelectric layer and the substrate [24].

In recent years, most scholars are very interested in piezoelectric energy harvesters
under the action of the fluid. Xie et al. established a mathematical model of output charge
and voltage of piezoelectric plates by the Airy linear wave theory in combination with
the elastic beam model, which can be applied in ocean wave energy recovery and achieve
up to 30 W recovered power [25]. Wahad et al. also modeled and simulated it, and
obtained the relationship between its open-circuit output voltage, maximum deflection,
as well as internal stress and device size, and applied pressure amplitude [26]. On the
other hand, Moeenfard et al. used the random vibration theory to model a stationary disk
piezoelectric energy harvester around the plate and obtained the statistical parameters of
the dynamic characteristics of the plate and the captured energy voltage [27]. Hegde et al.
modeled a circular piezoelectric energy harvester in acoustic energy mode and analyzed
the effects of equivalent circuit parameters, deflection values, linearity, and frequency
response on its voltage. Experiments showed that a customized piezoelectric crystal
speaker could generate a voltage of 40 mV at 140 dB [28]. Eghbali et al. proposed two
kinds of piezoelectric energy harvesters which contributed to the efficiency of the energy
harvesters. Through finite element modeling and experimental tests, it is shown that the
two improved resonant frequencies are much lower than the traditional resonators, and
the amplification coefficients can reach 10.2 V and 13.3 V [29].

Summarizing the above review, for the piezoelectric energy harvester under the
action of fluid, whether it is linear or nonlinear problems, most scholars are around the
surrounding fixed disc piezoelectric energy harvester as the research object to discuss the
change of electrical parameters. However, with the wide application of the piezoelectric
energy harvester in the environment, its fixation mode will also change under special
environmental conditions. Aiming to broaden the applicability of the piezoelectric energy
harvester, this paper presents an intermediate fixed-disc piezoelectric energy harvester
(IFDPEH). For this theoretical study, a comprehensive analytical model was included,
followed by a parametric study to improve the electrical energy of the IFDPEH. The
electric energy equation of the IFPEH is derived by analyzing boundary conditions under
concentrated force. This change is a function of radius ratio (PZT layer to substrate ratio),
thickness ratio (PZT layer to piezoelectric vibrator ratio), elastic modulus ratio (substrate to
PZT ratio), and concentrated force amplitude.

2. Mechanical Modelling

Compared with the commonly used cantilever piezoelectric energy harvester, the
circular piezoelectric energy harvester has the advantages of strong bearing capacity and
simple series structure [30]. When the PZT is subjected to external force, it will bend
and deform, thus generating a charge on its surface. The amount of charge depends on
its stress distribution and deformation shape [31]. For the IFDPEH shown in Figure 1,
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there are few directly available conclusions. Under the condition of intermediate fixation,
the disc-shaped piezoelectric vibrator generates deflection deformation under external
force, and the deflection is the largest at the outer edge of the PZT. The structure has a
piezoelectric layer bonded to the metal substrate. This paper considers that the bonding
between layers is perfect, and the thickness is not large, so it is neglected. At this point, the
electrical energy generation is determined by the material, thickness, external load, as well
as boundary conditions of the piezoelectric vibrator.
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Figure 1. Structure of intermediate fixed disk piezoelectric energy harvester (IFDPEH).

In Figure 1, a is the radius of the PZT, b is the radius of the substrate, and R = la is
the radius of the intermediate support bar. While h is the overall thickness, hp = bh is
the thickness of the piezoelectric ceramic, the metal base plate thickness is hm = (1 − b)·h,
and l and β are defined as the radius ratio and the thickness ratio. In addition, hc is the
length from the neutral surface to the bottom of the substrate, and the subscripts m, p,
and c respectively represent the metal substrate, piezoelectric ceramics, and the composite
structure bonded between the substrate and PZT.

According to the literature [32], the distance between the middle boundary layer and
the bottom of the substrate is as follows:

hn =
Emh3/(1−vm

2)+Ep(h2−hm
2)/(1−v2

p)
2[Emhm/(1−vm2)+Ephp/(1−vp2)]

= ϕh

ϕ =
ζ(1−β)2(1−vp

2)+[1−(1−β)2](1−vm
2)

2[ζ(1−β)(1−vp2)+β(1−vp2)]

(1)

where Em and Ep are Young’s modulus of the substrate and PZT materials, respectively. z is
the ratio of Young’s modulus. vm and vp are Poisson’s ratio of substrate and PZT materials,
respectively. ϕ is the thickness coefficient of the neutral surface.

Referring to the plate-shell theory and related knowledge [33,34], the governing
equations of transverse deflection, bending, and shear of circular plate under concentrated
force P are obtained as follows:

∇4w =
1
r

d
dr

(
r

d
dr

(
1
r

d
dr

(
r

dw
dr

)))
= 0 (2)

w = Ar2 + Br2 ln r + C ln r + K (3)

where w is the deflection of the plate in the z-direction, and r is the distance from the plate
center to the deformation point.

According to the Equation (3), the bending moment, the moment in angular direction,
and the shear force, are as follows:

Mr = −Dc

(
d2w
dr2 +

vc

r
dw
dr

)
(4)
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Mθ = −Dc

(
vc

d2w
dr2 +

1
r

dw
dr

)
(5)

Q = −Dc

(
d3w
dr3 +

1
r

d2w
dr2 −

1
r2

dw
dr

)
(6)

where Dc = Ech3/
(
12
(
1− vc

2)) is the equivalent bending stiffness of the composite cir-
cular plate. Ec and vc are the equivalent young’s modulus and equivalent Poisson’s ratio,
respectively.

According to the literature [13], the equivalent Young’s modulus Ec and equivalent
Poisson’s ratio vc of the PZT-metal composite parts can be summed as follows:

Ec = Ep

β + (1− β)ζ +
(1− β)βζ

(
vm − vp

)2

β(1− v2
m) + (1− β)

(
1− v2

p

)
ζ

 (7)

vc =

(
1− v2

m
)

βvp + (1− β)
(

1− v2
p

)
vmζ

β(1− v2
m) + (1− β)

(
1− v2

p

)
ζ

(8)

Under the action of concentrated force, the boundary condition of IFDPH is{
w = 0, dw/dr = 0 (r = R)
Q = P, M = 0 (r = a)

(9)

The expressions of A, B, C, and K can be obtained according to Equations (4)–(9), as
shown in Table 1.

Table 1. Expressions for A, B, C, and K.

Coefficients Expressions

A
Pa

2Dc(1+vc)

[
2R2(vc−1)

a2[R2(vc−1)−a2(1+vc)]

(
1 + (1 + vc) ln a

R
)
+ 3 + vc + 2(1 + vc) ln a

]
B −Pa/(4Dc)

C
−PaR2

2Dc [a2(1+vc)+R2(vc−1)]

[
1 + (1 + vc) ln a

R
]

K − PaR2

4Dc

[
[R2(vc−1)−(2a2(1+vc) ln R)]
a2(1+vc)[a2(1+vc)−R2(vc−1)] +

3+vc
2(1+vc)

+ ln a
R

]

3. Electric Energy Calculation Model

According to the generalized Hooke’s Law in the elastic theory of materials, when
a shear force is ignored, the differential equation of a small deflection of piezoelectric
ceramics can be written as follows [35]:

σ1 = − Ep

1−v2
p

(
S1 + vpS2

)
σ2 = − Ep

1−v2
p

(
S2 + vpS1

) (10)

where σ1 is the radial stress component; σ2 is the circumferential stress component; and S1
is the radial strain, and S2 is the circumferential strain, which can be expressed as:

S1 = −z
d2w
dr2 ; S2 = − z

r
dw
dr

(11)
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This IFDPEH is made up of PZT-4, elastic substrate, and intermediate struts. Referring
to the piezoelectric constitutive equation, the relationship between the parameters in the
electromechanical coupling effect of this structure can be obtained [36]:

S1 = SD
11T1 + SD

12T2 + S2D3
S2 = SD

12T1 + SD
11T1 + S1D3

E3 = g31(T1 + T2) + βT
33D3

(12)

Using Equations (11) and (12), the following can be obtained:
T1 =

Ep

1−v2
p

(
S1 + vpS2

)
− g31Ep

1−vp
D3

T2 =
Ep

1−v2
p

(
S2 + vpS1

)
− g31Ep

1−vp
D3

E3 =
g31Epz
1−v2

p

(
d2w
dr2 + 1

r
dw
dr

)
+ βT

33D3

(13)

where T1 and T2 are the radials and compressive stress of the piezoelectric materials, respec-
tively. E3 and D3 are the electric field strength together with the potential shift along the
z-direction, respectively; Ep = 1/SD

11 is the Young’s modulus of the piezoelectric material.
SD

11 and SD
22 are elastic compliance coefficients, and g31 is the piezoelectric stress constant.

We can get the electric field strength of the IFDPEH under the action of external forces
from Equations (10) to (13) as:

E3 = βS
33D3 −

g31Epz
1− vp

[4A + 4B(1 + ln r)] (14)

where βS
33 = βT

33
[
1 +

((
2g31

2Ep
)
/
(

βT
33
(
1− vp

)))]
is the permittivity.

By integrating Equation (14) in the z direction, we get:

Vg =
∫ hn−hm

−(h−hn)
E3dz = hββS

33D3 +
h2βEpg31(2− 2α− β)

2(1− vP)
× [4A + 4B(1 + ln r)] (15)

The expression of the electric displacement can be solved as:

D3 =
Vg

hββS
33
−

(2− 2α− β)g31Eph
2βS

33(1− vP)
× [4A + 4B(1 + ln r)] (16)

The charge generated by the piezoelectric electrode can be obtained by surface integra-
tion of Equation (16). Since the electrode is on the equipotential surface here, the voltage
is not affected by the change of radius of the vibrator under compression, and hence the
charge quantity can be expressed as follows:

Q0 = 2π
∫ a

R
D3rdr = C f rVg −

π(2− 2α− β)g31Eph
(1− vP)βS

33
×
[
2A
(

a2 − R2
)
+ B

((
2a2 ln a

)
−
(

2R2 ln R
)
+
(

a2 − R2
))]

(17)

where C f r = π
(
a2 − R2)/(βhβS

33
)

is the free capacitance of the IFDPEH. Equation (17) is
the charge generated when the concentrated force and the external electric field coexist.
For the IFDPEH, the applied electric field Vg is 0, so the charges generated under the
concentrated force is:

Q = 2π
∫ a

R
D3rdr = C f rVg −

π(2− 2α− β)g31Eph
(1− vP)βS

33
×
[
2A
(

a2 − R2
)
+ B

((
2a2 ln a

)
−
(

2R2 ln R
)
+
(

a2 − R2
))]

(18)

With the relationship from charge to voltage, the expression for the open-circuit voltage
generated by IFDPEH under the action of a concentrated force can be obtained as follows:

V =
Q

C f r
= −

(2− 2α− β)βg31Eph2

(1− vP)(a2 − R2)
×
[
2A
(

a2 − R2
)
+ B

(
2a2(1 + ln a)− 2R2(1 + ln R)−

(
a2 − R2

))]
(19)
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Therefore, the electric energy generated by the IFDPEH under concentrated force can
be written as follows:

E =
1
2

C f rV2 =
πβh3

2βS
33(a2 − R2)

×
[
(2− 2α− β)Epg31

(1− vP)
·H
]2

(20)

H = 2A
(

a2 − R2
)
+ B

((
2a2 ln a

)
−
(

2R2 ln R
)
+
(

a2 − R2
))

(21)

4. Results and Discussion

Aiming to better analyze the deformation curve of the IFDPEH piezoelectric layer
under a concentrated force source and the influence factors of electric energy, the impacts
of several geometric parameters will be studied in this paper. The diameter as well as the
thickness of the IFDPEH, are 34 mm and 0.55 mm, respectively. The related performance
parameters of the piezoelectric plate and substrate materials are shown in Table 2.

Table 2. Parameters of material property.

Materials Ep, Em [1010 N/m2] g31 [10−3 Vm/N] ε0 [10−12 F/m] vp, vm

Cu-Be 12.5 0.35
AL 7.3 0.33

PZT-4 8.2 10.6 8.85 0.3

4.1. Parameter Analysis under Constant Load

In Figure 2, using Equation (20), the electric energy of the IFDPEH under concentrated
force (25 N) is shown as a function of the radius ratio (λ) and the thickness ratio (β).
Obviously, each radius ratio has an optimal thickness ratio to maximize its electrical energy,
and its values are different. When the radius ratio is too large, that is, the PZT area is
too small, and the electrical energy decreases sharply. When the thickness ratio is too
large or too small, the electrical energy even decreases to zero, which is similar to clamped
piezoelectric circular plates [31]. When the radius ratio is 0.05 and the thickness ratio is
0.48, the maximum electric energy can be obtained, as shown in Figure 3.

Energies 2022, 15, x FOR PEER REVIEW 8 of 13 
 

 

 
Figure 2. Effects of radius ratio as well as thickness ratio on IFDPEH electrical energy. 

Figure 3 shows the deflection curves of the IFDPEH under different structural pa-
rameters, indicating that the radius ratio and thickness ratio have effects on the defor-
mation deflection of the IFDPEH. When the radius ratio is constant, the deflection in-
creases as the thickness ratio decreases. With a constant thickness ratio, the deflection in-
creases as the radius ratio decreases. The larger the radius ratio is, the more obvious the 
decreasing trend of the deflection is. In comparison, the radius ratio has more influence 
on the deflection. 

 
(a)  

 
(b)  

Figure 3. Effects of radius ratio as well as thickness ratio on the deformation curve of IFPDEH. (a) 
When the radius ratio is 0.05, the thickness ratios are 0.15, 0.35, 0.45 and 0.65 respectively ; (b) 
When the thickness ratio is 0.48, the radius ratios are 0.05, 0.25, 0.45 and 0.65 respectively. 

Figure 4 shows the 2D model of the IFDPEH under concentrated load when the ra-
dius ratio is 0.3. Figure 4 clearly shows that in the 2D model simulation (through the op-
eration of Ansys workbench software, including the finite element division, path setting, 
and modelling analysis), the deflection is the smallest at the inner boundary of r = R. On 
the contrary, the maximum deflection is at the outer boundary of r = a. Therefore, this is 
basically consistent with Figure 3, which also proves the reliability of the mathematical 
model in the paper. 

Figure 2. Effects of radius ratio as well as thickness ratio on IFDPEH electrical energy.



Energies 2022, 15, 3294 8 of 13

Energies 2022, 15, x FOR PEER REVIEW 8 of 13 
 

 

 
Figure 2. Effects of radius ratio as well as thickness ratio on IFDPEH electrical energy. 

Figure 3 shows the deflection curves of the IFDPEH under different structural pa-
rameters, indicating that the radius ratio and thickness ratio have effects on the defor-
mation deflection of the IFDPEH. When the radius ratio is constant, the deflection in-
creases as the thickness ratio decreases. With a constant thickness ratio, the deflection in-
creases as the radius ratio decreases. The larger the radius ratio is, the more obvious the 
decreasing trend of the deflection is. In comparison, the radius ratio has more influence 
on the deflection. 

 
(a)  

 
(b)  

Figure 3. Effects of radius ratio as well as thickness ratio on the deformation curve of IFPDEH. (a) 
When the radius ratio is 0.05, the thickness ratios are 0.15, 0.35, 0.45 and 0.65 respectively ; (b) 
When the thickness ratio is 0.48, the radius ratios are 0.05, 0.25, 0.45 and 0.65 respectively. 

Figure 4 shows the 2D model of the IFDPEH under concentrated load when the ra-
dius ratio is 0.3. Figure 4 clearly shows that in the 2D model simulation (through the op-
eration of Ansys workbench software, including the finite element division, path setting, 
and modelling analysis), the deflection is the smallest at the inner boundary of r = R. On 
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Figure 3. Effects of radius ratio as well as thickness ratio on the deformation curve of IFPDEH.
(a) When the radius ratio is 0.05, the thickness ratios are 0.15, 0.35, 0.45 and 0.65 respectively;
(b) When the thickness ratio is 0.48, the radius ratios are 0.05, 0.25, 0.45 and 0.65 respectively.

Figure 3 shows the deflection curves of the IFDPEH under different structural parame-
ters, indicating that the radius ratio and thickness ratio have effects on the deformation
deflection of the IFDPEH. When the radius ratio is constant, the deflection increases as the
thickness ratio decreases. With a constant thickness ratio, the deflection increases as the
radius ratio decreases. The larger the radius ratio is, the more obvious the decreasing trend
of the deflection is. In comparison, the radius ratio has more influence on the deflection.

Figure 4 shows the 2D model of the IFDPEH under concentrated load when the radius
ratio is 0.3. Figure 4 clearly shows that in the 2D model simulation (through the operation
of Ansys workbench software, including the finite element division, path setting, and
modelling analysis), the deflection is the smallest at the inner boundary of r = R. On the
contrary, the maximum deflection is at the outer boundary of r = a. Therefore, this is
basically consistent with Figure 3, which also proves the reliability of the mathematical
model in the paper.
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Figure 4. Deformation of the IFPDEH under concentrated load along the z-direction of the piezo-
electric single crystal layer with a radius ratio of 0.3. (a) deflection of the disc is not exhibited;
(b) deflection of the disc is exhibited.

In Figure 5, since the electric energy of the IFDPEH is related to its deflection under
load deformation, when the radius ratio is close to 1 (equivalent to the concentrated force
acting on the middle support), the structure has no piezoelectric layer, and the electric
energy is naturally 0. To avoid this situation, the structural design of the piezoelectric
energy harvester should be as small as possible. On the other hand, when the radius is
relatively small (that is, equivalent to a point similar to the middle support), the deflection
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deformation of IFDPEH is relatively large, that is, the electric energy will also produce
the optimal value. Besides, when the radius ratio is constant, the electrical energy begins
to decrease when the thickness ratio reaches 0.48, that is, the optimal thickness ratio
corresponding to the optimal electrical energy is 0.48.

Energies 2022, 15, x FOR PEER REVIEW 9 of 13 
 

 

 
(a) 

(b) 

Figure 4. Deformation of the IFPDEH under concentrated load along the z-direction of the piezoe-
lectric single crystal layer with a radius ratio of 0.3. (a) deflection of the disc is not exhibited; (b) 
deflection of the disc is exhibited. 

In Figure 5, since the electric energy of the IFDPEH is related to its deflection under 
load deformation, when the radius ratio is close to 1 (equivalent to the concentrated force 
acting on the middle support), the structure has no piezoelectric layer, and the electric 
energy is naturally 0. To avoid this situation, the structural design of the piezoelectric 
energy harvester should be as small as possible. On the other hand, when the radius is 
relatively small (that is, equivalent to a point similar to the middle support), the deflection 
deformation of IFDPEH is relatively large, that is, the electric energy will also produce the 
optimal value. Besides, when the radius ratio is constant, the electrical energy begins to 
decrease when the thickness ratio reaches 0.48, that is, the optimal thickness ratio corre-
sponding to the optimal electrical energy is 0.48. 

 
(a) 

 
(b) 

Figure 5. Effects of radius ratio and thickness ratio on the electrical energy of IFPDEH. (a) the ra-
dius ratio is 0.05, 0.25, 0.45, and 0.65; (b) the thickness ratio is 0.15, 0.35, 0.45, and 0.65. 

According to the above mathematical model, the deflection line and electric energy 
of the IFDPEH under concentrated loads are also sensitive by the piezoelectric layer and 
the metal substrate material. It can be seen from Figure 6 that due to the different struc-
tural dimensions of the intermediate fixed piezoelectric vibrator, the elastic modulus ratio 
corresponding to the optimal electric energy is also different. When the radius ratio is 
constant, although the best modulus of elasticity ratio decreases with the decrease of 

Figure 5. Effects of radius ratio and thickness ratio on the electrical energy of IFPDEH. (a) the radius
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According to the above mathematical model, the deflection line and electric energy
of the IFDPEH under concentrated loads are also sensitive by the piezoelectric layer
and the metal substrate material. It can be seen from Figure 6 that due to the different
structural dimensions of the intermediate fixed piezoelectric vibrator, the elastic modulus
ratio corresponding to the optimal electric energy is also different. When the radius ratio
is constant, although the best modulus of elasticity ratio decreases with the decrease
of thickness ratio, the corresponding maximum electric energy increases. On the other
hand, with the determination of the thickness ratio, the optimal modulus of elasticity
ratio hardly influences the radius ratio (or even shows no change), but the corresponding
greatest electrical energy increases as the radius ratio decreases. The phenomenon shown
in Figure 5 that is the electrical energy of the IFDPEH being affected by the radius ratio,
thickness ratio, as well as elastic modulus ratio, in this respect, this is the equivalent of a
clamped piezoelectric circular plate. In fact, the elastic modulus ratio is the same, and the
thickness ratio is different. The stiffness of the IFPDEH leads to different deflections under
a load, resulting in different electrical energy. However, as the thickness ratio is small, the
decrease of the elastic modulus ratio of the substrate can improve the electrical energy
generated by the IFDPEH under a concentrated load.

Figure 7 indicates the influence curve of the thickness ratio in the electric energy
generation of the IFDPEH between aluminum and beryllium bronze substrates. For a
steady value of the radius ratio, the optimal thickness ratio of the maximum electrical
energy corresponding in the IFDPEH with substrate is also different. In particular, when
the thickness ratio reaches 0.31, the electric energy generated by the aluminum substrate is
the largest, and the difference with that of beryllium bronze substrate is also the largest.
Moreover, since IFDPEH uses a small modulus of elasticity ratio, it can be seen to play
a role in improving its electrical energy when 0 < β < 0.48, but as the thickness ratio
continues to increase, the electrical energy generated by the substrate with a smaller elastic
modulus decreases.
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4.2. Parameter Analysis under Variable Load

At this point, the substrate is made of beryllium bronze, as the thickness ratio is
constant, so electrical energy increases in response to increasing load or radius ratio, and
electrical energy increases while the substrate thickness ratio remains constant, as shown
in Figure 8. On the other hand, the smaller the radius ratio, the greater the amplitude of
electric energy increase in the same load. It can be observed that in a certain thickness
ratio, the smaller the radius ratio, the greater the increase of electrical energy. The reason
for this situation is that the PZT layer with a smaller radius ratio has a larger coverage
range, and the deflection deformation of the IFDPEH is affected, so the electric energy
gradually increases.
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5. Conclusions

Based on the deformation equation along the z-direction of the piezoelectric disk diam-
eter, a closed-form equation was derived for the electric energy of the IFDPEH. Moreover,
the numerical simulation of it under different substrates is carried out, and the factors
affecting the electric energy are analyzed. These parameters are the radius ratio of the piezo-
electric layer and the intermediate support, the thickness ratio of the piezoelectric layer
and the substrate layer, the elastic modulus ratio of different substrates, and the variable
load. On the other hand, the deflection change cloud chart of the 2D model is established
by CAE simulation software, which indirectly verifies the accuracy of the model. When
the ratio of the radius of the intermediate support to the radius of the piezoelectric plate is
(0.05) and the external force is the same, the radius/thickness ratios of the IFDPEH based
on aluminum and beryllium bronze are 0.05/0.31 and 0.05/0.48, respectively. To verify the
effectiveness of the results, the optimal parameters affecting the optimal electrical energy
of the IFDPEH are compared with the results reported in other forms of piezoelectric
harvester [18,24]. Our results show that:

1. Compared with the clamped piezoelectric circular plates, the influence of parameter
thickness ratio and elastic modulus ratio on electrical energy is similar.

2. The difference is as follows:

(1) When the thickness ratio is constant, with the gradual increase of the load,
the smaller the radius ratio, the greater the increase of electric energy. This is
because the smaller the radius ratio is, the larger the coverage of the piezoelec-
tric layer is, thus affecting the deflection deformation of the IFDPEH, and the
electric energy gradually increases.

(2) In this paper, the influence of radius ratio on the IFDPEH’s electrical energy is
greater than the thickness ratio when the load condition is certain.

(3) The use of metal substrates with low modulus of elasticity and small radii to
maximize the load strength within the allowable stress range of the material
helps to increase the electrical energy of the IFDPEH under concentrated forces.
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