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Abstract: In this study, Response Surface Methodology (RSM) and multi-objective genetic algorithm
were used to obtain optimum parameters of the channels with frustum of a cone with better flow
and heat transfer performance. Central composite face-centered design (CCF) was applied to the
experimental design of the channel parameters, and on this basis, the response surface models
were constructed. The sensitivity of the channel parameters was analyzed by Sobol’s method. The
multi-objective optimization of the channel parameters was carried out with the goal of achieving
maximum Nusselt number ratio (Nu/Nu0) and minimum friction coefficient ratio (f /f 0). The results
show that the root mean square errors (RSME) of the fitted response surface models are less than
0.25 and the determination coefficients (R2) are greater than 0.93; the models have high accuracy.
Sobol’s method can quantitatively analyze the influence of the channel parameters on flow and heat
transfer performance of the channels. When the response is Nu/Nu0, from high to low, the total
sensitivity indexes of the channel parameters are frustum of a cone angle (α), Reynolds number (Re),
spanwise spacing ratio (Z2/D), and streamwise spacing ratio (Z1/D). When the response is f /f 0,
the total sensitivity indexes of the channel parameters from high to low are Re, Z1/D, α and Z2/D.
Four optimization channels are selected from the Pareto solution set obtained by multi-objective
optimization. Compared with the reference channel, the Nu/Nu0 of the optimized channels is
increased by 21.36% on average, and the f /f 0 is reduced by 9.16% on average.

Keywords: channels with frustum of a cone; multi-objective optimization; Response Surface Methodology;
Sobol’s method; sensitivity analysis

1. Introduction

To cope with severe global climate change and reflect the responsibility assumed by
a major country, “carbon peak and carbon neutrality” is an important national strategic
goal. Therefore, it is urgent to develop more efficient thermal energy equipment to reduce
carbon emissions and improve energy efficiency. Plate air heat exchangers are a compact
and efficient piece of heat exchange equipment that is widely used in the chemical industry,
electric power, metallurgy, and other industrial sectors.

Selecting appropriate channel parameters can effectively improve the flow and heat
transfer performance of heat exchanger channels. Response Surface Methodology (RSM)
can be used to obtain the combination of design variables under the optimal target re-
sponse through the explicit functional relationship between design variables and response.
Refs. [1,2] used the CCF method combined with response surface method to optimize the
rib structure of a steam-cooled rectangular channel, and reported that the multi-objective
optimization for lower pressure drop and higher heat transfer could be achieved at Re
of 90,000, α of 41.515, e/D of 0.116 and P/D of 0.975. Izadi et al. [3] numerically analyzed
the natural convection of a porous enclosure under a nonuniform magnetic field using
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the Local Thermal Non-Equilibrium (LTNE)model. The results indicated that the Nusselt
numbers of the two phases of porous material converged when increasing the power ratio
of the two magnetic sources, and these two thermal indices varied when reducing the
power ratio of the two magnetic sources. Jeong et al. [4] numerically analyzed the cooling
performance of a cooling channel with a V-shaped rib structure, and then optimized the
structural parameters of the V-shaped rib using RSM. Seo et al. [5] used the genetic algo-
rithm and RSM to optimize a cooling channel with a boot-shaped rib. Mamuria et al. [6]
used RSM to analyze the sensitivity of four variable parameters of a solar heat exchanger.
Bu et al. [7] studied the structural parameters of typical matrix channels by RSM, and
fitted the polynomial expressions of channel friction coefficient ratio and Nusselt number
ratio with respect to rib angle and rib density. Shi et al. [8] used RSM to optimize the
geometric parameters of microchannels with secondary flow, and selected five optimized
structures from the optimized Pareto solution set. Wen Jian et al. [9] combined RSM and
the multi-objective genetic algorithm to optimize the structure of a serrated fin, studying
the effects of fin-height, fin-distance and fin-thickness on flow and heat transfer in the fin
channel, finally obtaining three optimized structures. Zheng et al. [10] conducted numerical
research on a channel with discrete inclined ribs, studying the effects of Reynolds number,
rib-spacing and rib-height ratio on the flow and heat transfer performance of the channel,
and analyzed the sensitivity of parameters based on RSM.

However, the research on turbulent channels in the above references focuses on the
flow and heat transfer performance of the channels, and rarely considers the strength of
the turbulent structure. With improvements in the performance of turbulent channels,
the problem of fluid excitation can no longer be ignored [11]. High-strength plates can be
obtained by the hot stamping forming process [12], and parallel high-strength plates can
form a turbulent channel for flow and heat transfer. Considering the fluid excitation in the
turbulent channels and the advantages of the hot stamping forming process, our research
group proposed a new frustum of a cone structure that can be formed by hot stamping
formation [13]. Nevertheless, Ref. [13] only studied a channel with frustum of a cone under
a certain structure, and the results showed that the flow and heat transfer performance of
the channel was poor. Hence, based on this research, in order to obtain the parameters for
a channel with frustum of a cone with better flow and heat transfer performance, RSM and
the multi-objective genetic algorithm were used to optimize the channel parameters. The
experimental design of the channel parameters, including Reynolds number (Re), frustum
of a cone angle (α), streamwise spacing ratio (Z1/D), and spanwise spacing ratio (Z2/D),
was carried out by using central composite face-centered design (CCF). In addition, on
this basis, the second-order polynomial was selected to construct the response surface
model. With respect to global sensitivity analysis, Sobol’s method was used to analyze the
sensitivity of the channel parameters, with the responses being the Nusselt number ratio
(Nu/Nu0) and the friction coefficient ratio (f /f 0) of the channels. To maximize the Nu/Nu0
and minimize the f /f 0 of the channels, the non-dominated sorting genetic algorithm with
elite strategy (NSGA-II) was used. These research results can serve as a reference for the
parametric multi-objective optimized design of channels with frustum of a cone.

2. Physical Model and Numerical Methods
2.1. Physical Model

The research object of the present study is the channel with staggered frustums of a
cone proposed by our research group [13], and the purpose is to carry out multi-objective
optimization of the channel parameters. Since the thickness of the channel metal plates is
only 1 mm, ignoring the thermal conductivity of the plates, the fluid domain is taken out
separately for research. After a certain number of frustum of a cone structures, the fluid
will develop into a typical periodic convective heat transfer. For convenience, the minimum
periodic model of the channel with frustum of a cone was taken out separately for research.
Figure 1 shows the physical model of the periodic channel with staggered frustums of a
cone, in which Figure 1a is the diagram of the heat exchanger, Figure 1b is the overall fluid
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domain model, Figure 1c is the periodic model with central symmetry, and Figure 1d is the
side view of the periodic model. As can be seen from Figure 1a, the frustums of a cone have
the function of supporting the channel. It can also be seen from Figure 1 that the bottom
diameter of each frustum of a cone is D, the height is H, the angle is α, the streamwise
spacing and spanwise spacing are Z1 and Z2 respectively, and the channel height is 2H.

Figure 1. Physical model of the periodic channel with staggered frustums of a cone.

2.2. Numerical Methods

The three-dimensional incompressible Reynolds time-averaged Navier Stokes (N–S)
equation is solved by FLUENT software. The expressions of continuity, momentum, and
energy equations were introduced in detail in Ref. [14]. References [15,16] reported that
the Renormalization Group RNG k-ε turbulence model can better simulate the flow and
heat transfer performance of the turbulent channels. Therefore, the RNG k-ε turbulence
model was selected to study the performance of the channels with frustum of a cone in this
study. In the calculation, the Semi-Implicit Method for Pressure Linked Equation SIMPLEC
algorithm was used to solve the velocity and pressure coupling equation, and the discrete
format of momentum and energy equation was set as the second-order upwind format.
It is required that the energy residual converges to 10−8, and the velocity, continuity, k
parameter and ε parameter residuals converge to 10−6. The continuity, momentum and
energy Equations are as follows:

∂

∂xi
(ρui) = 0 (1)

∂

∂xi
(ρuiuk) =

∂

∂xi
(η

∂uk
∂xi

)− ∂p
∂xk

(2)

∂

∂xi
(ρuiT) =

∂

∂xi
(

λ

cp

∂T
∂xi

) (3)

where ρ is the fluid density; ui is the vector velocity; η is the viscosity, p is the pressure; T is
the temperature; λ is the thermal conductivity of the fluid; cp is the specific heat capacity at
constant pressure; k is the turbulent kinetic energy equation; ∂ is the diffusion equation.

The RNG k-ε turbulence model is as follows:

∂

∂t
(ρk) +

∂

∂xi
(ρkui) =

∂

∂xj

(
αkµe f f

∂k
∂xj

)
+ Gk − ρε (4)
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∂

∂t
(ρε) +

∂

∂xi
(ρεui) =

∂

∂xj

(
αεµe f f

∂ε

∂xj

)
+ C1ε

ε

k
(Gk + C3εGb)− C2ερ

ε2

k
− Rε (5)

where αk and αε are the inverse effective Prandtl numbers for k and ε, respectively, Gk is the
generation of turbulence kinetic energy, and µe f f is the effective viscosity coefficient.

Figure 2 shows the specific calculation model of the channel with frustums of a
cone. Referring to the setting of periodic convective heat transfer boundary conditions in
reference [17], the inlet and outlet of the channel were set as periodic boundary conditions,
and the mass flow was given. The left and right sides of the channel were also set as
periodic boundary conditions. Different from Ref. [17], for convenience, the center of the
calculation model was set as a symmetric boundary condition in the present study. The
lower wall surface of the channel, including the surface of the frustum of a cone, was the
heat transfer wall, which was set to a uniform heat flux of 1000 W ×m−2. In addition, the
average inlet temperature of the air was set to 300 K.

Figure 2. The calculation model of the channel.

Figure 3 shows the grid diagram of the calculation model. The model was divided
into hexahedral structured meshes using ICEM software. The mesh near the wall was
encrypted. The grid size of the first layer was 0.02 mm, the grid expansion ratio was 1.2,
and the maximum grid size was 1 mm. The value of y+(symbol indicating the sparsity
of near wall mesh division) near the wall was less than or equal to 1, and the enhanced
wall function was used. Such an arrangement can better obtain the flow and heat transfer
information near the wall.

Figure 3. The grid diagram of the calculation model.
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The numerical method in the present study was verified using the experimental
data for the channel with frustum of a cone presented in Ref. [13]. Figure 4 shows the
comparison of the experimental and numerical results of the Nusselt number ratio and
friction coefficient ratio of the channel under different Reynolds numbers. It can be seen
from Figure 4 that the distribution trends of the experimental and numerical results are
basically consistent. Through calculation, the maximum deviation of the Nusselt number
ratio is 5.1%, and the maximum deviation of the friction coefficient ratio is 4.3%. These
demonstrate the accuracy and feasibility of the numerical method in the present study.
Therefore, this numerical method was used in the subsequent numerical studies of the
channels with different frustum of a cone structures. In addition, the grid independence of
the calculation model was verified. Five sets of grids were divided for the calculation model;
when meshing, set the grid size of the first layer to 0.02 mm, and change the number of grids
by changing the grid growth ratio (1.5–1.1) and the maximum grid size (0.8 mm–0.4 mm).
The total numbers of grids were 75,000, 150,000, 300,000, 600,000 and 1,200,000, respectively.
When the number of the grid was 600,000, the deviations of the Nusselt number ratio
and friction coefficient ratio of the channel were less than 2%, indicating that the grid met
the requirement of independence. The mesh generation strategy mentioned above was
adopted in the subsequent calculation models.

Figure 4. Verification of the numerical method.

2.3. Data Reduction

Reynolds number Re is defined as

Re = VP/ν (6)

where V is the average inlet velocity of airflow; P is the characteristic length, and the height
of the channel is selected in the present study; ν is the kinematic viscosity of air.

The local Nusselt number Nux is defined as

Nux = qxP/[λ(Tw − Tf)] (7)

where qx is the local heat flux; λ is the thermal conductivity of air flow; Tw is the local
temperature of the wall; Tf is the reference temperature, and its value is the average
temperature of inlet and outlet airflow.

The average Nusselt number Nu is defined as

Nu =
∫

NuxdA/A (8)
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where A is the area of the heat transfer wall.
The friction coefficient f is defined as

f = ∆pP/(2ρLV2) (9)

where L is the channel length, ∆p is the pressure drop at the inlet and outlet of the channel;
ρ is the air density.

Nu0 and f0 are the average Nusselt number and friction coefficient of smooth parallel
plate channel, respectively [18], and the calculation formulas are as follows:

Nu0 =
( f0/2)(Re− 500)Pr

1 + 12.7( f0/2)1/2(Pr2/3 − 1)
(10)

f0 = (1.58 ln Re− 2.185)−2 (11)

3. Optimization Methods
3.1. Response Surface Methodology and Experimental Design

Response Surface Methodology (RSM) can be used to obtain explicit functional re-
lationships between design variables and responses in the global scope by testing local
design points. The optimal combination of design variables can be obtained through RSM
to achieve the optimal target response. The relationship between system response and
design variable is as follows:

Y = f(X) + ε = Xβ + ε (12)

where Y is the response, X is the design variable, f(X) is the approximate function of the
target, β is the fitting coefficient, and ε is the prediction error.

The formula for the sum of squares of system residuals is as follows:

SSE(β) = (Xβ− Y)T(Xβ− Y) (13)

Through the principle of the least square method, calculate the derivative of function
SSE(β) with respect to vector β and set it to zero. We can draw:

∂

∂β
SSE(β) = 2XT(Xβ− Y) = 0 (14)

After finishing Equation (9), the coefficient β of the response surface with minimum
sum of squares of residuals can be obtained:

β = (XTX)
−1

XTY (15)

The commonly used second-order polynomial response surface model with high
accuracy was selected as the approximate function f (x), and the formula is as follows:

f (x) = β0 +
k

∑
i=1

βixi+
k

∑
i=1

βiixi
2+

k−1

∑
i=1

k

∑
i<j

βijxixj (16)

where coefficient β = [β0, . . . , βk, β11, . . . ,βkk, β12, . . . , β×(k−1)k]T ; xi and xj are the design
variables; k is the number of design variables.

To evaluate the fitting accuracy of the obtained response surface model to the test data,
the root mean square error (RMSE) and determination coefficient (R2) were selected to
evaluate the response surface model. The specific expression of the evaluation index is
shown in Ref. [19]. If RMSE is closer to 0, the error of the response surface model is smaller.
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If R2 is closer to 1, the accuracy of the response surface model is higher. RMSE and R2 are
calculated as follows:

RMSE =
1
ky

√√√√ k

∑
i=1

(yi − ỹi)
2 (17)

R2 = 1−

k
∑

i=1
(yi − ỹi)

2

k
∑

i=1
(yi − y)2

(18)

where k is the number of sample points, yi is the test result of the ith sample, y is the average
of the test results of all samples, and yi is the calculated value of the response surface model
of the ith sample.

The fitting accuracy of the response surface model also depends on the selection
of design sample points, so it is necessary to carry out experimental design for design
variables. The design variables in the present study are the channel parameters. For
convenience of research, frustum of a cone structures with a constant height and bottom
diameter were selected, in which the height H was 10 mm and the bottom diameter D
was 30 mm. The optimal channel parameter configurations were obtained by changing
Reynolds number Re, frustum of a cone angle α, streamwise spacing Z1 and spanwise
spacing Z2. During the study, the streamwise spacing Z1 and spanwise spacing Z2 were
dimensionless variables treated as Z1/D, and Z2/D. The variation ranges of the design
parameters are shown in Table 1.

Table 1. Variation range of channel parameters.

Channel Parameters Variation Ranges

Reynolds number Re 5000 to 15,000
Frustum of a cone angle α/◦ 0 to 30

Streamwise spacing ratio Z1/D 1 to 1.5
Spanwise spacing ratio Z2/D 1 to 1.5

Central composite face-centered design (CCF) is one kind of central composite design
(CCD) that can fit the complete quadratic model and obtain the response surface model with
high precision through fewer test points. Therefore, CCF was selected for experimental
design in the present study. Table 2 shows the central composite face-centered design
table, mainly including order, design variables, and responses. Since there are four design
variables, 24(16)cubic points, 2 × 4(8)axial points and one center point can be obtained
using CCF design, so there are 25 sample points in total.

3.2. Parameter Sensitivity Analysis Based on Sobol’s method

Many factors affect the flow and heat transfer performance of channels with frustums
of a cone, including Reynolds number, frustum of a cone angle, streamwise spacing, and
spanwise spacing. Therefore, exploring the impact of the changes of these parameters on the
channel performance is of great help to the subsequent parameter optimization. Compared
with the local sensitivity analysis method for linear models, the global sensitivity analysis
method is suitable for nonlinear complex models. Sobol’s method based on variance is a
global sensitivity analysis method proposed by the mathematician Sobol [20]. Compared
with other global sensitivity analysis methods, Sobol’s method can quantitatively analyze
the impact of input variables on system output. Its outstanding advantage is that it has no
special requirements for analysis function and has a wide range of applications [21].
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Table 2. Central composite face-centered design table.

Order Design Variables Responses
Re α Z1/D Z2/D f/f 0 Nu/Nu0

1 5000 0 1.50 1.50 1.38 1.39
2 10,000 15 1.25 1.25 1.91 1.65
3 5000 0 1.00 1.50 1.46 1.28
4 15,000 0 1.50 1.50 1.53 1.46
5 10,000 15 1.25 1.00 2.30 1.60
6 10,000 0 1.25 1.25 1.79 1.37
7 5000 0 1.50 1.00 2.10 1.40
8 15,000 15 1.25 1.25 2.09 1.71
9 15,000 30 1.00 1.00 4.96 2.45

10 10,000 15 1.00 1.25 2.65 1.85
11 10,000 15 1.25 1.50 1.64 1.64
12 15,000 0 1.00 1.00 3.26 1.15
13 15,000 0 1.50 1.00 2.38 1.41
14 5000 30 1.00 1.00 2.99 2.04
15 15,000 30 1.50 1.50 2.46 2.35
16 5000 30 1.00 1.50 1.91 1.90
17 15,000 30 1.50 1.00 2.51 1.99
18 15,000 0 1.00 1.50 2.88 1.80
19 5000 15 1.25 1.25 1.69 1.56
20 15,000 30 1.00 1.50 3.29 2.45
21 10,000 15 1.50 1.25 1.74 1.67
22 5000 30 1.50 1.00 2.17 1.93
23 10,000 30 1.25 1.25 3.04 2.37
24 5000 0 1.00 1.00 2.39 1.28
25 5000 30 1.50 1.50 1.49 1.82

The core idea of Sobol’s method is to decompose the model into a single parameter
and functions composed of parameters. The basic principle of Sobol’s method can be seen
in Ref. [22]. Assuming that x= [x1, . . . , xm] is an independent input variable defined on Im,
then Im can be expressed as:

Im = (x|0 ≤ xit ≤ 1; it = 1, 2, · · · , m) (19)

Assuming that the model F(x) is a square-integrable function, it can be decomposed
into the sum of 2m sub-functions:

F(x) = F0 +
m

∑
t=1

m

∑
i1<···<it

Fi1···it(xi1 , . . . , xit) (20)

where 1 = i1 < . . . < it . . . < im = m, m is the number of variables and F0 is a constant.
If the conditions are met, it can be obtained:∫ 1

0
Fi1···it(xi1 , . . . , xit)dxin = 0, 1 ≤ n ≤ t (21)

The total variance M and partial square deviation Mi1 ...it of the F(x) can be obtained
by integrating the squares of Equation (20):

M =
m

∑
t=1

m

∑
i1<···<it

Mi1···it (22)

Mi1 ...it =
∫

F2
i1···it dxi1 . . . dxit (23)

According to the definition, the sensitivity index of the variable Si1···it is defined as:

Si1···it =
Di1···it

D
(24)
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Then, the sum of sensitivity indexes of all variables is 1. It can be expressed as follows:

m

∑
t=1

m

∑
i1<···<it

Si1···it = 1 (25)

Equation (25) can be rewritten as follows:

m

∑
t=1

Sit + ∑
1≤q<t≤m

Siqit + · · ·+ Si1···im = 1 (26)

According to the definition, the total sensitivity index of an input variable STit is:

STit = Sit +
m

∑
q 6=t

Siqit + · · ·+ Si1···im (27)

where Sit is the first-order sensitivity index, which represents the impact of input variable
xit on system output; the second-order sensitivity index Siq it represents the influence of
the interaction between input variable Siq and variable Sit on the system output. The
total sensitivity index STit indicates the common influence of input variable Sit and its
interaction with other input variables on system output. When the first-order sensitivity
index of the input variable Sit is quite different from the total sensitivity index, it indicates
that the interaction between the variable Sit and other input variables has a great influence
on the system output.

3.3. Optimization Process of the Channel with Frustums of a Cone

Figure 5 shows the flow chart for the parameter optimization of the channel with
frustums of a cone. As can be seen from Figure 5, the present study optimizes the four
design parameters of the channel with frustums of a cone, including Reynolds number Re,
frustum of a cone angle α, streamwise spacing ratio Z1/D, and spanwise spacing ratio Z2/D.
CCF was used for the experimental design of design parameters, and 25 sample points were
obtained. The reliability of the numerical method in the present study was verified by the
experimental data. Then, 25 sample points were numerically simulated by CFD to obtain
the responses (the Nu/Nu0 and f /f 0 of the channels). On this basis, the response surface
models were constructed by the second-order polynomial. Root mean square error (RMSE)
and determination coefficient (R2) were selected to evaluate the response surface models.
If the models did not meet the requirements, the experimental design of the parameters
was optimized, and the simulation was run again according to the above procedure. Then,
based on the response surface model, Sobol’s method was used to analyze the sensitivity
of the parameters. Aiming at achieving minimum f /f 0 and maximum Nu/Nu0 in the
channels, NSGA-II was used to carry out the multi-objective optimization of the parameters.
Finally, the optimized channels were selected from the Pareto solution set.

Genetic algorithm (GA) is a family of global optimization algorithms that simulate
natural selection and the genetic mechanism based on biological evolution. Among them,
the non-dominated sorting genetic algorithm with elite strategy (NSGA-II) was proposed by
Deb based on the non-dominated sorting genetic algorithm (NSGA). It has the advantages
of low computational complexity, fast running speed, and good convergence of solution
set [23]. It is worth noting that the multi-objective optimization algorithm does not have a
unique global optimal solution, but a set of optimal solutions, namely the Pareto solution
set. In practical application, one or more solutions can be selected from the Pareto solution
set as the final result.
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4. Results Analysis and Discussion
4.1. Construction of Response Surface Model

The second-order polynomial response surface model was obtained based on CCF
fitting. The specific test design table is shown in Table 2. The design parameters were Re, α,
Z1/D and Z2/D, and the responses were Nu/Nu0 and f /f 0. The coefficients of the response
surface model are given in Table 3.

Figure 5. Flow chart of the optimization of the channel parameters.

Table 3. Coefficients of response surface model.

Coefficients Nu/Nu0 f /f 0

β0 0.230 9.66
β1 0.240 × 10−4 0.355 × 10−3

β2 0.239 × 10−1 0.800 × 10−3

β3 –1.78 –9.75
β4 3.09 –3.04
β11 0.000 0.000
β22 0.758 × 10−3 0.188 × 10−2

β33 0.980 3.28
β44 –1.26 –0.320
β12 0.100 × 10−5 0.200 × 10−5

β13 –0.340 × 10−4 –0.195 × 10−3

β14 0.650 × 10−4 0.230 × 10−4

β23 –0.149 × 10−1 –0.319 × 10−1

β24 –0.955 × 10−2 –0.990 × 10−2

β34 −0.218 1.76
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Figure 6 shows the comparison between the numerically calculated values of the
sample points of the experimental design and the corresponding RSM predicted values. In
the figure, the dotted line represents a deviation of ± 10% from the numerical calculation
values, the straight line represents the numerical calculation values, and the scattered points
represent the RSM prediction values. Figure 6a,b presents a comparison of the values when
the responses are Nu/Nu0 and f /f 0, respectively. It can be seen from Figure 6 that the
RSM predicted values are distributed near the numerically calculated values, and the
errors are basically less than 10%. After calculation, the root mean square error RMSE and
determination coefficient R2 of the response surface model can be obtained. The calculation
results are shown in Table 4. When the responses are Nu/Nu0 and f /f 0, the RMSE of the
models is less than 0.25 and R2 is greater than 0.93, showing that the fitted response surface
model has small error and high accuracy.

Figure 6. Comparison between numerical calculation and RSM prediction: (a) Nu/Nu0; (b) f /f 0.

Table 4. Fitting accuracy of response surface model.

Evaluation Index Nu/Nu0 f/f 0

RMSE 0.1048 0.2445
R2 0.9491 0.9399

4.2. Effect of Channel Parameters on Flow and Heat Transfer

The three-dimensional surface and contour map of the Nu/Nu0 and f/f 0 of the channels
are shown in Figures 7 and 8, respectively, to reveal the influence of channel parameters on
the heat transfer performance and flow performance of the channels with frustums of a
cone. Figure 7a–f show the influence of the combined action of Re–α, Re–Z1/D, Re–Z2/D,
α–Z1/D, α–Z2/D and Z1/D–Z2/D on the response in turn.

As can be seen from Figure 7a, when Re is constant, increasing α increases the Nu/Nu0
of the channel, while when α is constant, the increase of the Nu/Nu0 of the channel along
with the increase of Re is not very significant. When Re is 5000 and α is 0◦, the Nu/Nu0 of the
channel reaches its minimum value, while when Re is 15,000 and α is 30◦, the Nu/Nu0 of the
channel reaches its maximum value. As can be seen from Figure 7b, when Re is constant,
increasing Z1/D makes the Nu/Nu0 of the channel first increase and then decrease. It can be
seen from Figure 7c that the increase in Z2/D under different values of Re and the increase
in Re under different values of Z2/D can improve the Nu/Nu0 of the channel. As can be
seen from Figure 7d,e, when α is constant, the Nu/Nu0 of the channel remains basically
unchanged with increasing Z1/D and Z2/D. When Z1/D and Z2/D remain unchanged,
increasing α can significantly increase the Nu/Nu0 of the channel. As can be seen from
Figure 7f, when Z1/D is constant and Z2/D is increased, Nu/Nu0 of the channel first
decreases and then increases. When Z2/D is constant, increasing Z1/D causes the Nu/Nu0
of the channel to first increase and then decrease.
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Figure 7. 3D surface and contour map of Nu/Nu0: (a) Re–α; (b) Re–Z1/D; (c) Re–Z2/D; (d) α–Z1/D;
(e) α–Z2/D; (f) Z1/D–Z2/D.

As can be seen from Figure 8a, at low Re, the f/f 0 of the channel first decreases and
then increases with increasing α, while at high Re, increasing α leads to an increase in the
f/f 0 of the channel. When α is constant, the f/f 0 of the channel increases with increasing Re.
It can be seen from Figure 8b,c that increasing Re and decreasing Z1/D and Z1/D result in
an increase in the f/f 0 of the channel. As can be seen from Figure 8d, when α is constant and
Z1/D is increased, and when Z1/D is constant and α is increased, the f/f 0 of the channel
first decreases and then increases. According to Figure 8e, when α is constant, the f/f 0 of the
channel decreases with increasing Z2/D. When Z2/D remains unchanged, the f/f 0 of the
channel first decreases and then increases with increasing α. As can be seen from Figure 8f,
increasing Z2/D and Z1/D reduces the f/f 0 of the channel.

The above research shows that when analyzing the flow and heat transfer performance
of channels with frustums of a cone, the information obtained limited to a fixed channel
parameter is not sufficient to describe the performance of the channels. Building the
function of channel performance related to channel parameters based on response surface
method is of great significance to studying the influence of channel parameters on channel
performance and guiding the parameter optimization and structural design of channels
with frustums of a cone.

4.3. Sensitivity Analysis of the Channel Parameters

Figure 9 shows the first-order sensitivity index and total sensitivity index of channel
parameters when the response is Nu/Nu0. The first-order parameter sensitivity index
represents the influence of a single parameter on the Nu/Nu0 of the channels. The total
sensitivity index represents the combined influence of a single parameter and its interaction
with other parameters on the Nu/Nu0 of the channels. As can be seen from Figure 9a,
when the response is Nu/Nu0, the first-order sensitivity indexes of the channel parameters
from high to low are α, Re, Z2/D and Z1/D. Among them, the changes of α and Re have
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an important influence on the Nu/Nu0 of the channel. According to Figure 9b, the total
parameter sensitivity indexes are α, Re, Z2/D and Z1/D from high to low, which is the same
as the ranking of the first-order sensitivity indexes of the channel parameters. Through
calculation, the difference between them is less than 0.02, indicating that the interaction
between a single parameter and other parameters of the channels has no significant impact
on the Nu/Nu0 of the channels. In addition, the proportions of α and Re in the total
sensitivity index are 50.6% and 47.9%, indicating that α and Re have a greater impact on
the Nu/Nu0 of the channels compared with Z1/D and Z2/D.

Figure 8. 3D surface and contour map of f/f 0: (a) Re–α; (b) Re–Z1/D; (c) Re–Z2/D; (d) α–Z1/D;
(e) α–Z2/D; (f) Z1/D–Z2/D.

Figure 9. Sensitivity of the parameters when the response is Nu/Nu0: (a) first-order sensitivity index;
(b) total sensitivity index.
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Figure 10 shows the sensitivity index of the channel parameters when the response
is f/f 0, where Figures 10a and 10b are the first-order sensitivity index and total sensitivity
index, respectively. It can be seen from Figure 10a that when the response is f/f 0, the
first-order sensitivity indexes of the channel parameters are Re, Z1/D, α and Z2/D from
high to low. Among them, the first-order sensitivity index of Re is significantly higher
than other channel parameters, and the first-order sensitivity indexes of α, Z1/D and Z2/D
are basically the same, all distributed around 0.15. According to Figure 10b, the total
sensitivity indexes of the parameters are Re, Z1/D, α and Z2/D from high to low, which
is the same as the first-order sensitivity indexes. Through calculation, it can be seen that
the difference between the two is less than 0.021, indicating that the interaction between
a single parameter and other parameters of the channels has no significant impact on
the f/f 0 of the channels. In addition, the proportion of Re in the total sensitivity index is
57.4%, while the proportions of the total sensitivity coefficient of the other three channel
parameters are all about 15%, which indicates that Re has the greatest impact on the f/f 0 of
the channels, while α, Z1/D and Z2/D have a fairly small impact.

Figure 10. Sensitivity of the parameters when the response is f/f 0: (a) first-order sensitivity index;
(b) total sensitivity index.

4.4. Multi-Objective Optimization Results of the Parameters

With the aim of obtaining the maximum values of Nu/Nu0 and the minimum values
of f/f 0 for the channel, the NSGA-II was used to find the optimal combination of channel
parameters in the global range. The population number of the genetic algorithm was 12,
the genetic algebra was 40, the crossover probability was 0.9, the mutation probability was
0.1, the crossover distribution index was 10, and the mutation distribution index was 20.
The specific settings can be found in Ref. [24]. After the operation, a total of 481 solutions
were generated, of which the Pareto solution set, the set of optimal solutions, had a total of
130 solutions. Figure 11 shows the solution set of multi-objective optimization. In Figure 11,
the blue dots represent all of the solution sets, and the red curve represents the Pareto front
connected by the Pareto solution sets. According to Figure 11, when the f /f 0 of the channel
is constant, the Nu/Nu0 of the channel of the point on Pareto front must be at its maximum.
Similarly, when the Nu/Nu0 of the channel is constant, the f /f 0 of the channel of the point
on the Pareto front must be at its minimum.

On the basis of the sensitivity analysis of the parameters, the parameter Re has the
greatest impact in the performance of the channel in terms of the flow and heat transfer
performance of the channel. Consequently, the K-means clustering algorithm was used
to cluster the Pareto solution sets under different values of Re. Figure 12 illustrates the
results of K-means clustering of the Pareto solution set. As can be seen from Figure 12, the
Pareto solution sets can be divided into four categories—A, B, C and D—under different
values of Re. Without considering the influence of α, Z1/D and Z2/D, when Re increases,
the Nu/Nu0 and f /f 0 of the channel under the Pareto solution set increase slightly.
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Figure 11. Solution set of multi-objective optimization.

Figure 12. Result of K-means clustering of the Pareto solution set.

An optimal solution was selected from each of the four categories A, B, C and D
in Figure 12 for comparative analysis. The specific optimal parameter combinations are
provided in Table 5. According to Table 5, the Nu/Nu0 of optimization points A, B, C
and D increased by 9.70%, 21.82%, 26.06% and 27.88%, respectively, compared with the
reference channel. In addition, the f /f 0 of the optimization points decreased by 19.89%,
1.05%, –7.85% and –9.42%, respectively, compared with the reference channel. Among
them, the Nu/Nu0 and f /f 0 of optimization points A and B were optimized, while the
Nu/Nu0 of optimization points C and D was considerably improved, but the f /f 0 had
increased moderately. This is because the values of Re for optimization points C and D are
large. When the Nu/Nu0 increases, f /f 0 will also increase. Overall, compared with the
reference channel, the Nu/Nu0 of the optimized channels increased by 21.36% on average,
and the f /f 0 decreased by 9.16% on average. This shows that the optimization results of
the channel parameters in the present study are good, and can serve as a reference for the
multi-objective optimization of channels with turbulent structures.

Table 5. Optimal channel parameters.

Type Re α Z1/D Z2/D Nu/Nu0 f /f 0

Reference channel 10,000 15 1.25 1.25 1.65 1.91
Optimization point A 5030 29.94 1.29 1.49 1.81 1.53
Optimization point B 7723 29.88 1.39 1.46 2.01 1.89
Optimization point C 12,433 26.62 1.42 1.44 2.08 2.06
Optimization point D 14,730 26.10 1.40 1.49 2.11 2.09
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To further explore the influence of channel parameters on the flow and heat transfer
performance of the channels, Figure 13 shows the comparison of surface streamline, tem-
perature distribution, and Nu distribution of the heat transfer walls of the reference channel
and optimization point C. Figure 13a,c shows the reference channel, and Figure 13b,d gives
the optimization points C. It can be seen from Figure 13a,b that the high-temperature area
of the heat transfer wall is mainly distributed upstream and downstream of the convex
and upstream of the bottom of the concave. In comparison, the temperature of the high-
temperature region of the optimized channel is lower and the area with high temperature is
smaller. There are large vortexes upstream of the bottom of the concave and upstream and
downstream of the convex in the reference channel, while the vortexes in the optimized
channel are improved. The improvement of the vortexes will reduce the frictional resistance
of the channel and the accumulation of airflow, thus reducing the local temperature of the
heat transfer wall and reducing the area with high temperature. According to Figure 13c,d,
contrary to the temperature distribution of the heat transfer wall, the high-temperature area
had a lower Nu and the low-temperature area had a higher Nu. In comparison, the Nu value
of the high-Nu region of the optimized channel was higher and the area with high Nu was
larger. The results show that the optimized channel improves the vortexes at the bottom of
the concave and upstream and downstream of the convex, so that the heat transfer wall of
the channel has a lower temperature distribution and a higher Nu distribution.

Figure 13. The Comparison of Reference Channel and Optimization Point C: (a) Surface Streamline
and Temperature Distribution of the Reference Channel; (b) Surface Streamline and Temperature Dis-
tribution of the Optimized Channel; (c) Nu Distribution of the Reference Channel; (d) Nu Distribution
of the Optimized Channel.



Energies 2022, 15, 1240 17 of 19

5. Conclusions

The multi-objective parameter optimization of channels with frustums of a cone was
carried out. The design variables were Re, α, Z1/D and Z2/D. The optimization objective
was to maximize the Nu/Nu0 and minimize the f /f 0. Firstly, the experimental design of
the channel parameters was carried out, and the second-order response surface model
was constructed. Then, the accuracy of the response surface model was tested. Once
the response surface met the requirements, the sensitivity of the channel parameters was
analyzed, and the Pareto solution set was obtained. The Pareto solution set was analyzed
by K-means clustering, and finally, four optimization channels were selected. The main
conclusions can be drawn as follows:

(1) The second-order response surface models obtained by CCF have small errors and
high accuracy. When the response is Nu/Nu0, the RMSE of the model is 0.1048 and R2

is 0.9491. When the response is f /f 0, the RMSE of the model is 0.2445 and R2 is 0.9399.
(2) Compared with Z1/D and Z2/D, α and Re have the greatest impact on the Nu/Nu0

of the channels. Parameter Re has the greatest influence on the f/f 0 of the channels,
while α, Z1/D and Z2/D have the same, small influence on the f/f 0 of the channels.

(3) By comparing the reference channel with the optimized channel, the results show
that the optimized channel improves the vortexes at the bottom of the concave and
upstream and downstream of the convex, so that the heat transfer wall of the channel
has lower temperature distribution and higher Nu distribution.

(4) Compared with the reference channel, the Nu/Nu0 of the four optimized channels
are increased by 9.70%, 21.82%, 26.06% and 27.88%, respectively; the f /f 0 decreased
by 19.89%, 1.05%, –7.85% and –9.42%, respectively. The Nu/Nu0 of the channels
increased by 21.36% on average and the f /f 0 declined by 9.16% on average, which
demonstrates that the optimization method of the channel parameters in the present
study has a good effect.
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Nomenclature

RSM Response Surface Methodology
Nu/Nu0 Nusselt number ratio
f/f 0 Friction coefficient ratio
RSME Root mean square errors
R2 Determination coefficients
α Frustum of a cone angle (◦)
Re Reynolds number
Z2/D Spanwise spacing ratio
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Z1/D Streamwise spacing ratio
NSGA-II Non-dominated sorting genetic algorithm with elite strategy
CCF Central composite face-centered design
D Bottom diameter of the frustum of a cone (mm)
N–S Navier Stokes
GA Genetic Algorithm
k Turbulent kinetic energy equation
ε Diffusion equation
CCD central composite design
RNG Renormalization Group
SIMPLEC Semi-Implicit Method for Pressure Linked Equation
Z2 Spanwise spacing (mm)
H Height of the frustum of a cone (mm)
Z1 Streamwise spacing (mm)
V Average inlet velocity of air flow (m/s)
P Characteristic length (mm)
ν Kinematic viscosity of air (m2/s)
Nux Local Nusselt number
qx Local heat flux (W/m2)
Tw Local temperature of the wall (K)
Tf Reference temperature (K)
Nu Average Nusselt number
A Area of heat transfer wall (m2)
f Friction coefficient
L channel length (mm)
∆p Pressure drop (Pa)
ρ Air density (kg/m3)
λ Thermal conductivity of air (W/m K)
Nu0 Average Nusselt number of smooth parallel plate channel
f 0 Friction coefficient of smooth parallel plate channel
Y Response
X Design variable
f (X) Approximate function of the target
β Fitting coefficient
ε Prediction error
F(x) A square integrable function
M Total variance of the F(x)
Mi1···it Partial square deviation of the F(x)
Si1···ii Sensitivity index of the variable
Sit First order sensitivity index
Siq it Second-order sensitivity index
STit Total sensitivity index
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