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Abstract: Owing to the variation between lithium-ion battery (LIB) cells, early discharge termination
and overdischarge can occur when cells are coupled in series or parallel, thereby triggering a decrease
in LIB module performance and safety. This study provides a modeling approach that considers
the effect of cell variation on the performance of LIB modules in energy storage applications for
improving the reliability of the power quality of energy storage devices and efficiency of the energy
system. Ohm’s law and the law of conservation of charge were employed as the governing equations
to estimate the discharge behavior of a single strand composing of two LIB cells connected in parallel
based on the polarization properties of the electrode. Using the modeling parameters of a single
strand, the particle swarm optimization algorithm was adopted to predict the discharge capacity
and internal resistance distribution of 14 strands connected in series. Based on the model of the LIB
strand to predict the discharge behavior, the effect of cell variation on the deviation of the discharge
termination voltage and depth of discharge imbalance was modeled. The validity of the model was
confirmed by comparing the experimental data with the modeling results.

Keywords: lithium-ion battery; modeling; voltage deviation; electrical behaviors; cell performance deviation

1. Introduction

Lithium-ion batteries (LIBs) have diverse applications because of their high energy
density, efficiency, and power [1]. LIB-powered energy storage devices balance the power
supply and demand, reduce peaks, and maintain a stable power system [2]. Cell-to-cell
variation is unavoidable due to the inconsistency from the fabrication of cell components
including electrodes, separators, and electrolytes to the assembly process of cell [3–7]. Ow-
ing to an imbalance between cells, overcharging and overdischarging can occur when LIBs
are connected in series or parallel, thereby triggering a decrease in module performance
and safety [8]. Therefore, computing the cell-to-cell deviation effect of the LIB module via
mathematical modeling is necessary to improve the reliability of the power quality of the
energy storage device and ensure efficient operation of the energy system [9].

Numerous studies have reviewed the effects of cell-to-cell deviation in modules and
packs of LIBs [3–7]. Xie et al. [10] proposed an experimental procedure to measure the
capacity and voltage deviation accurately between cells connected in series of an LIB
module. Chang et al. [11] modeled the performance of a battery pack based on Monte Carlo
experiments in which LIB cells were connected in parallel. Astaneh et al. [12] predicted
the performance of an LIB pack for EV by scale-up, considering the random variability of
the cell based on the electro-thermal model of the LIB cell. Tran et al. [13] estimated the
state of charge (SOC) distributions of modules connected in series with LIB cells using
a nonlinear state observer. They lowered the computational burden compared with the
conventional SOC estimation algorithm. Liu and Zhang [14] proposed a cell balancing
method to solve the cell imbalance of batteries by designing an active balancing circuit
through SOC estimation using an extended Kalman filter. Lee et al. [15] predicted the
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voltage behavior in a LIB pack based on the normal distribution of the capacity and internal
resistance of the LIB cell. They verified the pack-modelling results through a dynamic
test. Krupp et al. [16] proposed a modeling tool that estimates the state of health (SOH)
distribution of individual cells and that of a module in real-time through incremental
capacity analysis. Zilberman et al. [17] estimated the distribution of the capacity and
impedance of 18,650 LIB cells using differential voltage analysis and analyzed the deviation
changes according to calendar aging. The cell-to-cell deviation that occurs when the battery
module is operating can cause overcharge and overdischarge in the cell and accelerate
cell aging, reducing the efficiency of the battery module and causing safety issues [18].
Commercial battery modules require a modeling methodology to accurately estimate the
cell deviation in real time. The voltage deviation among cells should be predicted by
estimating the individual parameters of the battery cell to minimize energy loss in the
battery system [19].

Many works mentioned in the above [10–17] reported the estimation of the distribu-
tions of the cell voltage, SOC, capacity, and internal resistance distributions of individual
cells in LIB modules using various modeling methodologies including extended Kalman
filter, nonlinear state observer, incremental capacity analysis, and differential voltage anal-
ysis among others. To the best of authors’ knowledge, there are no published articles on
the assessment of overdischarge and early discharge termination of individual cells in a
module based on modeling and verified by the comparison of experimental measurement
data. Herein, we propose a methodology that can effectively model the deviation of the
discharge termination and depth of discharge (DOD) imbalance of the LIB module under
the effect of cell variation. Two cells were combined in parallel to form a single strand, and
then 14 strands were connected in series in the LIB module analyzed in this study. Based on
the polarization properties of the electrode, Ohm’s law and the law of charge conservation
were employed as governing equations to predict the discharge performance of a single
strand. The distribution of capacity and internal resistance of the LIB strand, which are the
main parameters of strand deviation in the LIB module [3,17], were calculated using the
particle swarm algorithm (PSO) [20,21]. In the modeling approach proposed in this study,
several constant-current discharge experiments of the module were performed to calculate
the modeling parameters. Finally, the experimental data were compared with the modeling
results to validate the proposed model.

2. Mathematical Model

Herein, an LIB cell by LG Energy Solution with a capacity of 63 Ah composed of
lithium nickel manganese cobalt oxide (NMC) cathodes and graphite anodes was modeled.
The modeling procedure for each LIB cell in the module was similar to that used in our
previous studies [22–24]. As LIB batteries are composed of alternating anodes and cathodes,
two parallel cathodes and anodes with tabs positioned in opposite directions, as shown in
Figure 1, are modeled. Figure 1 shows that the current flow between the electrodes from
the cathode to the anode during discharge was perpendicular to the electrode, assuming
that the distance between the cathode and the anode was very close. From the continuity
of the current at the cathode and anode during discharge, the Poisson equations for the
voltages at the cathode and anode can be derived as follows:

∇2Vc = +rc J in Ωc (1)

∇2Va = −ra J in Ωa (2)



Energies 2022, 15, 8054 3 of 15

Energies 2022, 15, × FOR PEER REVIEW 3 of 16 
 

 

Current density, J, is a function of the cathode and anode voltages, and the functional 

relationship between the current density and voltage depends on the polarization prop-

erties of the electrodes. This study adopted the polarization characteristics proposed by 

Tiedemann and Newman [25] and Newman and Tiedemann [26], as follows: 

( )faradaic c aJ Y V V U= − −  (3) 

where Y and U are the fitting parameters as functions of the DOD, as shown in Gu [27], 

and their electrochemical meanings have been described in the previous studies [28,29]. 

The detailed procedure for deriving Y and U from the experimental data and the func-

tional relationship between Y and U according to DOD are described in Section 4. 

By excluding the modeling procedure to calculate the voltage distribution of the 

transport phenomena of ionic species and electrolyte phase, the model reduces the com-

putational burden significantly while maintaining its validity [22–24,28–35]. In the simpli-

fied model, the DOD according to the time during discharge can be calculated by integrat-

ing J with respect to time as follows: 

0

0

t

i

Jd
DOD DOD

Q


= +


 (4) 

 

Figure 1. Schematic of the current flow in parallel cathode and anode of LIB during discharge. 

Figure 2 shows a schematic of an LIB module in which two LIB cells are connected in 

parallel to form a single strand and 14 strands are connected in series. The negative and 

positive terminals of the module composed of copper busbars were connected to the 1st 

and 14th strands, respectively. Each cell was connected in series and parallel with alumi-

num bus bars through laser welding to minimize the electrical contact resistance, while 

the 7th and 8th strands were connected with copper busbars. The LIB module in Figure 2 

measures the total terminal voltage and voltage at each strand terminals through a sensor. 

The electrical resistance, including the busbar, BMS sensor, and contact resistance with 

the terminal, is negligible because of the good welding conditions and very small com-

pared to the resistance of the LIB cell [36]. As the measurement data that can be obtained 

from the experiment are the terminal voltage of the module and the voltage of 14 strands, 

we proceeded with the above modeling procedure by considering the strand in which two 

cells are connected in parallel as a single battery model. The key parameters of the above-

mentioned modeling for calculating the voltage deviation of the battery strands are Qn 

and Yn. Qn is the capacity of the nth LIB strand, and Yn correspnds to the reciprocal of the 

internal resistance of the LIB [29]. As Yn is a function of the DOD, Equation (5) is intro-

duced to efficiently calculate the distribution of Yn by multiplying Yref with a proportion-

ality constant, βn. 

n ref nY Y =  (5) 

To reflect the deviation of Qn and Yn from the discharge behavior of the reference LIB 

strand, the DOD of each LIB strand was modified with Qn and was calculated as follows: 

Figure 1. Schematic of the current flow in parallel cathode and anode of LIB during discharge.

Resistances rc and ra were calculated as described in the previous papers [22–24]. In
addition, a previous study reported relevant boundary conditions for Vc and Va [22].

Current density, J, is a function of the cathode and anode voltages, and the functional
relationship between the current density and voltage depends on the polarization prop-
erties of the electrodes. This study adopted the polarization characteristics proposed by
Tiedemann and Newman [25] and Newman and Tiedemann [26], as follows:

J f aradaic = Y(Vc −Va −U) (3)

where Y and U are the fitting parameters as functions of the DOD, as shown in Gu [27],
and their electrochemical meanings have been described in the previous studies [28,29].
The detailed procedure for deriving Y and U from the experimental data and the functional
relationship between Y and U according to DOD are described in Section 4.

By excluding the modeling procedure to calculate the voltage distribution of the
transport phenomena of ionic species and electrolyte phase, the model reduces the compu-
tational burden significantly while maintaining its validity [22–24,28–35]. In the simplified
model, the DOD according to the time during discharge can be calculated by integrating J
with respect to time as follows:

DOD = DODi +

∫ t
0 Jdτ

Q0
(4)

Figure 2 shows a schematic of an LIB module in which two LIB cells are connected in
parallel to form a single strand and 14 strands are connected in series. The negative and
positive terminals of the module composed of copper busbars were connected to the 1st and
14th strands, respectively. Each cell was connected in series and parallel with aluminum
bus bars through laser welding to minimize the electrical contact resistance, while the
7th and 8th strands were connected with copper busbars. The LIB module in Figure 2
measures the total terminal voltage and voltage at each strand terminals through a sensor.
The electrical resistance, including the busbar, BMS sensor, and contact resistance with the
terminal, is negligible because of the good welding conditions and very small compared
to the resistance of the LIB cell [36]. As the measurement data that can be obtained from
the experiment are the terminal voltage of the module and the voltage of 14 strands, we
proceeded with the above modeling procedure by considering the strand in which two
cells are connected in parallel as a single battery model. The key parameters of the above-
mentioned modeling for calculating the voltage deviation of the battery strands are Qn
and Yn. Qn is the capacity of the nth LIB strand, and Yn correspnds to the reciprocal of the
internal resistance of the LIB [29]. As Yn is a function of the DOD, Equation (5) is introduced
to efficiently calculate the distribution of Yn by multiplying Yref with a proportionality
constant, βn.

Yn = Yre f βn (5)
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To reflect the deviation of Qn and Yn from the discharge behavior of the reference LIB
strand, the DOD of each LIB strand was modified with Qn and was calculated as follows:

DODn = DODn,i +

∫ t
0 Jdτ

Qn
(6)

The PSO algorithm was used to calculate the distribution of strand capacity and inter-
nal resistance. PSO is a widely used metaheuristic optimization method that determines an
optimal solution by moving particles, a solution candidate group, according to a mathemat-
ical formula to solve the problem [20]. The PSO algorithm has fewer hyperparameters than
other optimization techniques, and has the advantages of concise theory, efficient operation,
and stable convergence [21]. To determine Qn and βn using the PSO algorithm, Vmodel
according to a constant current was calculated by assigning Qn and βn into the battery
strand model as inputs. Equation (7) was used as the fitness function to minimize the sum
of errors compared with the experimental Vexp.

f itness f unction =
∫ t

0

√(
Vexp −Vmodel

)2dτ (7)

3. Experimental Section

The energy of the LIB cell composed of the NMC cathode and graphite anode was
232 Wh, and the nominal capacity was 63 Ah. The positive and negative tabs of the LIB cells
were positioned in both directions. The energy of the two parallel and 14 series-connected
LIB modules is 6.5 kWh, and the nominal capacity is 126 Ah. The LIB module was stacked
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with an aluminum case of dimensions 445 × 110 × 620 mm3. In Figure 2, the negative tab
of the 1st strand is connected to the negative terminal of the module. The positive tab of
the 14th strand is connected to the positive terminal of the module. LIB module tests were
conducted in a chamber maintained at 25 ◦C. The LIB module was charged with a current
of 0.2 C and discharged at three different C rates of 0.2 C, 0.5 C, and 1 C with a rest of 1 h in
the same experimental condition as the cell test. The discharge termination voltage of the
LIB cell was 42 V. During the experiment, the voltage sensor measured the terminal voltage
of the module and those of the 14 strands.

4. Results and Discussion
4.1. Model Validation for LIB Strand

As one of the experimental data that can be obtained from the discharge test of the LIB
module is the voltage of a strand, the LIB strand was modeled as a single-battery model
by neglecting the electrical resistance for parallel connection in this work. The nominal
capacity of the LIB strand was 126 Ah, because the two LIB cells were connected in parallel.
Figure 3 shows the discharge voltage according to three different C rates in the range of
0.2 C to 1 C of the 1st strand. The discharge curves in Figure 3 show the nonlinear behaviors,
because the electrical resistance of battery cell is not constant during the discharge with
constant current as shown by combinatorial atomistic-to-AI simulation on supercapacitors
validated by experimental data [37]. In this work, the internal resistance change of LIB cell
during discharge was accounted through the functional dependence of model parameter
Y on DOD, because Y can be regarded as the reciprocal of the internal resistance of the
LIB [28,29]. The dependence of Y on the environmental temperature was reported in
the previous work [28]. Figure 4 illustrates the linear relationship between the LIB strand
voltage and current density during discharge obtained from the experimental results shown
in Figure 3. The well-fitted results in Figure 4 justify the linear relationship between the
current density and LIB strand voltage of Equation (3). As the vertical intercept and slope
of the linear function change according to the DOD level, U and Y can be expressed as
functions of DOD. Unlike the previous works [22–24,28] in which U and Y were expressed
as the polynomial functions of DOD, U and Y were determined through an interpolation
with a 2 × 101 matrix whose elements are the values U and Y at a certain DOD between 0
and 1 with an increment of 0.01 given in Figure 5a,b. U can be considered as the equilibrium
voltage and Y as the reciprocal of the internal resistance of the LIB [28,29].
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To verify the modeling methodology for the LIB strand, 0.2 C, 0.5 C, and 1 C discharge
behaviors of the LIB strand were calculated using U and Y in Figure 5a,b. The experimental
discharge voltage curves of the 1st LIB strand at 0.2, 0.5, and 1 C were compared with
the modeling results, as shown in Figure 6. The comparison of the modeling results and
experiments showed good agreement.
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Figure 6. Comparison of discharge voltage behavior of modeling and experimental data at 0.2 C, 0.5
C, and 1 C of LIB strand.

4.2. Model Validation for LIB Module

It was found that the variation of Un due to the change of the strand number, n, was
negligible, if Un is calculated as a function of DODn instead of DOD. Because the variation
of Yn was noticeable as the change of the strand number unlike Un, the value of Yn which
is expressed in terms of βn should be determined through the PSO algorithm along with
Qn. By using Equation (7) as the fitness function of the PSO algorithm, the Qn and βn
that can render the best fit of the 0.2 C, 0.5 C, and 1 C voltage behaviors calculated from
the modeling to the experimental data were obtained. Each LIB strand discharge voltage
behavior was predicted by using the calculated Qn and βn values and it was compared
with the experimental results. The modeling results are summarized in Table 1 in terms of
the RMSE values at different C-rates of the LIB strand and it was calculated by using the
following formula:

RMSE =

√√√√ T

∑
i=1

(
Vexp −Vmodel

)2

T
(8)

where T represents all sampling times in which the LIB strand was discharged with the
discharge rates of 0.2 C, 0.5 C, and 1 C.

The results in Table 1 indicate that the model presented herein can accurately simulate
the voltage behavior of the battery strand with an accuracy of 4 mV or less. The deviation
in the capacity and internal resistance of the LIB cell is caused by the inconsistency in the
electrochemical characteristics of the LIB cell that occurs during the process of material
synthesis and cell manufacturing. Figure 7a–c show the capacity distributions at 0.2 C,
0.5 C, and 1 C. If we define the uniformity index (UI) of discharge capacity distribution as
the difference between the maximum and minimum discharge capacities divided by the
average value of discharge capacity, the UIs of 0.2, 0.5, and 1 C shown in Figure 7a–c are
0.006, 0.007, and 0.007, respectively. Although UI increases slightly with higher C rate, the
values of UI at different C rates are very small and we may regard that the nonuniformity
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of the discharge capacity distribution is not significant. Figure 8 shows the distribution of
βn, which is a parameter related to the internal resistance of each LIB cell in the strand [29].

Table 1. RMSE of the modeling results and experimental data of discharge voltages of LIB strands at
0.2 C, 0.5 C, and 1 C.

Strand Number
RMSE (mV)

0.2 C 0.5 C 1 C

1 2.069 3.674 1.964
2 2.804 3.846 2.249
3 2.821 3.235 3.202
4 2.794 3.443 2.591
5 2.804 3.167 2.937
6 2.267 3.288 3.581
7 2.750 3.829 2.542
8 2.534 4.193 2.591
9 2.461 3.607 2.666
10 2.767 3.678 2.335
11 2.306 3.307 3.561
12 2.875 3.526 2.812
13 2.803 3.725 1.958
14 2.283 3.420 2.785
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Based on the modeling methodology mentioned above, the discharge behaviors of the
LIB module consisted of 14 strands connected in series were predicted. Figure 9 shows the
comparison of the discharge voltage variations of the LIB module with time from modeling
and those from experiment at the discharge rates of 0.2 C, 0.5 C, and 1 C. The voltage
comparison results of the module were good; thus, the methodology presented in this
paper may be justified.

4.3. Modeling of LIB Module Performance

When discharging in the LIB module, the termination voltage is terminated at 42 V and
the cell termination voltage becomes 3.0 V considering the connection of 2P 14S. However,
each cell maintains a different voltage level, and there are early discharge termination and
overdischarge cells if we regard 3.0 V as the termination voltage. The module efficiency
can be reduced in case of an early discharge. In the case of overdischarge, aging may be
accelerated and cause serious safety problems. Therefore, predicting the end of voltage
is important during the discharge of each cell. Figure 10 compares the end of voltage for
each strand at 0.2, 0.5, and 1 C from the experimental with modeling results. The blue
bars represent early discharge termination, where the termination voltage of the strand has
not reached 3.0 V, and the red bars represent overdischarge, where the strand voltage has
dropped below 3.0 V. The experimental results indicated by the black dots show a good fit
with the modeling results.
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The voltage difference between the strands can be calculated based on the verified
model, which accurately simulates the strand voltage in the LIB module. Figure 11 shows
the difference between the maximum and minimum voltages measured by the sensor
over time when discharging at 0.2, 0.5, and 1 C. The difference between the maximum
and minimum voltages is defined as the voltage imbalance and it is compared with the
modeling. Figure 11 shows that the voltage imbalance increases as the discharge current
rate increases, and particularly at the end of the discharge, it rises very steeply. The
comparison results of the model and experiment are in good agreement, indicating that
the proposed modeling methodology is suitable for calculating the voltage deviation in
the module.
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Figure 11. Comparison of modeling and experimental results of the difference between the maximum
and minimum voltages between LIB strands according to DOD. The solid lines denote modeling
results and symbols are the experimental data.

As proper cell balancing is not performed after charging, an initial DOD deviation
occurs. The DOD range used by each strand during discharging is different. Figure 12a–c
show the DOD range area from the initial DOD to the final DOD when discharging at 0.2 C,
0.5 C, and 1 C, respectively. The point at 3.0 V is indicated by a red dashed line. The initial
DOD of each strand was obtained by interpolation into the OCV table, and the DOD use
for each strand was calculated using Equation (6). In Figure 12a, when some strands fall
below 3.0 V at 0.2 C discharge, an overdischarge occurs and DOD value exceeds 1.0. The
rest of the strands are assessed as early termination discharge. In Figure 12b,c, the strand
below the red dashed line is the early discharge termination, and the strand above the red
dashed line is the overdischarge.

Variations in the voltage and DOD used in the LIB module are unavoidable owing
to differences in the physical properties of the electrode materials and cell manufacturing
process. Early discharge termination owing to these deviations reduces the efficiency of
the LIB module. If overdischarge accumulates continuously, it can accelerate individual
aging and cause serious damage to the battery system. Therefore, it is possible to accurately
analyze and parametrize the cell deviation within the LIB module to calculate the difference
by using the modeling methodology proposed in this study. Although the modeling
approach was verified with data of only the discharge behavior, the deviation between the
battery cells in a module or pack can be calculated in real time under various operating
conditions using the modeling methodology presented herein. The modeling approach
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will be a good strategy for cell balancing and improving the energy efficiency in large-scale
energy storage applications.
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5. Conclusions

We developed a mathematical model to accurately calculate the effect of cell variation
during discharge in an LIB module. A simplified model that can simulate the behavior of
an LIB strand, eliminating the computational burden, was applied. The discharge-voltage
behavior of the LIB strand is modeled based on Ohm’s law and charge conservation law
using the simplified polarization characteristics of the electrode. Based on the modeling
methodology validated on a single LIB strand, the capacity and internal resistance distri-
butions of the 14 strands were calculated using the PSO algorithm. The calculation result
was compared with each strand voltage measured by the sensor in the module and the
calculation accuracy was expressed with RMSE. The modeling methodology in this study
simulated the voltage behavior of a module composed of 2P 14S and showed an excellent
agreement with the experimental data. Based on the verified modeling method, the voltage
difference between the strands, discharge termination voltage, and DOD use distribution
were modeled during discharge in the LIB module.
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Nomenclature

Symbol Description Units
DOD Depth of discharge
DODi DOD at t = 0
DODn DOD of nth LIB strand
J Current density between the electrodes A cm−2

n LIB strand number
Q0 Nominal capacity per unit area Ah cm−2

Qn Q of LIB cell in nth LIB strand Ah cm−2

rc Resistance of cathode Ω
ra Resistance of anode Ω
t Time s
U Polarization characteristic of the electrodes, intercept of the voltage-current curve V
Vc Voltage of cathode V
Va Voltage of anode V
Vexp Experiment voltage V
Vmodel Modeling voltage V
Y Polarization characteristic of the electrodes, inverse of the slope of the voltage-current curve S cm−2

Yn Y of nth LIB strand S cm−2

Yref Y of reference LIB strand S cm−2

βn Proportionality constant of internal resistance of nth strand
Ωa Computational domain of anode
Ωc Computational domain of cathode
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