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Abstract: Permanent magnet synchronous machines (PMSMs) with an overhang structure can
increase power density by compensating for the increased magnetic energy of permanent magnets.
To analyze the overhang structure, a three-dimensional (3D) analysis of PMSMs is essential. However,
3D analysis takes a long time and the modeling process is complicated in the initial design stage. To
overcome these problems, a magnetic equivalent circuit technique is applied to the 2D model. In this
paper, an optimal design method for PMSMs with an overhang structure is proposed based on the
semi 3D magnetic equivalent circuit (MEC) and random walk method. By using semi 3D MEC, it is
possible to quickly analyze PMSM and obtain accurate electromagnetic analysis results considering
the overhang effect. Moreover, the volume and weight of PMSM can be minimized by optimizing the
rotor’s four design parameters using a random walk algorithm. To obtain high efficiency, the objective
function is selected so that copper loss is minimized under the same constraints. The validity of the
proposed design technique is verified by comparing the analysis results of semi 3D MEC and 3D
finite element method for the derived optimal model.

Keywords: optimization techniques; semi 3D magnetic equivalent circuit; design method; overhang
structure; random walk algorithms; permanent magnet synchronous motor

1. Introduction

Permanent magnet synchronous motors (PMSMs) with high energy density can im-
prove system performance with high efficiency and high power density. To compensate for
leakage flux such as the fringing effect and achieve high power density, an overhang design
technique in which the rotor is designed to be relatively thicker than the thickness of the
stator that is applied to PMSM. The three-dimensional (3D) finite element method (FEM) is
essential to analyze the overhang structure. The 3D FEM has reliable analysis results but
requires a lot of analysis time. Therefore, in the initial design and optimal design of PMSM
with numerous design variables, analysis using FEM is time-consuming and insufficient to
obtain insight between design variables and performance.

To efficiently design PMSM to solve these problems, it is necessary to study accurate
and fast analysis techniques. Various studies on the electromagnetic analysis of PMSM
with an overhang structure have been conducted [1–3].

Two methods are mainly applied to the electromagnetic analysis of the overhang
structure: 3D FEM and magnetic equivalent circuit (MEC). Although the MEC is less
accurate than the 3D FEM, it can obtain numerous results over a short period through fast
analysis. With these advantages, electromagnetic analysis can be quickly performed in the
initial design process.
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In this paper, based on the proposed analysis method, the optimal design of PMSM
using semi 3D MEC and random walk algorithms (RWA’s) was performed. Using the semi
3D MEC, the analysis time of electromagnetic characteristics considering the overhang
structure was reduced. The validity of the semi 3D MEC method was verified by comparing
analysis results with those of the 3D FEM.

Furthermore, an optimal design for improving the power density of PMSM by apply-
ing RWA was achieved. The optimal design proposed in this paper minimizes the weight
and volume while maintaining the same electromagnetic performance.

2. Magnetic Equivalent Circuit Model of PMSM
2.1. Simplification of MEC

The initial model for the optimization design and MEC are shown in Figure 1a,b.
As shown in Figure 2b, the electromagnetic analysis was performed using the slotless
model. In the MEC shown in the same figure, Rg, Rm, Rs, Rr, Rls, and Φr are the air gap
reluctance, reluctance by the permanent magnet, reluctance of rotor, stator yoke, leakage
flux of permanent magnet, and flux of permanent magnet, respectively. Equations (1) and
(2) are used to calculate Rg and Rm, respectively. Moreover, g′, µ0, Ag, Tm, and µr denote
the effective air gap length, the permeability of vacuum, the axial cross-sectional area of the
air gap, the thickness of the permanent magnet, and relative permeability, respectively.
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Figure 1. Structures of PMSM: (a) 3D FEM and (b) magnetic equivalent circuit considering only half
of each pole.

The process of simplifying the MEC of the slotless model is shown in Figure 2. In
Figure 1b, the air gap reluctance is simplified through the sum of the series circuit. The
result is Figure 2a. In Figure 2a, the magnetoresistance between two permanent magnets
can predict the leakage coefficient through the proportional expression of magnetic flux.
Therefore, the MEC can be simplified as shown in Figure 2b. Furthermore, Figure 2c shows
the simplified MEC with the reluctance coefficient of the iron core applied. kr means the
reluctance coefficient of the iron core [4].

Rg =
g′

µ · Ag
(1)

Rm =
Tm

µ0 · µr · Ag
(2)

4 · Rg + Rs + Rr = 4 · kr · Rg (3)
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Figure 2. Simplification of MEC model: (a) sum of air gap reluctance; (b) MEC with leakage factor
applied; (c) MEC with iron core’s reluctance factor applied.

2.2. Slotting Effect Using Carter’s Coefficient

In this study, the Carter coefficient kc is used to consider the slot effect of the slotless
model. The Carter coefficient can be calculated by substituting γ and τt in Equation (6). In
Equation (4), γ is obtained by substituting the Bs0 with the width of the slot opening. g′

denotes the air gap length of the slotless model [5]. In Equation (5), Dsi and Ns are the inner
radius and number of slots of the stator, respectively. τt can be calculated. In Equation (7),
the effective air gap length can be obtained using the Carter coefficient. Therefore, the slot
effect can be analyzed in the slotless model [6].

γ =
4
π

 Bs0

2 · g′ tan−1
(

Bs0

2 · g′

)
− ln

√
1 +

(
Bs0

2 · g′

)2
 (4)

τt = 2 · π · Dsi/Ns (5)

kc = τt/(τt − γ · g′) (6)

ge f f = kc · g′ (7)

The list in Table 1 compares the air gap magnetic flux density of MEC (to which the
Carter coefficient is applied) and FEM analysis results. The error rates of maximum values
were confirmed to be approximately 1% and 1.6%. The analysis result of the magnetic
flux density applying the Carter coefficient to the slotless model has similar results to the
analysis result of the model with the slotted stator.

Table 1. Air gap magnetic flux density analysis result.

Slot Model FEM MEC Error

Br 1.407 [T]

1.392 [T]

1 [%]

Slotless Model FEM Error

Br 1.415 [T] 1.6 [%]

2.3. D MEC Considering Overhang Structure

Figure 3a compensates for the magnetic energy by converting the operating point of
the permanent magnet. Figure 3b shows the structure of the permanent magnet overhang.
The permanent magnet overhang structure is used to increase the power density of the
PMSM. As the overhang increases, the operating point must be converted to compensate
for the magnetic energy.
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Figure 3. Operating point conversion through magnetic energy compensation of PMSM with over-
hang structure: (a) operating point of permanent magnet with overhang structure, (b) PMSM model
with overhang structure.

In this study, the overhang length was set to 5 mm, which does not significantly affect
the shape of the motor. The left side of Equation (8) is the magnetic energy of the 3D
overhang, and the right side is the magnetic energy of the two-dimensional (2D) permanent
magnet. In the equation, Bm_3D, Hm_3D, and V_3D mean the magnetic flux density, magnetic
field strength, and permanent magnet volume of the 3D overhang. Bm_2D, Hm_2D, and
V_2D represent the magnetic flux density, magnetic field strength, and permanent magnet
volume of the two-dimensional (2D) permanent magnet. In Equation (9), PC represents the
permeance coefficient. To compensate for the magnetic energy according to the overhang
structure, the magnetic flux density and magnetic field strength of the 2D permanent
magnet are increased. With the former, a 3D permanent magnet with an overhang can be
made equivalent to a 2D permanent magnet, as shown in Equation (10) [7,8].

1
2
· Bm_3D · Hm_3D ·V3D =

1
2
· Bm_2D · Hm_2D ·V2D (8)

Bm_2D =

√
−µ0 · PC ·

(
V3D
V2D

)
· Bm_3D · Hm_3D, Hm_2D =

−Bm_2D
(µ0 · PC)

(9)

Br_2D = Bm_2D − µr · µ0 · Hm_2D (10)

Table 2 summarizes the conversion results of the operating point of the permanent
magnet. The left and right sides of the table list the operating points of the 3D permanent
magnet with overhang and the 2D equivalent permanent magnet, respectively [9,10].

Table 2. Overhang PM magnetic field energy compensation.

3D Overhang Model 2D Equivalent Model Unit

Br_3D 1.2 Br_2D 1.267 [T]
Hc_2D −954,984 Hc_2D −1,008,724 [A/m]
Bm_3D 1.13T Bm_2D 1.19T [T]
Hm_3D −54,576 Hm_2D −57,648 [A/m]

2.4. Electromagnetic Analysis Based on MEC

The semi 3D MEC is an electromagnetic analysis using the air gap magnetic field
characteristics of PMSM with overhang. Using the reluctance and remanence magnetic flux
density obtained from Equations (1)–(3) and (10), the air gap flux density of PMSM with
overhang can be calculated. In Equations (11) and (12), φr and φm are the remanence mag-
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netic flux of the permanent magnet with overhang and the amount of half-pole magnetic
flux, respectively. The axial cross-sectional area of the permanent magnet with overhang
is denoted by Am. In Equation (12), kr is the reluctance coefficient. In Equation (13), φg
and kls represent the air-gap flux per pole of the permanent magnet with overhang and the
leakage coefficient between two poles, respectively. Moreover, by doubling the magnetic
flux magnitude of the overhang half-pole in Equation (13), the magnetic flux magnitude of
φg can be regarded as the air-gap flux per pole [11].

φr = Br_2D · Am (11)

φm =
φr/2

1 + kr ·
(

Rg/Rm
) (12)

φg = kls · 2φm (13)

By substituting φg obtained in Equation (13) into the identity equation of the magnetic
flux density, the air gap magnetic flux density Bg of the overhang can be derived using
Equation (14).

Bg = φg/Ag (14)

To derive the maximum value of flux linkage in one phase, the position of the per-
manent magnet must coincide with the teeth of the stator. For this reason, the integral
range in Equation (15) is selected as the coil pitch angle of one phase; θcoil_pitch denotes the
coil pitch. In Equation (15), Nph is the number of equivalent series turns; L is the stack; q
is the number of pole pairs; Bn is the air-gap flux density of the nth harmonic; ωm is the
mechanical angular velocity; and t is the period.

According to Equation (16), the back electromotive force (back EMF) can be calculated
as the amount of change in flux linkage according to the period [12].

λPh =

(
Nph ·

Dsi
q
· L
)
· Bn

θCoil_pitch_start∫
θCoil_pitch_end

cos(q(θ −ωm · t)) (15)

EPh = Nph ·
dφ

dt
(16)

The analysis results of semi 3D MEC and FEM about the back EMF and flux linkage
waveforms of PMSM with overhang are compared in Figure 4a,b. The back EMF and flux
linkage waveform waveforms according to revolutions per minute (RPM) are shown in
Figure 4a,b. The error rate was confirmed to be approximately 6%.
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3. Optimal Design of PMSM Using RWA
3.1. Random Walk Algorithm’s Method

Figure 5a shows the iteration process of RWA. The RWA is a technique for finding the
minimum value of a nonlinear function, using a random number. The mechanism of RWA
for finding the minimum value is as Equation (17); it proceeds as follows. Move object
variable Zn to Zn+1 by the size of the Walk in the direction of the random number. Substitute
Zn+1 into the Object function, and repeat the previous step using the current value if it is
less than the previous value. After repeating these steps n times, the search range of the
Walk is reduced by a certain percentage. Eventually, the global minimum will be reached.
Furthermore, if it exceeds the set number of repetitions n, the RWA is terminated, and the
current minimum value is considered as the minimum value of the Object function.

Zn+1 = Zn + Random ·Walk (17)

• Zn: variable value
• Walk: search range
• Radom: A random number between −1 and 1
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3.2. Optimal Design Application of PMSM

In this study, a concentrated winding type PMSM is used. The methods for minimizing
the weight and volume of PMSM include magnetic field separation, electric field separation,
and D and L separation. However, using all of them is difficult.

Therefore, for the optimal design of PMSM, a method for designing the shape of the
stator using a magnetic field according to the shape of the rotor was applied. The rotor
design parameters used in the optimal design are shown in Figure 5b, where Dsi, em, Tm,
and L denote the rotor outer diameter, pole arc ratio, permanent magnet thickness, and
stack length, respectively [13].

An optimal design flowchart applying RWA and semi 3D MEC is shown in Figure 6.
First, the phase voltage limit value is obtained using Equation (18) with the input voltage
based on the design specification. In this equation, Vdc and ie are the input voltage and
inverter efficiency, respectively.
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The space vector pulse width modulation (SVPWM) was used as the modulation
method of the voltage supplied from the inverter. Moreover, the phase voltage satisfies the
voltage equation when operating at a value less than 85% of the input voltage. A phase
voltage limit of 85% was selected for this study [14].

Elimit =
Vdc√

3
· ie · 0.85% (18)

Using the magnetic flux density of the 2D equivalent model presented in the previous
section, the maximum value of magnetic flux per pole and flux linkage can be calculated.
The number of turns not exceeding the phase voltage limit can be calculated according
to Equation (19). By calculating the phase current Arms value using the number of turns
obtained by Equation (19), the area per conductor and copper loss can be derived according
to Equations (20) and (21), respectively.

turn =
Elimit

Fpeak ·We
(19)

If the area per conductor can be obtained, the required slot area can be derived. In
Equation (20), Cz, Cslot_area, j, Rph, and Layer denote the area per conductor, slot area,
maximum current density, phase resistance, and number of layers, respectively. The layer
value of PMSM using concentrated winding is 2 [15].

Cz =
Arms

j
, Cslot_area = Layer · turn · Cz (20)

CopperLoss = 3 · Arms
2 · Rph (21)
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To calculate the shape of the stator, the tooth width tw can be obtained according to
the tooth saturation limit value Btm of the stator in Equation (22). In general, the saturation
limit of electrical steel is 1.6~1.7 T. Considering the armature reaction, the saturation limit
of the stator teeth was selected as 1.5 T. In Equation (22), Fgap, Nsm, L, and lf represent the
air gap flux of one pole, number of slots per pole, stack length, and fill factor.

The rotor and stator core saturation limits are defined as a ratio formula to the stator
tooth saturation limits. By substituting the ratio formula for the saturation of the stator
teeth into Equations (23) and (24), the thickness of the stator teeth and the length of the
rotor and stator core can be calculated. tstw is the thickness of the stator teeth, and tsc, trc
are the lengths of the rotor and stator core [16].

tstw =
Fgap

Nsm · Btm · L · l f
(22)

tsc =
1
2
· Btm

Bsc
· tw · Nsm (23)

trc =
1
2
· Btm

Brc
· tw · Nsm (24)

3.3. PMSM Optimal Design Results

Table 3 summarizes the design specifications of the initial and optimal models. The
shapes of the initial and optimal models are shown in Figure 7a,b. Six successful results
from approximately 4000 optimal design iterations in the initial model are shown Figure 8.
The volume and weight are reduced to approximately 900 mm3 and 7.56 kg, as shown in
Figure 8a,b.

Table 3. Comparison of design specifications of the initial model and the optimized model.

Parameter Initial Model Optimal Model Unit

Stator outer/inner dia. 319.4/197 369.2/249.4 (mm)
Rotor outer/inner dia. 196/135.8 248.4/184.4 (mm)

Air gap 2 2 (mm)
Pole/Slot 32/27 32/27 −

PM thickness 8 8 (mm)
PM ratio 0.9 0.73 (%)

Stator/rotor stack 120/130 86.4/96.4 (mm)
Weight 62.15 54.59 (kg)
Volume 7900 7000 (m3)

Efficiency 93 93 (%)
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In the list in Table 3, the optimal model shows that despite the volume and weight
reductions, the efficiency is maintained at 93%. Furthermore, Table 4 compares the analysis
time and CPU utilization between commercial software and the proposed design method.
The finite element method-based commercial software consumes more than 80% utilization
at a CPU clock of 3.7 Ghz, and the analysis time takes about 133 h. On the other hand, the
proposed optimal design method consumes about 45 to 60% utilization at a CPU clock
of 3.7 Ghz, and the analysis time takes about 10 h. This shows that CPU utilization and
analysis time are reduced very efficiently [17,18].

Table 4. Comparison of CPU utilization and analysis time.

Parameter FEM MEC Unit

CPU utilization (Clock: 3.7 GHz) 80–90 45–60 (%)
Analysis time (Count: 4000) 133 10 (hour)

4. Conclusions

In this study, an optimal design method using semi 3D MEC and RWS was presented
to improve the power density of SPMSM with an overhang structure. Using semi 3D
MEC, analysis results of 3D models with overhang structures were obtained quickly and
accurately. To secure the validity of the proposed semi 3D MEC, the FEM analysis results
of the 3D model with overhang structure are compared with the analysis results of semi 3D
MEC. The analysis results showed good agreement.

In addition, the optimal design was performed by setting the objective function for
power density improvement using RWA. Through this, the power density was improved by
reducing the volume by about 11.39% and the weight by about 12.16% in the same efficiency
performance. Therefore, the analysis method and optimal design process proposed in this
study can be widely used through rapid analysis and design in the initial and optimal
design. In particular, it can be useful for an optimal design that requires a lot.
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