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Abstract: The paper presents several theories related to definitions of powers and power factors in
non-sinusoidal and non-symmetrical regimes. The theories must meet some requirements: (a) to
facilitate the measuring of power quantities by using acquired electrical waveforms; (b) to support
the correct quantification of powers and power factors for a fair charge; (c) to support solutions for
efficient compensation of non-sinusoidal and non-symmetrical regimes, simultaneous with the power
factor compensation along the fundamental harmonic. Only theories meeting the above-mentioned
requirements are approached. Aspects specific to power definitions are discussed and commented.
Three theories rely on the Fourier decomposition of non-sinusoidal waveforms, valid only for steady
signals, whilst the fourth relies on the Discrete Wavelet Transform (DWT) and can also be applied to
unsteady signals. Dedicated original data acquisition systems were used to acquire experimental
data for three case studies. Data were analysed with original software tools, based on the Fast Fourier
Transform and Discrete Wavelet Transform, implementing the approached theories. Comparisons
between results yielded for analogue quantities proved that the approached theories satisfy the
requirements for which they were created, except for the fourth theory, which can be used only for
compensation purposes.

Keywords: powers theories; power factor; active; reactive; distorting; apparent and non-active
powers; dedicated data acquisition systems; Fast Fourier Transform; Discrete Wavelet Transform

1. Introduction

In 1927, the Romanian Academician Constantin Budeanu published the book “Puis-
sances reactives et fictives”, providing the first evaluation of powers in a mono-phase
system. He noticed the need for defining an additional power (distorting power) apart
from the traditional active, reactive and apparent powers. This new power, along with the
active and reactive powers, was intended to provide a correct power balance [1]. For this
aim, he used decompositions in the Fourier series of the non-sinusoidal periodic quantities
and defined the power balance through an analogy with the sinusoidal regime by using the
squares of the quantities. The power electronics and power systems did not have present
popularity at that time and, therefore, C. Budeanu addressed only the mono-phase systems.
In the same period, other formulations addressing powers in mono-phase systems were
issued, mainly in Europe (Romanian, Polish, Italian, German). They had particular points
of view and developed different concepts.

Later, with the development of energy systems and the need to find a balance between
production and consumption from a technical point of view, but also for the needs of measure-
ment and taxation, several theories were developed for three-phase systems. Each proposed
the separation of powers into components considering various points of view [2–6]. But each
of them must meet certain requirements in order to be accepted as theories of power for
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three-phase systems. First of all, such a theory must offer the possibility of measuring the
power components for three-phase situations. Second, it must provide effective real-time
compensation solutions. Thirdly, it must offer the possibility to analyse the proposed
solutions after compensation, both from a technical point of view and from a financial
point of view—related to the return of the investment (ROI) addressed to those who take
compensation actions.

Initially, all the developed theories were based on the Fourier series decompositions
of non-sinusoidal periodic waveforms of currents and voltages for steady signals.

Over time, due to the theoretical development toward the infinity of harmonic or-
ders, it was necessary to limit them to allow the calculation of power components and
power/energy quality indices.

Therefore, standards were issued. They limited the harmonic components, settling
decomposition into a number of harmonics up to the 40th order according to European
standards (e.g., EN 50160 [7]) or up to the harmonic ordinal 50—according to IEEE standards
(e.g., IEEE Standard 519—2010 [8]).

The proposed limits had to consider particular technical and computational aspects.
For example, industrial data acquisition systems used to acquire data for waveforms from
three-phase systems simultaneously can offer a sampling rate lower than that used for
mono-phase quantities. This represents a limitation for the maximum harmonic order,
which can be computed (e.g., electromagnetic interferences cannot be estimated) and this
can result in unacceptable computational errors. On the other hand, commercial software
tools do not always use and usually cannot suggest the correct number of points to be
used for discretization, such as to get the necessary accuracy of yielded results in different
operational contexts.

Some theories rely only on the decomposition of three-phase currents into components
defined by authors (e.g., “Currents’ Physical Components (CPC) power theory” [9,10]).
They do not provide an exhaustive image of the power quantities, mainly on the consumer’s
side, where both voltages and currents have non-sinusoidal waveforms.

Such definitions can only be useful to power suppliers for medium or high voltage
levels, where the voltages are almost sinusoidal.

Actually, such operational contexts are speculated by the power suppliers with respect
to power definitions. They measure the powers/energies of consumers in test points with
medium/high voltages and charge the consumers according to the measurement results.
Moreover, the power suppliers include in the power price the losses from their transformers
used to supply power to consumers (CT) by measurements conducted in test points with
medium or high voltage, placed in front of the primary winding of the CTs. As long as
the secondary winding of such CT can be used to supply more consumers, this scenario
can also involve an unresolved legal issue, which can be used as an advantage by power
suppliers.

Considering the above, one can say that the definitions of the powers in three-phase
systems should consider both voltages and currents as being quantities with non-sinusoidal
variations to provide usefulness for the given definitions and offer solutions to the previ-
ously detected problems.

Certain theories can act in a limited number of directions (e.g., for the load
compensation while being unable to provide relevant solutions for measurement and
charging [11–13]).

Problems related to the non-symmetrical regimes should be considered along with
those related to non-sinusoidal regimes. Such regimes can be caused either by non-
symmetries in the supplying voltages or by the unbalance of consumer(s). In the first
case, the solution may be solved at the supplying sources and consists of voltages sym-
metrisation. For the second case, usually, one has to make schematics to balance the
consumers (e.g., the Steinmetz Connection). The presence of nonlinear loads can also lead
to a combination of non-symmetrical and non-sinusoidal regimes. As a consequence, in
such situations, many conclusions related to powers should take into account decompo-
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sitions of periodic quantities by using the Fourier series while providing the ability to
separate the voltage/current components into harmonic components that follow certain
sequences (+, −, or 0).

This paper presents some of these theories, along with the authors’ points of view.
Three of them rely on Fourier decompositions and can be applied only at (quasi)steady
waveforms, whilst the fourth relies on the Discrete Wavelet Transform (DWT) which is
applicable without such restrictions.

Recent progress in data acquisition systems and dedicated software tools made pos-
sible the re-evaluation of certain theories, opening the road for a unitary approach with
regard to the possibilities of measurement, charging and compensation and maybe future
joint utilization with other theories.

A fourth theory addresses the possibility of performing compensation measures
in (quasi)steady regimes based on active or hybrid filtering. However, considering its
theoretical aspects, it allows relevant alternatives neither for the measuring of the entire
spectrum of powers nor for solutions of correct charging.

Some examples of theories applied in cases of significantly distorted regimes are
provided to justify the use of a certain theory, along with comments.

2. Theories of Powers in Three-Phase Systems Operating in Non-Sinusoidal and
Non-Symmetrical Regimes

Several theories which try to define different categories of powers are non-sinusoidal
and non-symmetrical operating regimes of three-phase circuits/networks were conceived
along time. Four of them are addressed in this paper. Three of them rely on the decom-
position of non-sinusoidal voltages and current waveforms with the Fourier transform.
According to different standards for quality of energy/power, the number of harmonic or-
ders used during decomposition can be different: 40—according to the standard EN 50160
or 50—according to the standard IEEE 519—2010. On the other hand, it is the particular
topology of the decomposition tree used by DWT that imposes the maximum harmonic
order (e.g., it is 256 for a root node hosting 512 components and seven levels, using a
wavelet mother of type Daubechies with a filter of length 28).

2.1. The Theory Relying on Powers Decomposition into Active, Reactive, Distorting, and Apparent
Components

Based on this theory, the decomposition of voltages and currents waveforms is made
using the Fourier transform, according to the model of Constantin Budeanu [1], who deals
only with single-phase quantities.

Other Romanian scientific publications issued mainly in the eight decades of the last
century [14,15] provided a generalization of this model to three-phase cases. Due to the
cumbersome formulas, it was difficult to implement this decomposition model without
modern computers. It is worth mentioning that if the basic functions (voltages, currents)
have linear forms, the (re)active and distorting powers are built as bilinear forms making
use of tensorial calculus. This is correct from both mathematic and technical points of view.
Below, one presents such relations for powers calculations in three-phase systems, along
with author comments. This theory is named the Antoniu–Gafencu theory.

2.1.1. Relations Used for the Definitions of Active, Reactive and Distorting Powers in a
Balanced Three-Phase System Operating in a Distorting Regime

As mentioned above, the tensorial calculus can be used to determine the definition
relations for (re)active and distorting power at three-phase systems which operate in
(non)symmetric distorting regimes. One has to consider the instantaneous values of the
periodic, non-sinusoidal three-phase voltages u1(t), u2(t), and u3(t) that are applied to a
balanced receiver that absorbs the currents i1(t), i2(t), i3(t).
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One denotes by Uk—the RMS value of the k-th harmonic component of voltage and by
γk its initial phase-shift. Then the direct symmetrical three-phase system of non-sinusoidal
voltages, expressed with the Fourier series, is [14]:

u1(t) = ∑n
0

(√
2·Uk·cosγk·sinkωt +

√
2·Uksinγk·coskωt

)
u2(t) = ∑n

0

(√
2·Uk·cos

(
γk − k· 2π

3
)
·sinkωt +

√
2·Uksin

(
γk − k· 2π

3
)
·coskωt

)
u3(t) = ∑n

0

(√
2·Uk·cos

(
γk + k· 2π

3
)
·sinkωt +

√
2·Uksin

(
γk + k· 2π

3
)
·coskωt

) (1)

The currents are also part of a direct symmetrical three-phase system [14]. Using the
notations Ik and θk for the RMS value of the k-th harmonic component of currents and its
initial phase-shift, one gets:

i1(t) = ∑n
0

(√
2·Ik·cosθk·sinkωt +

√
2·Iksinθk·coskωt

)
i2(t) = ∑n

0

(√
2·Ik·cos

(
θk − k· 2π

3
)
·sinkωt +

√
2·Iksin

(
θk − k· 2π

3
)
·coskωt

)
i3(t) = ∑n

0

(√
2·Ik·cos

(
θk + k· 2π

3
)
·sinkωt +

√
2·Iksin

(
θk + k· 2π

3
)
·coskωt

) (2)

The three-phase systems of voltages and currents defined with the relations (1) and (2)
allow for a vectorial representation in the linear vectorial space of trigonometric polynomi-
als [14]. Therefore, one can write:

- for voltages:
U1 = ∑n

0
[
Kx·Uk·cosγk + Ky·Uk·sinγk

]
U2 = ∑n

0
[
Kx·Uk·cos

(
γk − k· 2π

3
)
+ Ky·Uk·sin

(
γk − k· 2π

3
)]

U3 = ∑n
0
[
Kx·Uk·cos

(
γk + k· 2π

3
)
+ Ky·Uk·sin

(
γk + k· 2π

3
)] (3)

- for currents:
I1 = ∑n

0
[
Kx·Ik·cosθk + Ky·Ik·sinθk

]
I2(t) = ∑n

0
[
Kx·Ik·cos

(
θk − k· 2π

3
)
+ Ky·Ik·sin

(
θk − k· 2π

3
)]

I3(t) = ∑n
0
[
Kx·Ik·cos

(
θk + k· 2π

3
)
+ Ky·Ik·sin

(
θk + k· 2π

3
)] (4)

where: Uj and Ij (j = l, 2, 3)—represent the vectors (first order tensors) of the phase
voltage and current in the vectorial space E,

Kx·Uk·cosγk, Kx·Uk·cos
(

γk − k·2π

3

)
, Kx·Uk·cos

(
γk + k·2π

3

)
(5)

represent the projections of the vectors Uj along the axis Kx of a subspace E1 of odd
functions (similar equations can be written for currents [14]);

Ky·Uk·cosγk, Ky·Uk·cos
(

γk − k·2π

3

)
, Ky·Uk·cos

(
γk + k·2π

3

)
(6)

represent the projections of the vectors Uj along the axis Ky of a subspace E2 of odd
functions (similar equations can be written for currents [14]).

In the light of the above, one can determine the expressions for powers in a (non)symme
trical three-phase network that operates in a distorting regime by using the analogy with
the definition of these powers in a distorting regime for single-phase cases [1,14,15].
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2.1.1.1. Active Powers of Phases and Total Active Power for Phases without Magnetic
Couplings

After performing the scalar products between the voltage and current vectors of each
phase and considering the orthogonality property of tensors, one gets [14]:

U1·I1 = ∑n
0 Uk·Ik·cos(γk − θk) = ∑n

0 Uk·Ik·cosϕk

U2·I2 = ∑n
0 Uk·Ik·

[
cos
(
γk − k· 2π

3
)
·cos

(
θk − k· 2π

3
)
+

+sin
(
γk − k· 2π

3
)
·sin

(
θk − k· 2π

3
) ] = ∑n

0 Uk·Ik·cosϕk

U3·I3 = ∑n
0 Uk·Ik·

[
cos
(
γk + k· 2π

3
)
·cos

(
θk + k· 2π

3
)
+

+sin
(
γk + k· 2π

3
)
·sin

(
θk + k· 2π

3
) ] = ∑n

0 Uk·Ik·cosϕk

(7)

where
ϕk = γk − θk (8)

represents the phase-shift between the voltage and current corresponding to the same
harmonic order.

In this way, one gets the expressions for the three equal phase active powers (there is a
balanced distribution).

The total active power of the (un)balanced three-phase network operating in a distort-
ing regime can be computed as the sum of the phase active powers [14]:

P = U1·I1 + U2·I2 + U3·I3 = P1 + P2 + P3 (9)

In the particular case of a balanced receiver, one gets [14]:

P = 3·U1·I1 = 3 ∑n
0 Uk·Ik·cosϕk (10)

where k represents the harmonic order (associated with the frequency 50× k in the European
system).

2.1.1.2. Reactive Powers of Phases and Total Reactive Power

The expressions for the reactive power of each phase can be obtained by computing
the scalar products between the voltages and currents that were previously shifted by π/2
(in other words, after multiplication with β) [14]:

U1·βI1 =
[
∑n

0 Uk·
(
Kx·cosγk + Ky·sinγk

)][
∑n

0 Ik·
(
−Kx·sinθk + Ky·cosθk

)]
= ∑n

0 Uk·Ik·sinϕk

U2·βI2 =

{
∑n

0 Uk·
[

Kx·cos
(
γk − k· 2π

3
)
+

+Ky·sin
(
γk − k· 2π

3
) ]}{∑n

0 Ik·
[
−Kx·sin

(
θk − k· 2π

3
)
+

+Ky·cos
(
θk − k· 2π

3
) ]}

= ∑n
0 Uk·Ik·sinϕk

U3·βI3 =

{
∑n

0 Uk·
[

Kx·cos
(
γk + k· 2π

3
)
+

+Ky·sin
(
γk + k· 2π

3
) ]}{∑n

0 Ik·
[
−Kx·sin

(
θk + k· 2π

3
)
+

+Ky·cos
(
θk + k· 2π

3
) ]}

= ∑n
0 Uk·Ik·sinϕk

(11)

The principle of algebraical preservation of reactive powers allows for the following
conclusion: the total reactive power of a three-phase system equals the sum of the phase
reactive powers [14]:

Q = U1·βI1 + U2·βI2 + U3·βI3 (12)

This relation is valid for both symmetrical and non-symmetrical systems.
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2.1.1.3. Distorting Powers and Their Vectorial Features of Distorting Powers. Total
Distorting Power of a Balanced Three-Phase Network in Distorting Regimes

It is known that, in single-phase cases, the distorting power for a dipole represents the
absolute value of the vector [14]:

D =
1√
2
(UΛI − βUΛβI) =

1√
2

∑k, l ∑
[
d′kl
(
KxΛlx − KyΛly

)
+ d′′kl

(
KyΛlx − KxΛly

)]
(13)

This relation reveals the vectorial feature of the distorting power whilst the absolute
value of the vector D represents the known expression of a single-phase receiver’s distorting
power:

D = |D| =
[
∑k, ∑l

(
d′2kl + d

′′2
kl

)] 1
2 (14)

In these relations, d′kl and d”kl represent the elementary distorting powers of the
harmonic orders k and l. Under these circumstances, the vectors of the distorting powers
for all phases of a three-phase system will be defined based on the linear combinations of
the following external products [14]:

D1 = 1√
2
(U1ΛI1 − βU1ΛβI1)

= ∑
k,

∑
l

{ 1√
2

[
(KxΛlx)−

(
KyΛly

)]
· [Uk · Il · cos(γk + θl)−Ul · Ik · cos(γl + θk)]+

+ 1√
2

[(
KxΛly

)
+
(
KyΛlx

)]
· [Uk · Il · sin(γk + θl)−Ul · Ik · sin(γl + θk)]

}
D2 = 1√

2
(U2ΛI2 − βU2ΛβI2)

= ∑
k,

∑
l


1√
2

[
(KxΛlx)−

(
KyΛly

)]
·
[

Uk · Il · cos
(
γk + θl − k · 2π

3 − l · 2π
3
)
−

−Ul · Ik · cos(γl + θk)− l · 2π
3 − k · 2π

3

]
+

+ 1√
2

[(
KxΛly

)
+
(
KyΛlx

)]
·
[

Uk · Il · sin
(
γk + θl − k · 2π

3 − l · 2π
3
)
−

−Ul · Ik · sin
(
γl + θk − l · 2π

3 − k · 2π
3
) ]


D3 = 1√

2
(U3ΛI3 − βU3ΛβI3)

= ∑
k,

∑
l


1√
2

[
(KxΛlx)−

(
KyΛly

)]
·
[

Uk · Il · cos
(
γk + θl + k · 2π

3 + l · 2π
3
)
−

−Ul · Ik · cos(γl + θk) + l · 2π
3 + k · 2π

3

]
+

+ 1√
2

[(
KxΛly

)
+
(
KyΛlx

)]
·
[

Uk · Il · sin
(
γk + θl + k · 2π

3 + l · 2π
3
)
−

−Ul · Ik · sin
(
γl + θk + l · 2π

3 + k · 2π
3
) ]



(15)

Equation (15) proves the vectorial features of the phase distorting powers, being
represented in the space Λ2E using well-determined vectors.

In the relations (15), the vectors of the elementary distorting powers d’kl of all phases
(d′kl1, d′kl2 and d′kl3) are collinear and their absolute values are equal to the elementary
distorting powers of the phases [14]:

d′kl1 = Uk·Il ·cos(γk + θl)−Ul ·Ik·cos(γl + θk),
d′kl2 = Uk·Il ·cos

(
γk + θl − k· 2π

3 − l· 2π
3
)
−Ul ·Ik·cos

(
γl + θk − k· 2π

3 − l· 2π
3
)
,

d′kl3 = Uk·Il ·cos
(
γk + θl + k· 2π

3 + l· 2π
3
)
−Ul ·Ik·cos

(
γl + θk + k· 2π

3 + l· 2π
3
) (16)

In an analogous way, the vectors of distorting powers d”kl of all phases (d”kl1, d”kl2,
and d”kl3) are collinear and their absolute values are equal to the elementary distorting
powers of the phases [14]:

d′′kl1 = Uk·Il ·cos(γk + θl)−Ul ·Ik·cos(γl + θk)
d′′kl2 = Uk·Il ·cos

(
γk + θl − k· 2π

3 − l· 2π
3
)
−Ul ·Ik·cos

(
γl + θk − k· 2π

3 − l· 2π
3
)

d′′kl3 = Uk·Il ·cos
(
γk + θl + k· 2π

3 + l· 2π
3
)
−Ul ·Ik·cos

(
γl + θk + k· 2π

3 + l· 2π
3
) (17)

and are orthogonal across the vectors d′kl1, d′kl2 and d′kl3. This reveals once more the
algebraic conservation of the elementary distorting powers of the same type for all 3 phases,
similar to the vector preservation of the distorting power [14].
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The tree-phase elementary distorting powers are equal to the sum of the elementary
phase distorting powers because d′kl and d”kl are algebraically preserved and the vectors
corresponding to each of the two components are collinear. It means that for the pair of
harmonics k and l (k 6= l, k, l = l, 2, . . . ), one gets the expressions [14]:

d′kl = d′kl1 + d′kl2 + d′kl3 =

[
Uk·Il ·cos(γk + θl)−
−Ul ·Ik·cos(γl + θk)

]
·
[
l + 2·cos(k + l)· 2π

3
]

d′′kl = d′′kl1 + d′′kl2 + d′′kl3 =

[
Uk·Il ·sin(γk + θl)−
−Ul ·Ik·sin(γl + θk)

]
·
[
l + 2·cos(k + l)· 2π

3
] (18)

The algebraic conservation of the elementary powers d’kl and d”kl results in the vec-
torial conservation for all vectors representing the elementary distorting powers; these
vectors belong to the orthogonal plan and have a single common point, O, in the space Λ2E,
which is the origin of the vector D [14]:

D =
1√
2
[U1ΛI1 − βU1ΛβI1 + U2ΛI2 − βU2ΛβI2 + U3ΛI3 − βU3ΛβI3] (19)

Its absolute value can be computed with:

D = |D| =
[

∑
k,

∑
l

(
d′2kl + d

′′2
kl

)] 1
2

=

{
∑k, ∑l

[
U2

k ·I
2
l + U2

l ·I
2
k−

−2Uk·Ul ·Ik·Il ·cos(ϕk − ϕl)

]
·
[
l + 2·cos(k + l)· 2π

3
]2}1/2

(20)

Equation (20) represents the general form of the total distorting power of a three-phase
system operating in a distorting regime and is not influenced by the neutral point origin.

Considering that in a symmetrical three-phase system operating in a distorting regime,
the phase voltages or currents will form symmetrical systems with different successions
with respect to the harmonic order, based on (20), one can conclude that:

(a) for (k + l) = 3*m (m = l, 2, 3, . . . ), the distorting power of a symmetrical three-
phase system is equal to a phase distorting power multiplied by 3 (similar to the (re)active
powers);

(b) for (k + l) = 3*m + l or (k + l)= 3*m + 2 (m = 0, l, . . . ) the distorting power of the
three-phase system is null, even though each phase is associated to a distorting power
(identical for all phases at symmetrical systems), which can be computed with [14]:

D1 = D2 = D3 =
{
∑k, ∑l

[
U2

k ·I
2
l + U2

l ·I
2
k − 2Uk·Ul ·Ik·Il ·cos(ϕk − ϕl)

]}1/2
(21)

This proves that there is a self-compensation of the distorting powers in the symmetri-
cal three-phase system operating in a distorting regime.

Based on these conclusions, one can state that in a symmetrical three-phase system,
the total distorting power is lower than the sum of the phase distorting powers [14]:

D < D1 + D2 + D3 (22)

Obviously, considering Equations (7), (11), (15) and (20), one can state that the total
apparent power of a three-phase system is lower than the sum of phases’ apparent powers
(S = (P2 + Q2 + D2)

1/2) [14]. Therefore the following relation can be written [14]:

S < S1 + S2 + S3 (23)
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The total power factor measures the relationship between the active power under ideal
operating conditions and S [14]:

PFT =
P
S

(24)

where P represents the active power of all phases.
Comments:

(a) One can define in this theory (“Antoniu–Gafencu” theory) the (re)active, distorting
and apparent powers by using the separation of power components according to
Budeanu’s theory for single-phase systems.

(b) Despite Equation (20), one can evaluate the total distorting power as the sum of phase
distorting powers. The experience proved that the results yielded by Equations (19)
and (20) are close to the sum D1 + D2 + D3. As a consequence, one can determine the
total apparent power with S = (P2 + Q2 + D2)

1/2 and evaluate the power factor with
(24).

(c) The results yielded by Equations (7), (11), (15) and (20) provide modalities for mea-
suring, charging, compensation and correct definition of some PQ indices before and
after compensation, from both technical and economic points of view.

(d) Distorting powers diminishing actually assumes the diminishing of harmonic power
components from voltages and currents with different harmonic orders. This process
is followed by a diminishing of high harmonic components from the spectrum of
(re)active powers.

2.1.2. Defining the Active, Reactive and Distorting Powers in a Non-Symmetrical
Three-Phase System Considering the Symmetrical Voltage and Current Components

The (re)active and distorting powers for unbalanced receivers that operate in a distort-
ing regime can be defined considering the symmetrical voltage and current components
making use of a tensorial method, similar to that used in Section 2.1.1.

For this aim, one should consider a non-symmetrical three-phase system consisting of
three non-sinusoidal quantities, represented in the vector space E using the vectors V1, V2,
V3. In E, the vectors representing the harmonics of order k form a system of three coplanar
vectors, for which the theory of symmetrical components is applicable (these components
are represented by vectors in the plan k). This is valid for any harmonic order from the
system (k = 0, l, . . . ).

Owing to the linearity of the transformation in the space E, the expressions used to
determine V0, V+ and V− are:

V0 = 1
3 ·(V1 + V2 + V3)

V+ = 1
3 ·
(
V1 + a·V2 + a2·V3

)
V− = 1

3 ·
(
V1 + a2·V2 + a·V3

) (25)

where a is the rotation operator a = ej 2π
3 which can be used as a multiplicator to the

fundamental versors in a plan as follows:
a·Kx = − 1

2 Kx +
√

3
2 Ky

a·Ky = −
√

3
2 Kx +

1
2 Ky

a2·Kx = − 1
2 Kx −

√
3

2 Ky

a2·Ky =
√

3
2 Kx − 1

2 Ky

(26)

The operator a can be rewritten with respect to the operator β:{
a = − 1

2 +
√

3
2 ·β

a2 = − 1
2 −

√
3

2 ·β
(27)
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Let us consider a three-phase unbalanced receiver characterized by the phase volt-
ages u1(t), u2(t), u3(t), which absorbs the currents i1(t), i2(t), i3(t) in a distorting regime.
The non-sinusoidal quantities, submitted to a Fourier decomposition, are approximated
through trigonometric polynomials e, being represented in the E by the vectors U1, U2,
U3 and respectively I1, I2, I3. These vectors and their symmetrical components have a
common origin, which concurs with the origin of space E. The vectors associated with
the current/voltage harmonics of order k, along with the corresponding vectors of the
symmetrical components of these harmonics for phases, will be placed in the same plan k.

Similarly, the vectors associated with the current/voltage harmonics of order l, along
with the corresponding vectors of the symmetrical components of these harmonics for
phases, will be placed in the same plan l. The plans k and l are orthogonal.

The phase indices will be denoted by 1, 2, 3, while +, −, 0 represent the indices of the
sequences for the direct, inverse and zero-sequence (homopolar) components. Then one
can write:

- for corresponding voltages:

(a) positive sequence:
U+1 = U+ = ∑n

0
(
Kx·U+k ·cosγ+k + Ky·U+k ·sinγ+k

)
= ∑n

0

(
Kx·U′+k

+ Ky·U′′+k

)
U+2 = a2·U+ = − 1

2 U+ −
√

3
2 ·β·U+

U+3 = a·U+ = − 1
2 U+ +

√
3

2 ·β·U+

(28)

(b) negative sequence:
U−1 = U− = ∑n

0
(
Kx·U−k ·cosγ−k + Ky·U−k ·sinγ−k

)
= ∑n

0

(
Kx·U′−k

+ Ky·U′′−k

)
U−2 = a·U− = − 1

2 U− +
√

3
2 ·β·U−

U−3 = a2·U− = − 1
2 U− −

√
3

2 ·β·U−

(29)

(c) zero sequence:

U01 = U02 = U03 = U0 =
n

∑
0

(
Kx·U0k ·cosγ0k + Ky·U0k ·sinγ0k

)
= ∑n

0

(
Kx·U′0k

+ Ky·U′′0k

)
(30)

- for the corresponding currents:

(a) positive sequence:
I+1 = I+ = ∑n

0
(
Kx·I+k ·cosθ+k + Ky·U+k ·sinθ+k

)
= ∑n

0

(
Kx·I’

+k
+ Ky·I ′′+k

)
I+2 = a2·I+ = − 1

2 I+ −
√

3
2 ·β·I+

I+3 = a·I+ = − 1
2 I+ +

√
3

2 ·β·I+

(31)

(b) negative sequence:
I−1 = I− = ∑n

0
(
Kx·I−k ·cosθ−k + Ky·I−k ·sinθ−k

)
= ∑n

0

(
Kx·I’

−k
+ Ky·I ′′−k

)
I−2 = a·I− = − 1

2 I− +
√

3
2 ·β·I−

I−3 = a2·I− = − 1
2 ¯
√

3
2 ·β·I−

(32)

(c) zero sequence:

I01 = I02 = I03 = I0 = ∑n
0
(
Kx·I0k ·cosθ0k + Ky·I0k ·sinθ0k

)
= ∑n

0

(
Kx·I′0k

+ Ky·I ′′0k

)′′ (33)
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2.1.2.1. Expression of Active Power with Respect to the Symmetrical Components of
Voltage and Current

The total active power can be computed as a sum between the scalar products of the
paired voltage and current phase vectors:

P = U1·I1 + U2·I2 + U3·I3 (34)

or, taking into account the scalar product rules, one can get the total active power of a
three-phase system using the symmetrical components:

P = 3·U0·I0 + 3·U+·I+ + 3·U−·I− (35)

Given the expressions for the voltage/current symmetrical components computed
with (28)–(33), one will get the total active power of an unbalanced three-phase system
operating in a distorting regime:

P = 3·
n
∑
0

[
U′0k
·I′0k

+ U′′0k
·I ′′0k

+ U′+k
·I′+k

+ U′′+k
·I ′′+k

+ U′−k
·I′−k

+ U′′−k
·I ′′−k

]
= 3·∑n

0
[
U0k ·I0k ·cosϕ0k + U+k ·I+k ·cosϕ+k + U−k ·I−k ·cosϕ−k

] (36)

Obviously, for a non-symmetrical three-phase system operating in a sinusoidal regime,
one gets the well-known expression:

P = 3·U0·I0·cosϕ0 + 3·U+·I+cosϕ+ + 3·U−·I−cosϕ− (37)

2.1.2.2. Expression of Reactive Power with Respect to the Symmetrical Components of
Voltage and Current

The phase reactive powers can be obtained by using the scalar products between the
phase voltages and the phase currents (shifted by π/2, which is multiplied by β). The first
one has to compute: 

β·I1 = β·I0 + β·I+ + β·I−
β·I2 = β·I0 + β·a2·I+ + β·a·I−
β·I3 = β·I0 + β·a·I+ + β·a2·I−

(38)

and then the total reactive power of the three-phase system will be obtained with:

Q = U1·βI1 + U2·βI2 + U3·βI3 (39)

or, taking into account the symmetrical components one gets:

Q = 3·U0·βI0 + 3·U+·βI+ + 3·U−·βI− (40)

or:
Q = 3 ∑n

0

[
U′′0k
·I′0k
−U′0k

·I ′′0k
+ U′′+k

·I′+k
−U′+k

·I ′′+k
+ U′′−k

·I′−k
−U′−k

·I ′′−k

]
= 3 ∑n

0
[
U0k ·I0k ·sinϕ0k + U+k ·I+k ·sinϕ+k + U−k ·I−k ·sinϕ−k

] (41)

Obviously, for a non-symmetrical three-phase system operating in a sinusoidal regime,
one gets the well-known expression:

Q = 3·U0·I0·sinϕ0 + 3·U+·I+·sinϕ+ + 3·U−·I−·sinϕ− (42)
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2.1.2.3. Expression of Distorting Power with Respect to the Symmetrical Components of
Voltage and Current. Vectorial Feature of the Distorting Power in Non-Symmetrical
Three-Phase Networks

If one uses the external product space Λ2E [14,15], the distorting power can also be
expressed by using the voltage/current symmetrical components as explained below:

D =
3√
2
[U0ΛI0 − βU0ΛβI0 + U+Λ¯βU+ΛβI− + U−ΛI+ − βU−ΛβI+] (43)

or with the relation

D =
3√
2

∑k, ∑l

 (
KxΛlx − KyΛly

)
·
(

d′00kl
+ d′+−kl

+ d′−+kl

)
+

+
(
KxΛly − KyΛlx

)
·
(

d′′00kl
+ d′′+−kl

+ d′′−+kl

)  (44)

The following relations explain the modality to compute some terms in (44):
d′00kl

= U′0k
·I′0l
−U′0l

·I′0k
−U′′0k

·I ′′0l
+ U′′0l

·I ′′0k
d′′00kl

= U′0k
·I ′′0l
−U′′0l

·I′0k
+ U′′0k

·I′0l
+ U′0l

·I ′′0k
d′+−kl

= U′+k
·I′−l
−U′+l

·I′−k
−U′′+k

·I ′′−l
+ U′′+l

·I ′′−k

(45)

Based on the expressions found for the (re)active and distorting powers, one can
state that in a non-sinusoidal and non-symmetrical three-phase system, the total distorting
power is lower than the sum of the phase distorting powers (or the distorting power of a
phase multiplied by (3), due to the cancellation of some of the distorting power components,
according to the conclusion of previous subsections.

It means that:
D < D1 + D2 + D3 (46)

where D is given by Equation (44), and D1, D2, D3 represent the distorting powers of
phases.

Equation (44) represents the general expression of the total phase distorting powers
distorting power of a three-phase system operating in a distorting and non-symmetrical
regime [15].

Considering Equations (36), (41) and (44), one can say that the total apparent
power of a three-phase system is lower than the sum of phases’ apparent powers (S =

(P2 + Q2 + D2)
1/2) [15]. Therefore, the following relation can be written [15]:

S < S1 + S2 + S3 (47)

The total power factor measures the relationship between the active power under ideal
operating conditions and S:

PFT =
P
S

(48)

where P represents the active power of all phases.
At this point, one can conclude that the proposed definitions for the total apparent

power and global power factor for a three-phase receiver:

(a) make possible both the apparent powers and power factor measurement, allowing for
the accomplishment of a full load compensation, which involves the following steps:
(a1) removing the high order harmonics from the currents and voltages non-sinusoidal
waveforms; (a2) symmetrisation of consumers by using symmetrisation schematics
on the fundamental harmonic (e.g., Steinmetz connection); (a3) improving the power
factor for the fundamental harmonic.

(b) make possible the issuing of definitions for (b1) certain parameters to be used for the
quantification of the full load compensation effect; (b2) indices related to the economic
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effects and the ROI associated with the equipment used during the compensation
process.

2.2. Powers Definition Addressed by the IEEE Standard 1459-2010

IEEE 1459-2010 standard [16] provides definitions for powers in unbalanced and
nonlinear regimes. Based on them, improvements were provided in a series of previous
works [7,13]. For example, to make these theories coherent, in [11], one modified the
definitions of Ve and Ie as explained below.

For Ie one defines the total Root Mean Square (RMS) value, the RMS for the funda-
mental harmonic and the RMS value harmonics at four-wire systems with the following
equations [16]:

Ie =
√
(I2

e1 + I2eH)/3 (49)

Ie1 =
√
(I2

a1 + I2
b1 + I2

c1 + I2
n1)/3 (50)

IeH =
√
(I2aH + I2

bH + I2cH + I2nH)/3 =
√

I2e − I2
e1 (51)

For three-wire systems, In1 = InH = 0 and the expressions become simpler [16]:

Ie =
√
(I2

e1 + I2eH)/3 (52)

Ie1 =
√
(I2

a1 + I2
b1 + I2

c1)/3 (53)

IeH =
√
(I2aH + I2

bH + I2cH)/3=
√

I2e − I2
e1 (54)

The practical expressions for the RMS values at voltages are obtained in a similar
manner for fore-wire systems [16]:

Ve =
√
(V2

e1 + V2eH) (55)

Ve =
√
[3(V2a + V2

b + V2c) + (V2
ab + V2

bc + V2ca]/18 (56)

Ve1 =
√
[3(V2

a1 + V2
b1 + V2

c1) + (V2
ab1 + V2

bc1 + V2
ca1]/18 (57)

VeH =
√
[3(V2aH + V2

bH + V2cH) + (V2
abH + V2

bcH + V2caH ]/18 =
√

V2
e1 + V2

e1 (58)

For three-wire systems, obviously, one gets [16]:

Ve =
√
(V2

ab + V2
bc + V2ca)/9 (59)

Ve1 =
√
(V2

ab1 + V2
bc1 + V2

ca1)/9 (60)

VeH =
√
(V2

abH + V2
bcH + V2caH)/9=

√
V2e −V2

e1 (61)

This approach, however, does not separate the positive-sequence powers on the
fundamental harmonic [16].

Ve =
√

V2a + V2
b + V2c/3 (62)

Ie =
√

I2a + I2
b + I2c/3 (63)
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With (62) and (63), a new formula for the effective apparent power (Se) is defined [12,16]
the total apparent power as follows:

S2
e =

(
V2

a + V2
b + V2

c

)(
I2

a + I2
b + I2

c

)
= (3Ve1 Ie1)

2 (64)

which yields to a new expression of the fundamental effective apparent power [16]:

S2
e1 =

(
V2

a1 + V2
b1 + V2

c1

)(
I2

a1 + I2
b1 + I2

c1

)
(65)

Se1 can also be expressed using the fundamental symmetrical components:

S2
e1 =

[(
V+

1
)2

+
(
V−1

)2
+
(

V0
1

)2
][(

I+1
)2

+
(

I−1
)2

+
(

I0
1

)2
]

(66)

With the proposed expressions of Ve, Ie and Se, the definitions of the new non-
symmetrical (“unbalanced” by standard) power and the new non-fundamental effective
apparent power are:

S2
U1 = S2

e1 −
(
S+

1
)2 (67)

We consider that it is more appropriate to define this apparent power as a “power of non-
symmetry”, which is associated with non-symmetrical waveforms (three-phase voltages and cur-
rents), rather than to consider it as a “unbalanced” power (used only to characterize the unbalanced
receivers!) Even if it is traditional to use the term “unbalanced power”, in our opinion, it is correct
to use terms like “non-symmetrical power” (or “un-symmetrical/asymmetrical power”).

The IEEE 1459-2010 standard separates the apparent power for superior harmonics of
voltages and currents as follows [16]:

S2
eN = S2

e − S2
e1 = 9

[(
V2

e1.I2
eH

)
+
(

V2
eH .I2

e1

)
+
(

V2
eH .I2

eH

)]
(68)

where: V2
e = V2

e1 + V2
eH and I2

e = I2
e1 + I2

eH .
In this new formula, new terms are defined:

S2
eN = S2

e − S2
e1 = D2

e1 + D2
eV + S2

eH (69)

where one can notice:

- a term corresponding to fundamental equivalent voltage and superior harmonics of
currents:

De1 = 3Ve1·IeH (70)

- a term corresponding to fundamental equivalent current and superior harmonics of
voltages:

DeV = 3VeH ·Ie1 (71)

- a term corresponding to the superior harmonics of equivalent voltages and currents:

SeH = 3·VeH ·IeH (72)

The IEEE 1459-2010 standard defines an active power associated with the superior
harmonic orders for voltage and current (PeH) and a so-called “global power” (DeH) by
using the following relations [16]:

DeH =

√
SeH

2 − P2eH (73)

Global terms can be defined as follows [16]:
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- Equivalent harmonic distortion of the three-phase voltages:

THDeV =
VeH
Ve1

(74)

- Equivalent harmonic distortion of three-phase currents:

THDeI =
IeH
Ie1

(75)

Then, based on the above, practical expressions for the nonfundamental apparent
power SeN and its components DeI, DeV, and SeH can be obtained [16]:

SeN =

√
THD2

eI + THD2
eV + (THDeI ·THDeV)

2 (76)

where:
DeI = Se1(THDeI) (77)

DeV = Se1(THDeV) (78)

SeH = Se1(THDeV)(THDeI) (79)

For systems with THDeV ≤ 5% and THDeI≥ 40%, the following approximation is
recommended ([16]):

SeN = Se1(THDeI) (80)

The load unbalance can be evaluated using the following fundamental unbalanced
power:

SU1 =

√
Se1

2 − S+
1

2 (81)

where S+
1 is the fundamental positive-sequence apparent power (VA).

It is important to mention that, owing to the coupling between sequence components for
different sequences (+, − or 0), this power might contain additional components apart from those
specific to the ordinary sequences. The phenomenon is similar to what is happening in the three-phase
network with the harmonics of different orders from voltages and currents! [17]. From this point of
view, one has to notice that some of the power components from SU1 are neglected [17].

The fundamental positive-sequence apparent power S+
1 is computed based on two

components [16]:

S+
1 =

√
(P+

1)
2 + (Q+

1) 2 (82)

where:
P+

1 = 3 V+
1·I+1 (83)

Q+
1 = 3 V+

1·I+1·sinθ+1 (84)

The fundamental positive-sequence power factor is computed with [16]:

PF+
1 =

P+
1

S+
1

(85)

and plays the same significant role as that played by the fundamental power factor in
non-sinusoidal single-phase systems.

The power factor is [16]:

PFe =
P
Se

(86)

In this theory, the power factor and total harmonic distortion are “factors of merit” for
the electrical systems. IEEE Standard 1459-2010 defines the effective power factor (PFe),



Energies 2022, 15, 5130 15 of 45

the fundamental positive-sequence power factor (P+
F1), and the equivalent total harmonic

distortions (THDeV and THDeI) as follows [16]:

PF+
1 =

P+
1

S+
1

(87)

THDeV =
VeH
Ve1

(88)

THDeI =
IeH
Ie1

(89)

The total power factor measures the relationship between the active power under ideal
operating conditions and Se [16]:

PFT =
P+

1

Se
(90)

The different definitions for the power factor components presented in this subsection do not
help with establishing components required by the operations used to compensate for the load that
operates in distorting and non-symmetric regimes (Equation (90)). Moreover, they cannot be used
to define technical or financial indices with regard to ROIs associated with the dynamic (active)
compensation of the three-phase loads that operate in distorting and non-symmetrical regimes.

In their turn, the definitions given for (re)active and apparent powers are worthless when it
comes to measuring the powers for a fair charging of the distorting and unbalanced consumers.

2.3. Powers Definition Based on the Decomposition with Wavelet Transforms

In non-sinusoidal situations, power components definitions contained in the IEEE
Standard 1459-2000 are based on a frequency-domain approach using Fourier transform
(FT). The frequency-domain approach can provide a magnitude-frequency spectrum while
losing time-related information. Moreover, the FT carries a heavier computational burden.
To overcome these limitations, definitions of power components were reformulated in the
wavelet domain using different wavelet decompositions (e.g., DWT, Stationary Wavelet
Transform, Wavelet Package Transform (WPT)) [18,19]. When DWT is used, both time
and frequency information are preserved whilst the computational time and effort are
diminished by dividing the frequency spectrum into bands or levels.

The problem of spectral leakage between wavelet levels can be minimized by suitable
choosing the wavelet family along with a suitable mother wavelet. The reformulated
definitions could be useful for consumers charging and evaluation of the quality of the
supplied electric energy, especially when considering non-steady waveforms where the
FT-based power components definitions fail [20].

When the Discrete Wavelet Transform (DWT) is used, firstly, the vector with the
components of the analysed waveform (S) is decomposed into vectors associated with
components of low frequencies (called “approximations”) and, respectively, vectors as-
sociated with components of high frequencies (called “details”). Afterwards, successive
decompositions of the approximations are made, with no further decomposition of the
details. Thus, a Multi-resolution Analysis (MRA) is made (Figure 1—left) [18,20,21].
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The most significant frequencies from S are characterized by high magnitudes in the
vectors of details associated with the level(s) where these frequencies are mapped, with
the preservation of their time localization, unlike the case when the Fast Fourier Transform
(FFT) is used [22]. The procedure provides a good time resolution at high frequencies and a
good frequency resolution at low frequencies [21].

The decomposed signal can be reconstructed with a certain accuracy based on the
approximations and details using a schema as that from Figure 1—right (the sign ‘+’ from
the schema is used to denote the re-composition).

2.3.1. Power Components Definitions for Single-Phase Waveforms, Based on DWT

Unlike the Fourier transform, Wavelet Transforms allow for time-frequency analysis.
Moreover, the condition of symmetry between the semi-periods belonging to a period,
assumed by the Fast Fourier Transform, is not imposed on waveforms decomposed with
wavelet transforms.

Morsi and his team defined a series of PQ indices for electric signals (voltages and
currents). They made analogies with the definitions relying on the Fourier transform,
considering the IEEE 1459-2010 Standard [18].

Moreover, starting from the above-mentioned standard, they also defined through
analogy various categories of power for single and three-phase cases when the waveforms
are distorted [18,19]. Considering the Wavelet transforms, different power component defi-
nitions were reformulated [18,19] and new, wavelet-specific PQ indices were introduced.

2.3.1.1. Power Components Definitions When DWT Is Used, Single Phase

1. Calculation of RMS

The following expressions for currents and voltages’ RMS values were proposed,
starting from the classic definitions for RMS values [18]:

V =

√
1
T

∫ T

0
v2(t)dt =

√
1
T ∑k c′2jO ,k +

1
T ∑j≥jO ∑k d′2j,k =

√
V2

jO
+ ∑j≥jO

V2
j (91)

I =

√
1
T

∫ T

0
i2(t)dt =

√
1
T ∑k c2

jO ,k +
1
T ∑j≥jO ∑k d2

j,k =
√

I2
jO
+ ∑j≥jO

I2
j (92)

where Vj0, Ij0 denotes the RMS values for the level with the lowest frequency j0. They
are also called “approximation” voltage/current (Vapp/Iapp) or the “node zero” volt-
age/current. {Vj}, {Ij} represent the sets of RMS values for higher frequency bands and are
also called “details” voltage/current (Vdet/Idet). Their sum gives the so-called “non-zero
nodes” RMS values. c′jO,K and cjO,K are the discrete wavelet coefficients corresponding to
voltage, respectively, to current for the level j0, and sample k, whilst d′j.k and dj.k are the
discrete wavelet coefficients for the levels j 6= j0, sample k [18]:

c′jO ,k =
〈

v(t), ϕjO ,k

〉
, d′j,k =

〈
v(t), ψj,k

〉
(93)

cjO ,k =
〈

i(t), ϕjO ,k

〉
, dj,k =

〈
i(t), ψj,k

〉
, (94)

In the above equations ϕjO ,k represents the scale, ψj,k represents the wavelet function
and “< >” is used to represent the scalar product.

Based on this decomposition for voltage and currents, the next quantities (indices) are
defined [18]:

2. Total harmonic distortion
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The voltage/current total harmonic distortions calculated with DWT can be defined
as [18]:

THDV =
Vdet
Vapp

=

√
∑j≥j0 V2

j

Vj0
(95)

THDI =
Idet
Iapp

=

√
∑j≥j0 I2

j

Ij0
(96)

3. Active power

The approximation and details of active powers are defined as [18]:

Papp = Pj0 =
1
T
·∑k c′j0,k·cj0,k (97)

Pdet = ∑j≥j0
Pj =

1
T
·∑j≥j0 ∑k d′j,k·dj,k (98)

where the total active power is the sum of the above components [18]:

P = Papp + Pdet (99)

Based on the definition from IEEE 1459-2010 standard, a non-active power N can be
calculated using Wavelet Transform with Equation [18]:

N =
√

S2 + P2 (100)

4. Apparent power

The apparent power associated with approximations, Sapp, is defined as [18]:

Sapp = Vapp·Iapp = Vj0 ·Ij0 (101)

The definitions, making an analogy with those from the IEEE 1459-2010 Standard, for
the current/voltage distorting powers DI , DV are [18]:

DI = Vapp·Idet = Vj0 ·
(√

∑j≥j0
I2
j

)
; DV = Vdet·Iapp =

(√
∑j≥j0

V2
j

)
·Ij0 (102)

Sdet = Vdet·Idet =
(√

∑j≥j0
V2

j

)
·
(√

∑j≥j0
I2
j

)
(103)

The distorting power of details, Ddet, is calculated with [18]:

Ddet =
√

S2
det + P2

det (104)

With the above, the total apparent power S can be calculated with [18]:

S2 = (VI)2 = S2
app + D2

I + D2
v + S2

det (105)

The “non-approximation” apparent power, SN , is defined as [18]:

S2
N = D2

I + D2
v + S2

det (106)

5. Power Factor

The displacement power factor (dPF) is defined as [18]:

dPF =
Papp

Sapp
(107)
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The total power factor (PF) is calculated as a ratio:

PF =
P
S

(108)

The oscillating power factor is computed with [9]:

PFosc =
P√

P2 + 1
2 S2

=
PF√

1
2 + PF2

(109)

6. Details pollution

The pollution associated with “details” DP can be defined as a ratio [18]:

DP =
SN

Sapp
(110)

As the Discrete Wavelet Transform is to be used, in all the expressions above one should
consider 2N instead of T, where N represents the number of points used for calculation obtained from
the interpolation of the acquired samples.

2.3.1.2. Power Components Definitions When DWT Is Used, Three-Phase Systems

1. Calculation of Root Mean Square (RMS) values

The RMS values associated with “approximations” for three-phase voltages and
currents were formulated in [19] as:

V, Ieapp =

√
V, I2

RSapp + V, I2
STapp + V, I2TRapp

3
(111)

As expected, the RMS values associated with “details” are:

V, Idet =

√
V, I2

RSdet + V, I2
STdet + V, I2

TRdet
3

(112)

Then the total RMS values of voltage and current are [19]:

Ve =
√

V2
eapp + V2

edet, Ie =
√

I2
eapp + I2

edet (113)

The definitions for the equivalent voltage (current) harmonic distortions are [19]:

THDeV =
Vedet
Veapp

, THDeI =
Iedet
Ieapp

(114)

2. Active power

When the representation of the symmetrical components is used, the following quanti-
ties are defined [19]:

i+ =
1
3
·
[
iR + i′S + i′′T

]
; u+ =

1
3
·
[
uR + u′S + u′′T

]
(115)

where the operator’ is used to denote a “left-shifted” quantity whilst the operator “ is
used to denote a “right-shifted” quantity considering a phase-shift of 120◦. Therefore, the
“approximation” positive sequence active power P+

app can be defined as [19]:

P+
app = 3

(
1
T

) ∫ T

0
v+·i+dt (116)
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The total active power of the three-phase systems is then [19]:

P = P+
app + ∑i=1,3 Pdetphasei

(117)

3. Apparent power

The effective apparent power associated with „approximations” Seapp and the unbal-
anced power associated with “approximations” SUapp are [19]:

S+
app = 3V+

app I+app, Seapp = 3Veapp Ieapp, SUapp =

√
s2eapp −

(
S+app

)2 (118)

The definitions used for the current/voltage distorting powers and the ”apparent
power associated with “details” are [19]:

DeI = 3Veapp Iedet, DeV = 3Vedet Ieapp, Sedet = 3Vedet Iedet (119)

The effective apparent power labelled as “non-approximation”, SeN is defined as [19]:

SeN =
√

D2eI + D2eV + S2
edet (120)

The effective apparent power Se and the nonactive power N are defined as [19]:

Se =
√

S2
eapp + S2

eN , N =
√

S2
e − P2 (121)

4. Power Factor

The positive sequence power factor PF+
app is associated with”approximations” and

the total power factor PF can be defined as [19]:

PF+
app =

P+
app

S+app
, PF =

P
Se

(122)

5. Details Pollution

The pollution associated with “details”, DP, is defined as [19]:

DP =
SeN

Seapp
(123)

6. Load Unbalance

The load unbalance can be used to measure the system unbalance and its expression
is [19]:

LU =
SUapp

S+
app

(124)

2.4. Theory Relying on the Powers’ Definition Using the Real and Imaginary Powers Definition

If ua(t), ub(t), uc(t) are the phase voltages of a three-phase load whose modified α, β, 0
components are uα(t), uβ(t), u0(t) and these voltages supply the load with the currents ia(t),
ib(t), ic(t) whose modified α, β, 0 components are iα(t), iβ(t), i0(t) then the instantaneous real
power is defined as [11]:

p(t) = ua(t)ia(t) + ub(t)ib(t) + uc(t)ic(t) = pa(t) + pb(t) + pc(t) (125)

This instantaneous power can be rewritten under the form [11,12]:

p(t) = uα(t)iα(t) + uβ(t)iβ(t) + u0(t)i0(t) = pα(t) + pβ(t) + p0(t) = pr(t) + p0(t) (126)
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where [11,12]:
pr(t) = pα(t) + pβ(t) (127)

is the instantaneous real power without zero components and [11,12]:

p0(t) = u0(t)i0(t) (128)

is the instantaneous zero power.
An advantage of the decomposition in the modified α, β, 0 components consists in

the separation of the instantaneous homopolar component from the expression of the
instantaneous real power [11].

Akagi and his research team suggested the definition of a new variable [11], called
instantaneous imaginary power q(t) or pi(t), that is not influenced by the zero-sequence
components [11]:

q(t) = pi(t) = uβ(t)iα(t)− uα(t)iβ(t) (129)

This new power can also be expressed with respect to the line voltages and phase
currents:

q(t) =
1√
3
[uab(t)ic(t) + ubc(t)ia(t) + uca(t)ib(t)] (130)

Under these circumstances, the expressions for pr(t) and q(t) can also be written using
matrices: [

pr(t)
q(t)

]
=

[
uα(t) uβ(t)
uβ(t) −uα(t)

]
·
[

iα(t)
iβ(t)

]
(131)

Each of the instantaneous powers defined here contains an average term and a fluctu-
ating term [11,12]:

p(t) = p + p̃(t)q(t) = q + q̃(t) (132)

Equation (132) reveals what makes the difference to the classic theory: the reactive
power is emphasized as an average value of the instantaneous imaginary power.

Based on these definitions, the active and reactive powers, considered as averaged
quantities along a period of the real and imaginary instantaneous powers, will be obtained
in the following forms [23,24]:

- For the reactive power:

q = 3
[
∑k=3m+1 Uk Iksinφk −∑k=m3+2 Uk Iksinφk

]
(133)

- The active power can be computed with the formula from Equation (10).

Starting from this approach, the recently issued speciality literature presents a series of
variants that use transformations of coordinates toward coordinates for electric quantities,
all starting from the p-q theory [25].

A series of power components are analysed in [25] for three-phase systems with 4
wires (the modified p-q formulation, the formulation using the d-q transformation, the
p-q-r formulation, the vector formulation).

However, all these formulations make use of definitions for powers that should provide com-
pensation solutions for the distorting and non-symmetrical effects and do not provide solutions for
their measurement and quantification in quantities that should provide solutions for consumers’
charging. This theory does not define a global power (e.g., apparent power) and, therefore, there is no
power factor associated with it. The attempt to define an apparent power according to the formula
s(t) = p(t) + j*q(t) is somehow “forced”, as it does not consider any other power components which
might appear in non-sinusoidal regimes.

The mean value of this power along a period should be computed with:

S =
√

P2 + Q2 (134)
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revealing that only the mean values along a period of (re)active powers can contribute to the
eventual determination of total apparent power. The theory relying on the definition of instantaneous
real and imaginary powers relies on the Fourier decomposition of steady signals. As one can see
from Equation (133), in this theory, different signs can appear for the reactive power along different
superior harmonics and this does not happen in the other theories approached in this paper.

This property might bring certain advantages—for example might help explain the causes for
the apparition of some braking torques al rotating electric motors (some reactive power components
might be incriminated).

When one turns from the system with 3 axes of coordinates to the system with 2 axes of
coordinates and afterwards turns back to the one with 3 axes, this theory can be applied only as
fundament for a load compensation when considering the superior harmonics.

Maybe the correct name of this theory should be: “The compensation based on the def-
inition using the real and imaginary powers definition” (not as a theory for powers in a
three-phase system).

The diminishing of current harmonic components by using active or hybrid filtering is reduced
by default to the voltage harmonics from a three-phase receiver which operates in a non-sinusoidal
regime. Despite the ability to diminish voltage and current harmonics, the full load compensation,
which should involve the consumer symmetrisation and the improvement of power factor along the
fundamental harmonic, cannot be obtained by using this theory!

3. Results

To have a picture of the usability of the definitions presented, real data processing was
performed based on these definitions.

Results of decompositions based on FFT (according to the first theory) were compared
to those yielded by DWT. The second theory relying on FFT (addressed by the standard
IEEE 1459-2010) allows for the definitions of the powers relying on DWT decomposition
and, therefore, an algorithm for their determination using it was implemented.

The FFT decomposition computes and takes into consideration all the harmonic orders
up to the limit imposed by the Nyquist criterion (which is 100 and, therefore, the limits of 40-
th or 50-th harmonic orders imposed by standards are exceeded), but only the components
whose weights exceed a threshold imposed by the user (e.g., 1.2%) are displayed. The
authors developed original software tools for analysis which use spline interpolations of the
vectors of acquired samples to get more accurate results. Voltages and currents from three-
phase systems were acquired with dedicated data acquisition systems (DAS), designed and
manufactured for the applications presented in this section, with a sampling rate which
allowed the estimation of harmonic orders lower than 192. This value is higher than the
frequency mentioned by the CISPR standards as being the left margin for frequency ranges
associated with Electromagnetic Compatibility issues.

The DWT decomposition provides more accurate results in the case of non-steady
signals. Comparisons between quantities defined under the frame of various theories
(power quality indices, powers and power factors) were made. A good convergence of
results provided by the compared methods was revealed. It means that the first theory
(which involves the decomposition into (re)active, distorting and apparent powers) can
be used for a correct measurement of the powers/energies in the case of distorting and
non-symmetrical waveforms. This theory also allows for the definition of the power factor
in three-phase systems, also making possible the charging of distorting and unbalanced
consumers.

Harmonic decompositions considering a maximum harmonic order of 192 were made,
yielding currents, voltages and powers spectra. FFT decompositions of the acquired
electrical signals were used for power computations based on the theoretical support
from [12,23,26]. The fundamental harmonic is considered to be equal to 50 Hz.
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3.1. Study of Waveforms Acquired from the Secondary Winding of a Transformer Used to Supply
the Excitation of a Power Group
3.1.1. Operational Context

The operational context for the first case study refers to a power group which was
submitted to technological modifications. In the old system, the excitation was supplied
by a synchronous generator by using a three-phase rectifier with thyristors and now the
excitation winding was supplied direct from the main generator terminals (G) by using a
transformer T to supply the three-phase rectifier with thyristors R which supplied the main
generator excitation (Figure 2).
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Figure 2. Schematic of a power group with static excitation: G—main generator; T—transformer for
the supplying excitation 24/0.65 kV; R—rectifier with controlled thyristors; Ex—excitation winding.

Because there is no galvanic separation, significant non-sinusoidal regimes appeared
in the secondary winding of T (SWT) and respectively in the T’s primary winding (as
transmitted from SWT). Due to these regimes, certain components of the power group
were damaged. In this context, the authors designed and realized a complex system for
the power group monitoring, which allowed the acquiring of data which were afterwards
processed with FFT and DWT. The DASs were adapted such as to be able to acquire electric
signals from power systems.

Figure 3 depicts a sequence of 0.03 s. from a set of acquired and processed data
(top—voltages, down—currents).
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3.1.2. Data Processing and Powers Computation by Using Fast Fourier Transform

Figure 4 depicts the current and voltage harmonics whose magnitudes exceed 1.2% of
the fundamental harmonic’s magnitude (one can see that the maximum harmonic order
is 43). In all figures representing spectra in this paper, the following convention was
used relative to colours: blue—first phase, green—second phase, red—third phase and
black—total.
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Figure 4. Harmonic spectra of the absorbed currents (top) and input voltages (bottom) were acquired
from the secondary winding of the transformer for the excitation supply (harmonic weights > 1.2%).

The (re)active powers were computed by using the harmonic spectra and Equations (9),
(12) and (21). Their spectra are depicted in Figure 5.

Various PQ indices and powers were computed using the mathematical formulations
from the previous Section 2.1.1 and the results of numerical harmonic decompositions. The
numerical results are gathered in Table 1.
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Figure 5. Harmonic spectra of active powers (top) and reactive powers (bottom) for the secondary
winding of the transformer for excitation supply (harmonic weights > 1.2%).

Table 1. Power quality indices, powers and power factors are computed with FFT and the first theory,
the first case study.

Index Units Phase Number

1 2 3

Total RMS of currents A 1048.85 1053.77 1067.91
RMS of currents for the fundamental harmonic A 1011.46 1017.03 1029.31

Distorting residue of currents A 227.47 275.76 283.96
Total harmonic distortion of currents % 26.46 26.17 26.59

Total RMS of voltages V 337.55 336.77 333.81
RMS of voltages for the fundamental harmonic V 336.88 336.18 333.06

Distorting residue of voltages V 21.27 20.07 22.21
Total harmonic distortion of voltages % 6.3 5.96 6.65

Phase active powers kW 96.51 100.28 103.09
Total active power kW 299.88

Phase active powers for the fundamental harmonic kW 98.67 102.62 105.97
Total active power for the fundamental harmonic kW 307.26

Phase reactive powers kVAr 321.59 321.91 321.52
Phase reactive powers on the fundamental harmonic kVAr 326.14 326.14 326.03

Total reactive power kVAr 978.36
Phase distorting powers kVAd 112.29 110.74 114.32
Total distorting power kVAd 337.35
Phase apparent powers kVA 354.04 354.88 356.76

Phase apparent powers on the fundamental harmonic kVA 340.74 341.9 342.82
Total apparent power kVA 1065.4

Power factor on the fundamental harmonic 0.299 (inductive character)
Power factor 0.281 (inductive character)
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The analysis of results yielded by the processing of the acquired data characteristic to
the rectifier supplying voltages and phase currents obtained from the SWT revealed that:

(a) The voltages harmonic distortions appear because they are used to supply the
three-phase rectifier fully controlled by thyristors (TRFCT): (THDU1 = 6.3%; THDU2 =
5.96%; THDU3 = 6.65%).

(b) The phase currents total harmonic distortions are high (THDI1 = 26.46%; THDI2
= 26.17%; THDI3 = 26.59%) because the SWT is used to supply the TRFCT (consisting of
2 rectifier bridges). One can notice significant weights of the current harmonic orders from
the set {5, 7, 11, 13, 17, 19, 23} and non-negligible harmonic orders from the set {25, 29, 31,
35, 37, 41, 43}.

A joint analysis of the THDIs and phase currents peak factors revealed significant
deviations from the sinusoidal shape.

(c) The total active power from SWT was equal to 299.88 kW whilst the fundamental
one was equal to 307.26 kW, revealing a reversed flow of active power along the superior
harmonics from the rectifier toward SWT for the excitation supplying.

(d) The total reactive power from SWT was equal to 978.36 kVAr.
(e) The distorting power was significant (equal to 337.35 kVAd) as compared to

the active power. The total apparent power was also high (equal to 1065.4 MVA) when
compared to the active power whilst its fundamental component was lower than the total
apparent power (1025 MVA).

(f) The high values of the apparent, reactive and distorting powers as compared to the
active power are reflected by the low value of the total power factor (PF = 0.281).

The analysis of numerical results emphasized the possibility of determining the indices
of PQ for powers/energies for three-phase systems by using the first theory discussed
above, along with the possibility of determining various categories of powers required for
their correct evaluation such as to allow for fair charge and for applying and evaluation of
correct compensation measures of non-sinusoidal regimes.

3.1.3. Data Processing and Powers Computation by Using Discrete Wavelet Transform

DWT was used to process the signals depicted in Figure 3. Formulas from
Section 2.3.1.2 were used. The topology of the DWT tree used for the results presented in
this paper is characterized as follows: 8192 points in the vector hosted by the root node,
10 levels, wavelet mother from the Daubechies family, called ‘db4′ in MATLAB, with the
filter of length 8. The arguments used to select this topology were: (a) the number of
points hosted by the root node is multiple of 2 and it is the closest value to the one used
for the computations relying on FFT; (b) the number of points (equal to 8) in the vectors
from the 10-th level is equal to the length of the wavelet mother filter; (c) the runtime
associated to the DWT decomposition is lower when the filter is shorter; (d) the tests made
on synthetic signal revealed an acceptable spectral leakage associated with lower order
harmonics, which tend to be partially considered as part of the component oscillating
at the fundamental frequency. The percentage relative error between the correct RMS of
fundamental and the RMS of fundamental frequency yielded by DWT was highest for the
second harmonic order (−0.5%) and decreased significantly with the harmonic order (e.g.,
−9.6 × 10−3 for the fifth harmonic). For signals with reach harmonic spectra, these sorts of
errors tend to compensate each other, whilst for those characterized only by low harmonic
orders and small weights, they are more visible with respect to percentage relative error,
but the absolute value of errors is small.

The computed vectors of approximations and details for all levels and phases were
determined and are depicted in Figures 6–19.
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PQ indices for energy/powers and various categories of powers were computed,
making use of the Equations from Section 2.3.1.2 (Equations (111)–(123)) by using original
software tools developed by the authors.

Table 2 gathers the most important results yielded by these programs.
Data from Tables 1 and 2 were used to perform a comparison between counterpart

PQ indices and powers. Table 3 gathers percentage differences (FFT vs. DWT) relative
to FFT between those quantities for which differences were low. Higher differences (up
to 20% in absolute value, highest difference being noticed at reactive powers) could be
noticed for the rest of the indices. Possible explanations for them are the existence of small
differences between half-periods (affecting the accuracy of results yielded by FFT), presence
of significant “jumps” in waveforms due to the switch of thyristors, combination of errors
with opposite signs at different decomposition methods, inherent errors produced by the
use of discrete values and interpolation techniques.

Computations accomplished on synthetic quasi-steady and smooth waveforms re-
vealed a better convergence of results, proving that for those cases, both decomposition
techniques and theories can be used to characterize the electric energy quality, to perform a
fair charge, to measure and evaluate the load compensation efficiency. For the rest of the
cases, DWT provides better results for PQ indices not mentioned in Table 3.
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Table 2. Power quality index, powers and power factor computed with DWT and the third theory,
first case study.

Parameters Units Phase Number

1 2 3

Total RMS of currents A 1048.01 1054.76 1067.36
RMS of currents for the fundamental harmonic A 1014.63 1021.28 1030.5

Distorting residues of currents A 262.42 263.66 278.07
Total harmonic distortions of currents % 26.04 25.49 26.05

Node zero voltages V 337.87 336.55 333.59
RMS of voltages for the fundamental harmonic V 337.2 335.99 332.79

Distorting residues of voltages V 21.2 19.32 23.09
Total harmonic distortions of voltages % 6.28 5.74 6.92

Active powers of approximations, Papp kW 99.09 102.55 104.92
Active power of details, Pdet kW −2.38 −1.91 −2.72

Phase active powers kW 96.7 100.51 102.2
Total active power of approximations kW 300.76

Total active power of details kW −7.15
Total active power kW 292.98

Reactive powers of approximations, Qapp kVAr 327.47 327.5 326.51
Reactive powers of details, Qdet kVAr 5.03 4.72 5.82

Total reactive power of approximation kVAr 985.33
Distorting powers of currents kVAd 88.49 88.58 92.54
Distorting powers of voltages kVAd 21.51 19.73 23.79

Distorting powers of details, Ddet kVAd 6.06 5.44 6.97
Non-active powers, N kVAd 367.06 368.94 370.45

Effective apparent power of approximations Sapp kVA 342.14 343.14 342.95
Effective apparent power of details Sdet kVA 5.56 5.09 6.42

“Non-approximation” effective apparent power SeN kVA 91.24 90.9 95.77
Apparent powers kVA 354.09 354.98 356.07

Effective apparent powers of approximation, Seapp kVA 1028.31
Unbalanced power of approximations SUapp kVAd 58.84

Effective apparent powers of details, Sedet kVAd 17.1
Total distorting power of current, DeI kVA 269.76
Total distorting power of voltage DeV kVA 65.19

“Non-approximation” effective apparent power SeN kVA 278.05
Total non-active power, N kVA 1024.15
Effective apparent powers kVA 1065.23

Power factor of approximations on positive sequence 0.291 (inductive character)
Total power factor 0.275 (with inductive character)

Table 3. Computed percentage relative differences between power quality indices (FFT vs. DWT)—
first case study.

Parameter Phase Number

1 2 3

Total RMS for currents 0.08 −0.09 0.05
RMS for currents (fundamental harmonic) −0.31 −0.42 −0.12
Total harmonic distortions of currents 1.58 2.59 2.03
Total RMS for voltages 0.09 0.06 0.06
RMS for voltages (fundamental harmonic) −0.09 0.05 0.08
Distorting residue of voltages 0.33 3.73 3.96
Total harmonic distortion of voltages 0.32 3.69 4.06
Active powers 0.19 0.23 0.86
Total active power 2.3
Apparent powers −0.01 −0.26 0.19
Total apparent power 0.02
Power factor 2.14
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3.2. Study of Waveforms Acquired from the Primary Winding of a Transformer Used to Supply the
Excitation of a Power Group

The second case study is related to the first case study (Figure 2), but now data acquired
from the primary winding are analysed. Figure 20 depicts the data acquired data from this
test point.
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3.2.1. Data Processing and Powers Computation by Using Fast Fourier Transform

Figure 21 depicts the current and voltage harmonic spectra. Again, only harmonic
orders with weights exceeding 1.2% are depicted (therefore, the highest harmonic order
displayed in these diagrams is 49).
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Similar to the first case study, the spectra of (re)active powers were computed and are
depicted in Figure 22.
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Table 4 gathers the results yielded by FFT and the first theory for the second case
study.

Remarks:
(a) The low voltage harmonic distortions, in this case, can be explained by the direct

connection of the primary winding of T to the national power system. On the other hand,
the significant phase current total distortions appear because a fully controlled three-phase
rectifier is supplied from SWT. One can notice significant weights of the current harmonic
orders from the set {5, 7, 11, 13, 17, 19, 23} and non-negligible harmonic orders from the set
{25, 29, 31, 35, 37, 41, 43,49}.

(b) Although the total active power from the primary winding of T was found to be
equal to 350.525 kW (very close to the sum of the active powers for the total RMSs along
the fundamental harmonic) because the total reactive power was equal to 1064 MVAr (most
of it due to the contribution of components associated to the fundamental harmonic) and
the total distorting power was equal to 300.92 kVAd (comparable to the active power), the
computed value of the power factor was very low (PF = 0.302). This is due to the significant
distorting regime from the secondary winding. This regime is transferred in the primary
winding of the transformer used for supplying the excitation.

(c) The power flows along the superior harmonics along the superior harmonics are
from the primary winding of T toward the power system for the active powers and in the
reversed sense for the reactive powers.
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(d) A reversed flow of active power along the fundamental harmonic (from the primary
toward the secondary winding of T) was also noticed.

(e) The apparent power along the fundamental harmonic (1119.94 MVA) was lower
than the total apparent power.

(f) The lower values of the distorting power can be due to a sort of attenuation of the
harmonic currents flowing through the primary winding relative to those flowing through
the secondary winding.

Table 4. Power quality indices, powers and power factors using FFT and the first theory for the
second case study.

Parameters Units Phase Number

1 2 3

Total RMS of currents A 27.92 29.15 29.62
RMS of currents on the fundamental harmonic A 26.94 28.15 27.65

Distorting residues of currents A 7.34 7.56 7.40
Total harmonic distortions of currents % 26.28 25.95 25.86

Total RMS of voltages kV 13.532 13.535 13.556
RMS of voltages on the fundamental harmonic kV 13.526 13.529 13.552

Distorting residues of voltages V 369.46 371.44 327.05
Total harmonic distortion of voltages % 2.73 2.74 2.41

Active powers kW 112.97 123.33 114.23
Total active power kW 350.53

Active powers on the fundamental harmonic kW 113.10 123.73 114.42
Total active power on the fundamental harmonic kW 351.25

Reactive powers kVAr 346.73 360.65 357.07
Reactive powers on the fundamental harmonic kVAr 346.40 360.25 356.75

Total reactive power kVAr 1064.45
Distorting powers kVAd 99.02 101.98 99.92

Total distorting power kVAd 300.92
Apparent powers of phases kVA 377.88 394.56 387.99

Apparent powers on the fundamental harmonic kVA 364.40 380.90 374.64
Total apparent power kVA 1119.94

Power factor on the fundamental harmonic 0.314 (with inductive character)
Power factor 0.302 (with inductive character)

3.2.2. Data Processing and Powers Computation by Using Discrete Wavelet Transform

Similar to the first case study, the acquired data depicted in Figure 19 were decomposed
with DWT. Based on their values, quality indices for electric energy/power were computed.
The most relevant of them for this study are gathered in Table 5.

Similar to the first case study, data from Tables 4 and 5 were used to perform compar-
isons (FFT vs. DWT) between certain counterpart quantities. Percentage relative differences
for some of them are gathered in Table 6.
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Table 5. Power quality indices, the powers and power factor using DWT and the third theory, second
case study.

Parameters Units Phase Number

1 2 3

Total RMS of currents A 27.90 29.17 28.63
RMS of currents on the fundamental harmonic A 26.95 28.23 27.74

Distorting residues of currents A 7.19 7.33 7.07
Total harmonic distortions of currents % 26.95 26.63 26.34

Node zero voltage kV 13.54
Total RMS of voltages kV 13.545 13.527 13.551

RMS of voltages on the fundamental harmonic kV 13.542 13.52 13.548
Distorting residue of voltages V 206.34 285.26 235.66

Total harmonic distortion of voltages % 1.52 2.11 1.74
Active powers of approximations, Papp kW 112.73 125.36 113.84

Active powers of details, Pdet W 448.20 −1153.99 −60.60
Active powers kW 113.18 124.21 113.77

Total active power of approximation kW 350.67
Total active power of details W −766.39

Total active power kW 349.90
Reactive powers of approximations, Qapp kVAr 347.18 360.57 358.25

Active powers of details, Qdet kVAr 1.414 1.745 1.665
Total reactive power of approximation MVAr 1.065

Current distorting powers kVAd 97.37 99.19 95.80
Voltage distorting powers kVAd 5.561 8.052 6.538

Distorting powers of details, Ddet kVAd 1.549 2.389 1.667
Non-active powers, N kVAd 394.42 413.60 404.31

Apparent powers of approximations, Sapp kVA 365.02 381.74 375.90
Apparent powers of details, Sdet kVA 1.483 2.092 1.666

“Non-approximation” apparent power, SN kVA 97.54 99.54 96.04
Apparent powers kVA 377.83 394.50 387.98

Effective apparent powers of approximation, Seapp MVA 1.123
Unbalanced power of approximations, SUapp kVAd 67.123

Effective apparent powers of details, Sedet kVAd 5.283
Total distorting power of current, DeI kVA 292.396
Total distorting power of voltage, DeV kVA 20.287

“Non-approximation” effective apparent power SeN kVA 293.146
Total non-active power, N MVA 1.107

Total effective apparent powers MVA 1.161
Power factor of approximations on positive sequence 0.313 (with inductive character)

Total power factor 0.302 (with inductive character)

Table 6. Computed percentage relative differences between power quality index (FFT vs. DWT)
second case study.

Parameters
Phase Number

1 2 3

Total RMS of currents 0.071 0.069 3.342
RMS on the fundamental harmonic of currents 0.037 0.284 0.325

Distorting residue of currents 2.043 3.042 4.459
Total harmonic distortion of currents 2.48 2.55 1.82

Total RMS of voltages 0.092 0.062 0.042
Active powers 0.186 0.714 0.402

Total active power 0.180
Apparent powers 0.014 0.015 0.193

Power factor 0.188

The analysis of comparison results yielded similar conclusions as those drawn in the
first case study.
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3.3. Study of Waveforms Acquired from the Terminals of the Main Generator from a Power Group

The third case study approaches almost sinusoidal waveforms (Figure 23), acquired
from the terminals of the main generator from a power group that supplies power of
around 171 MW to the national power system.
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Figure 23. Three-phase voltages and currents acquired from the main generator terminals for an
active power of 171 MW delivered to the national power system.

3.3.1. Data Processing and Powers Computation by Using Fast Fourier Transform

Figure 24 depicts the harmonic spectra of currents and voltages yielded by FFT. Due
to the almost sinusoidal shapes of the analysed waveforms, a lower threshold (0.6%) was
set for the displayed harmonic weights. The spectra for (re)active powers are depicted in
Figure 25.

Energies 2022, 15, x FOR PEER REVIEW 37 of 47 
 

 

Power factor  0.188  

The analysis of comparison results yielded similar conclusions as those drawn in the 
first case study. 

3.3. Study of Waveforms Acquired from the Terminals of the Main Generator from a Power 
Group 

The third case study approaches almost sinusoidal waveforms (Figure 23), acquired 
from the terminals of the main generator from a power group that supplies power of 
around 171 MW to the national power system. 

 
Figure 23. Three-phase voltages and currents acquired from the main generator termi-
nals for an active power of 171 MW delivered to the national power system. 

3.3.1. Data Processing and Powers Computation by Using Fast Fourier Transform 
Figure 24 depicts the harmonic spectra of currents and voltages yielded by FFT. Due 

to the almost sinusoidal shapes of the analysed waveforms, a lower threshold (0.6%) was 
set for the displayed harmonic weights. The spectra for (re)active powers are depicted in 
Figure 25. 

 

Energies 2022, 15, x FOR PEER REVIEW 38 of 47 
 

 

 

Figure 24. Harmonic spectra of three-phase currents (top) and voltages (bottom)—quan-
tities acquired at the terminals of the main generator for the active power of 171 MW. 

 

 

Figure 25. The harmonic spectra of three-phase active powers (top) and reactive powers 
(bottom)—quantities acquired at the terminals of the main generator, corresponding to 
an active power of 171 MW. 

Table 7 gathers the results yielded by FFT and the first theory for the third case study. 

Table 7. Power quality indices, powers and power factor using FFT and the first theory—
third case study. 

Parameters Units Phase Number 
  1 2 3 

Total RMS of currents A 4125.69 4275.78 4233.23 

Figure 24. Harmonic spectra of three-phase currents (top) and voltages (bottom)—quantities acquired
at the terminals of the main generator for the active power of 171 MW.



Energies 2022, 15, 5130 37 of 45

Energies 2022, 15, x FOR PEER REVIEW 38 of 47 
 

 

 

Figure 24. Harmonic spectra of three-phase currents (top) and voltages (bottom)—quan-
tities acquired at the terminals of the main generator for the active power of 171 MW. 

 

 

Figure 25. The harmonic spectra of three-phase active powers (top) and reactive powers 
(bottom)—quantities acquired at the terminals of the main generator, corresponding to 
an active power of 171 MW. 

Table 7 gathers the results yielded by FFT and the first theory for the third case study. 

Table 7. Power quality indices, powers and power factor using FFT and the first theory—
third case study. 

Parameters Units Phase Number 
  1 2 3 

Total RMS of currents A 4125.69 4275.78 4233.23 

Figure 25. The harmonic spectra of three-phase active powers (top) and reactive powers (bottom)—
quantities acquired at the terminals of the main generator, corresponding to an active power of
171 MW.

Table 7 gathers the results yielded by FFT and the first theory for the third case study.

Table 7. Power quality indices, powers and power factor using FFT and the first theory—third case
study.

Parameters Units Phase Number

1 2 3

Total RMS of currents A 4125.69 4275.78 4233.23
RMS current of the fundamental harmonic A 4124.82 4274.77 4232.20

Distorting residue of currents A 74.38 87.83 93.11
Total harmonic distortion of currents % 1.80 2.05 2.20

Total RMS of voltages V 13,613.39 13,591.04 13,539.51
RMS voltage of the fundamental harmonic V 13,609.05 13,585.98 13,534.1981

Distorting residue of voltages V 341.64 369.66 375.26
Total harmonic distortion of voltages % 2.51 2.72 2.77

Active powers MW 56.10 58.05 57.19
Total active power MW 171.34

Active powers on the fundamental harmonic MW 56.11 58.05 57.19
Total active power on the fundamental harmonic MW 171.35

Reactive powers MVAr 16.62 184.47 319.01
Reactive powers on the fundamental harmonic MVAr 16.60 18.44 31.82

Total reactive power MVAr 66.96
Distorting powers MVAd 2.05 1.87 2.13

Total distorting power MVAd 6.05
Apparent powers MVA 56.08 57.86 56.53

Apparent powers on the fundamental harmonic MVA 56.16 58.11 57.32
Total apparent powers MVA 171.59

Power factor on the fundamental harmonic 0.999 (inductive character)
Power factor 0.998 (inductive character)
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1. The reduced harmonic distortions for all waveforms prove that the synchronous
generator connected to the national power system was in a safe operating regime. It did
not affect and was not affected by the national power system.

2. The total active power was equal to 171.34 MW, a value that is very close to the
active power of the fundamental harmonic. The total reactive power was equal to 66.96
MVAr, at its turn, very close to the reactive power of the fundamental harmonic. At the
same time, the total distorting power was equal to 6.05 MVAd, whilst the total apparent
power had a value of 171.59 MVA. The close values of the total apparent and active powers
were reflected by the power factor (PF = 0.998), which was very close to the ideal value of 1.
These observations can also be correlated to the reduced values of the computed reactive
and distorting powers.

For this case, one could conclude that the consumption of reactive power into the
system was small, even if the data were acquired in a moment with the regular operation
of the national power system.

The distorting power had a small value, being influenced by the national power
system, which introduced a weak non-sinusoidal regime. Therefore, one can consider that
the generator operating regime was almost sinusoidal.

3.3.2. Data Processing and Powers Computation by Using Discrete Wavelet Transform

Again, the data for the third case study were decomposed with DWT, considering the
same methodology used in the first 2 case studies. The results are gathered in Table 8.

Table 8. Power quality indices, the powers and power factor using DWT and the third theory.

Parameters Units Phase Number

1 2 3

Total RMS of currents A 4127.10 4280.16 4267.74
RMS of currents for the fundamental harmonic A 4126.13 4279.42 4266.13

Distorting residue of currents A 89.26 79.50 117.10
Total harmonic distortion of currents % 2.16 1.86 2.74

Node zero voltage kV 13.621
Total RMS of voltages kV 13.617 13,620 13,636

RMS of voltages for the fundamental harmonic kV 13,614 13.618 13.631
Distorting residue of voltages V 270.73 213.37 377.76

Total harmonic distortion of voltages % 1.99 1.57 2.77
Active power of approximations, Papp MW 56.13 58.24 58.04

Active power of details, Pdet MW 12.719 14.36 22.652
Phase active powers MW 56.17 58.28 58.07

Total active power of approximations kW 171,800
Total active power of details kW 36.81

Total active power kW 171,837
Reactive power of approximations, Qapp MVAr 2.37 2.26 3.55

Reactive power of details, Qdet kVAr 20.55 16.9 37.99
Total reactive power of approximation kVAr 16,912

Distorting powers of currents MVAd 1.22 1.08 1.59
Distorting powers of voltages MVAd 1.12 0.91 1.61

Distorting powers of details Ddet kVAd 27.31 17.02 49,69
Non-active powers, N MVAd 79.44 82.4 82.21

Apparent power of approximations Sapp MVA 56.17 58.28 58.15
Apparent power of details Sdet kVA 24.16 16.96 44.24

“Non-approximation” apparent power SeN MVA 1.65 1.42 2.27
Apparent powers MVA 56.20 58.30 58.20

Effective apparent powers of approximation, Seapp MVA 172.63
Unbalanced power of approximation SUapp MVAd 20.15
Effective apparent powers of details, Sedet kVAd 85.57

Total current distorting power, DeI MVA 3.95
Total voltage distorting power DeV MVA 3.74

Effective apparent power MVA 172.71
Power factor of approximations on positive sequence 0.9952 (inductive character)

Total power factor 0.9949 (inductive character)
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Side-by-side results, computed with FFT and DWT, are gathered in Table 9.

Table 9. Computed Values of Power Quality indices (FFT vs. DWT).

Parameters Calculation Method
Phase Number

1 2 3

Total RMS of currents [A]
FFT 4125.69 4275.78 4233.23

DWT 4127.10 4280.16 4267.74

Total harmonic distortion of
currents [%]

FFT 1.80 2.05 2.20
DWT 2.16 1.86 2.74

Total RMS of voltages [V] FFT 13,613.39 13,591.04 13,539.51
DWT 13,617 13,620 13,636

Total harmonic distortion of
voltages [%]

FFT 2.51 2.72 2.77
DWT 1.99 1.57 2.77

Total phase active powers {MW] FFT 56.10 58.05 57.19
DWT 56.17 58.28 58.07

Total active power [MW] FFT 171.34
DWT 171.84

Total apparent power [MVA] FFT 171.59
DWT 172.71

Total power factor FFT 0.9854
DWT 0.9949

Again, one can notice non-significant differences between the compared results. The
explanations for differences were presented in the first case study.

The company operating this electric power generator could correctly handle the power balance
as long as accurate data were provided by performing data acquisition systems; software tools based
on FFT and DWT, implementing correct theories, were used. The correct measurement of the
energies/powers delivered to the national power system made possible the establishment of a correct
charge for the delivered energy/power.

4. Conclusions

The theories dealing with powers in non-sinusoidal and non-symmetrical regimes
should be able to allow for a correct evaluation of powers, appropriate test possibilities,
modalities for the compensation of unpleasant effects, as well as for correct quantification
of the measures used to diminish these effects through compensation. Such theories, able
to satisfy at least partially these requirements, are approached in this paper, but not all
theories issued until now can do this.

Most of the theories for non-sinusoidal regimes rely on the Fourier Transform. Usually,
the people authoring definitions make use of harmonic decompositions, but alternative
definitions coexist as well (also using to an end the Fourier Transform [27–31]). Based
on these theories, one can evaluate indices of quality for waveforms (e.g., [32,33]), and
powers, respectively. However, the decomposition in harmonic components is limited to
the highest harmonic orders to be considered by the actual standards [6,7]. Therefore, one
can deal only with problems related to the quality of powers/energies and cannot address
problems related to electromagnetic interferences specific to the domain of Electromagnetic
Compatibility.

One has to underline that it is more difficult to evaluate the non-symmetries occurring
in three-phase systems in terms of the Fourier series. There are different sequences for
different harmonic orders (e.g., at currents: “+” for harmonic orders 3*m + 1, “−“ for
harmonic orders 3*m + 2, “0”—for harmonic orders 3*m), and moreover, it is possible to
have a cross-power between different sequences quite along the fundamental harmonic
(17), proving that these components of different sequences have to be discussed along with
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the harmonics related to Fourier series. Neither the separation of unbalanced harmonic
components in the Standard IEEE 1459-2010 might represent a solution as long as those
harmonic components (which actually are non-symmetrical instead of unbalanced!) are
yielded by the decomposition using Fourier series for non-sinusoidal regimes. Such com-
ponents appear in both the second and third theories approached in this paper, denoting
no special relevance from a practical point of view.

A fourth theory, based on the definitions of certain instantaneous real and imaginary
powers, is useful for active or hybrid dynamic compensation processes (as mentioned
in [34–37]), but it cannot be considered as a standalone theory of powers as long as it
does not fulfil all the requirements. Therefore, to justify the compensation efficiency, one
has to use one of the other theories. Maybe the correct name of this theory will be: “The
compensation based on the definition using the real and imaginary powers definition”
(not as a theory for powers in a three-phase system).

Three examples of real data processing are presented for the first and third theories.
Data corresponding to voltages and currents waveforms were acquired with DASs specially
designed for these applications. Dedicated software tools relying on Fast Fourier Transform
and Discrete Wavelet Transform were conceived. The topology of the DWT tree used for
decomposition can be characterized as follows: 8192 components in the root node, 10 levels
and a wavelet mother from the Daubechies family with a filter consisting of 8 components.
The quantities defined in the approached theories were computed and comparisons of
those who can be considered as analogue were made such as to prove the correctness of
the evaluation of power definitions, PQ indices and power factors.

The first case study is concerned with the analysis of data acquired from the secondary
winding of a transformer used to supply the excitation of a power group. In the work frame
of the first theory, one computed (re)active, distorting and apparent powers in a correct
approach because they provide information that is useful for the compensation modalities
as well. This theory meets the requirements relative to its usefulness. Computations were
made considering the third theory as long as it defines the same quantities as the second
one (from the IEEE Standard 1459-2010). Harmonic orders higher than the limits imposed
by the standard are considered too by the software tools, providing more accurate results.
The comparison accomplished between the computed results for the analogue quantities
was made using tables and percentage differences relative to the results yielded by FFT
and revealed small differences. In this case, both three-phase voltages and currents have
non-sinusoidal shapes. This is also revealed by the analysis of the THD values.

The second case study is concerned with the analysis of data acquired from the primary
winding of the same transformer used to supply the excitation of a power group addressed
by the first case study. Considering the same methodology as the one applied for the first
case, small differences were revealed again between the numerical results yielded within
the work frame of the compared theories for analogue quantities. The analysis of data for
the first two case studies revealed significant non-sinusoidal regimes. Significant distortions
were noticed in both voltages and currents acquired from the secondary winding of the
transformer used to supply the excitation, unlike the case of the primary winding of the
same transformer. This happens because high voltages characterize the second case study,
which is not influenced by the currents flowing through the transformer. Therefore, the
harmonic currents produced in the secondary winding are transmitted to the primary
winding but have no influence over the three-phase voltages from it. The powers measured
in the primary winding are higher than those from the secondary winding due to the losses
from the transformer (both along the fundamental and superior harmonics). In this case,
the non-sinusoidal shapes are noticed only at the three-phase currents. This characteristic
is also revealed by the analysis of THDs for voltages and currents. Independent DASs were
used for the first two cases approached in this paper. Yet they can operate jointly using a
synchronization provided by an original software tool.

The third example refers to an almost sinusoidal regime in which certain components
of powers (reactive, apparent, non-active etc.) are small. In this case, too, it is proved that
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one can apply any of the first and third theories to obtain correct results of measurement
and charge for consumers. The differences noticed between the results yielded by FFT and
DWT can be explained by the existence of small differences between half-periods (affecting
the accuracy of results yielded by FFT), presence of significant “jumps” in waveforms due
to the switch of thyristors (for the first two case studies), a combination of errors with
opposite signs at different decomposition methods and inherent errors produced by the
use of discrete values and interpolation techniques. In this case, all waveforms are almost
sinusoidal, a fact that is also revealed by the analysis of the THDs.

The examples from Section 3 reveal that the first and third theories can be used for an
accurate evaluation of powers and power factors. Appropriate software tools developed by
authors, relying on FFT and, respectively, DWT, implement these theories and yield reliable
results. When the implementation of DWT is unavailable, one can use the first two theories
and employ FFT (considering its usability limits).

The numerical processing allowed for a correct diagnosis of the synchronous generator
excitation winding, whose schematic is depicted in Figure 2. The compensation solution
deduced by the authors based on the results of the numerical processing relies on the
joint utilization of an active filter, along with reactance coils. This solution requires the
application of the fourth theory and is currently during the implementation stage. The
solution validation will make use of the first and third theories to perform an evaluation
from both technical and economic points of view.

The third example reveals a correct determination of the power/energy delivered by a
synchronous generator G2 to the power system. G2 belongs to a power group PG2 other
than that approached in the first two cases (PG1). The implementation of this solution at
PG2 determined its technical staff to give up the analogue apparatus and rely on the solution
proposed by the authors for a correct test and management of the electric power/energy.

In a general conclusion, one can say that the theories approached in this paper fulfil the
requirements for which they were created, except for the fourth theory, which can meet only the
requirements related to compensation scopes and cannot provide a correct methodology for the correct
measurement of powers or power factors.
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Nomenclature

u1(t), u2(t), u3(t) instantaneous three-phase voltages
Uk the voltage RMS value for the k’th order harmonic
γk initial phase for the k-th order harmonic voltage
i1(t), i2(t), i3(t) instantaneous three-phase currents
Ik the current RMS value for the k’th order harmonic
θk initial phase for the k-th order harmonic current

U1, U2, U3
the vectors (first-order tensors) of the phase voltages in the vectorial space E, in Antoniu–Gafencu
Theory

I1, I2, I3
the vectors (first-order tensors) of the phase currents in the vectorial space E, in Antoniu–Gafencu
Theory



Energies 2022, 15, 5130 42 of 45

Kx·Uk·cosγk,
Kx·Uk·cos

(
γk − k· 2π

3

)
,

Kx·Uk·cos
(

γk + k· 2π
3

) the projections of the vectors U1, U2, U3 along the axis Kx of a subspace E1 of odd functions (similar
equations can be written for currents);

Ky·Uk·cosγk,

Ky·Uk·cos
(

γk − k· 2π
3

)
,

Ky·Uk·cos
(

γk + k· 2π
3

) the projections of the vectors U1, U2, U3 along the axis Ky of a subspace E2 of odd functions (similar
equations can be written for currents).

ϕk = γk − θk
phase-shift between the voltage and the current corresponding to the harmonic order k, in the
Antoniu–Gafencu Theory

ϕl = γl − θl
phase-shift between the voltage and the current corresponding to the harmonic order l, in the
Antoniu–Gafencu Theory

P total active power of the (un)balanced three-phase network operating in a distorting regime
P1, P2, P3 active powers for each of the three phases in the Antoniu–Gafencu Theory
β = ej π

2 = cos π
2 + j·sin π

2 = j rotation operator with π
2

Λ = β = e−j π
2 =

cos
(
−π

2
)
+ j·sin

(
−π

2
)
= −j

rotation operator with
(
−π

2
)

Q total reactive power, in the Antoniu–Gafencu Theory
D total distorting power in the Antoniu–Gafencu Theory
D1, D2, D3 distorting power for each phase in the Antoniu–Gafencu Theory
V0, V+, V− zero-sequence, positive-sequence, negative-sequence components of phase voltages
U+k positive sequence voltage for the kth harmonic order in the Antoniu–Gafencu Theory
U−k negative sequence voltage for the kth harmonic order
U0 zero sequence voltage for the kth harmonic order
I+1, I+2, I+3 positive sequence current components of phases in the Antoniu–Gafencu Theory
I+k positive sequence current for the kth harmonic order
I−1, I−2, I−3 negative sequence current components of phases in the Antoniu–Gafencu Theory
I−k negative sequence current for the kth harmonic order in the Antoniu–Gafencu Theory
I01, I02, I03 zero sequence current components of phases in the Antoniu–Gafencu Theory
I0k zero sequence current for the kth harmonic order in the Antoniu–Gafencu Theory
Ie total Root Mean Square (RMS) current in IEEE 1459 Std.
Ie1 RMS current of the fundamental harmonic in IEEE 1459 Std.
IeH equivalent RMS harmonic current in IEEE 1459 Std.
Ve total Root Mean Square (RMS) voltage in IEEE 1459 Std.
Ve1 RMS voltage of the fundamental harmonic in IEEE 1459 Std.
VeH equivalent RMS harmonic voltage in IEEE 1459 Std.
Se total effective apparent power in IEEE 1459 Std.
Se1 fundamental effective apparent power in IEEE 1459 Std.
SU1 non-symmetrical apparent power in IEEE 1459 Std.
S+

1 fundamental positive-sequence apparent power in IEEE 1459 Std.
SeN nonfundamental effective apparent power in IEEE 1459 Std.
DeI current distortion power in IEEE 1459 Std.
DeV voltage distortion power in IEEE 1459 Std.
SeH harmonic apparent power for superior harmonics in IEEE 1459 Std.
PeH harmonic active power for superior harmonics in IEEE 1459 Std.
DeH harmonic distortion power for superior harmonics in IEEE 1459 Std.
THDeV equivalent total voltage harmonic distortion in IEEE 1459 Std.
THDeI equivalent total current harmonic distortion in IEEE 1459 Std.
P+

1 fundamental positive-sequence active power in IEEE 1459 Std.
Q+

1 fundamental positive-sequence reactive power in IEEE 1459 Std.
PF+

1 fundamental positive-sequence power factor in IEEE 1459 Std.
PFe equivalent power factor in IEEE 1459 Std.
PF+

1 fundamental positive-sequence power factor in IEEE 1459 Std.
c′j0,k discrete wavelet coefficient corresponding to the voltage for the level j0
d′j,k, dj,k discrete Wavelet coefficients for the levels j 6= j0, sample k
Vj0 RMS voltage value for the level with the lowest frequency j0 (“approximation” voltage)
Vj RMS voltage for higher frequency bands (“details” voltage)
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cj0,k discrete Wavelet coefficient corresponding to the current for the level j0
Ij0 RMS current value for the level with the lowest frequency j0 (“approximation” current)
Ij RMS current for higher frequency bands (“details” current)
ψj,k Wavelet function
Papp single-phase approximation active power in the Morsi theory
Pdet single-phase details active power in the Morsi theory
Pj single-phase active power for higher frequency bands (“details” active power)
N single-phase non-active power in the Morsi theory
Sapp single-phase approximate apparent power in the Morsi theory
Vdet single-phase RMS voltage for higher frequency bands (“details” voltage)
Idet single-phase RMS current for higher frequency bands (“details” current)
SN single-phase “non-approximation” apparent power
dPF single-phase displacement power factor (dPF)
PF single-phase total power factor
PFosc single-phase oscillating power factor
DP single-phase details pollution
Veapp, Ieapp “approximation” effective RMS values for three-phase voltages and currents in the Morsi theory
Vdet, Idet “details” effective RMS values for three-phase voltages and currents in the Morsi theory
Ve, Ie three-phase effective RMS values of voltage and current in the Morsi theory
P+

app three-phase positive sequence active power in the Morsi theory
P total active power in the Morsi theory
Seapp three-phase “approximation” effective apparent power in the Morsi theory
SUapp three-phase “approximation” unbalanced power in the Morsi theory
S+

app three-phase positive sequence apparent approximation power in the Morsi theory

V+
app, I+app

positive sequence effective RMS approximation voltage, current in the three-phase case in the Morsi
theory

SeN three-phase “non-approximation” effective apparent power in the Morsi theory
Sedet three-phase details apparent power in the Morsi theory
PF+

app three-phase “approximation” positive sequence power factor in the Morsi theory
LU load unbalance in the Morsi theory
p instantaneous power in the Akagi theory
αβ0 the stationary reference frame used in the Akagi theory for the Clarke transformation
ua(t), ub(t), uc(t) phase voltages of a three-phase load in the Akagi theory
ia(t), ib(t), ic(t) phase currents of a three-phase load in the Akagi theory
uα(t), uβ(t), u0(t) modified α, β, 0 voltage components supplying the load in the Akagi theory
ia(t), iβ(t), i0(t) modified α, β, 0 current components supplying the load in the Akagi theory
pa(t), pb(t), pc(t) phase active powers
pα(t), pβ(t) the instantaneous real power without zero-components in the Akagi theory
pr(t) total instantaneous real power without zero-components in the Akagi theory
p0(t) the instantaneous zero power in the Akagi theory
pi(t) = q(t) instantaneous imaginary (reactive) power in the Akagi theory
p, p̃(t) average and fluctuating components of the instantaneous real power pr(t)
q, q̃(t) average and fluctuating components of the instantaneous reactive power pi(t)
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