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Abstract: The function of vehicle powertrains (including hybrid powertrains) is to transmit power
from the power source (engine or electric machine) to driving wheels. The planetary gear train
(PGT) is a core structure of mechanisms of powertrains. The detection of topological symmetry is
helpful for improving the efficiency of mechanism design. In this paper, we present a fully automatic
and reliable method for detecting symmetry of plane kinematic chains and extend this method to
symmetry detection and the topological design of mechanisms of powertrains. First, the topological
model and adjacency matrix are introduced to represent various kinds of plane kinematic chains.
Then, the moment matrix of the kinematic chain is established to obtain link groups, based on which
we propose an algorithm to generate the unique numerical code of each link and precisely detect
the symmetry. Our method is applied to synthesize different kinds of plane kinematic chains and
mechanisms, which can improve the design efficiency of mechanisms of powertrains and other
mechanical devices.

Keywords: powertrain; topological symmetry; topological synthesis; planetary gear train; mechanism
design

1. Introduction

The function of vehicle powertrains is to transmit power from the power source to
the driving wheels, and planetary gear trains (PGTs) are widely used as the core structure
of the mechanisms of powertrains [1-3]. For example, Figure 1a is the architecture of
the Toyota Prius 2004 hybrid powertrain, and the core structure of Figure 1a is shown in
Figure 1b, which is a four-link one-degree-of-freedom (DOF) PGT. A PGT is a special kind
of kinematic chain containing both revolute and geared pairs. Figure 2a shows a linkage
kinematic chain which only contains revolute pairs. This kind of kinematic chain is also
widely used in the mechanisms of various mechanical devices.

Figure 1. Architecture of Toyota Prius 2004 hybrid powertrain (a) and its core PGT (b), where EM, R,
S, H and V denote the electric machine, ring gear, sun gear, carrier and vehicle wheel, respectively.
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Figure 2. Isomorphic mechanisms generated by assigning symmetric links or joints, where numbers
in this figure are the labeling of links (a) An 11-link 2-DOF kinematic chain; (b) the kinematic chain
inversion whose ground link is link 3; (c) the kinematic chain inversion whose ground link is link 4;
(d) the kinematic chain inversion whose ground link is link 1; (e) the kinematic chain inversion whose
ground link is link 1 and joint J; 3 is a prismatic pair; (f) the kinematic chain inversion whose ground
link is link 1 and joint J4 5 is a prismatic pair.

The creation of novel mechanisms is the key to develop mechanical devices and sys-
tems. One of the effective mechanism design methods is based on the structural synthesis
of kinematic chains [4,5]. In the conceptual design of mechanisms, the avoidance of isomor-
phic (topologically identical) mechanisms is an essential and troublesome problem. The
symmetry information of kinematic chains can be used to resolve this issue and enhance
the efficiency of mechanism design [6,7].

Two links/joints are said to be symmetric (or similar) if they have the same topo-
logical characteristics. For a given kinematic chain, if two symmetric links are assigned
as functional links, such as ground links, input links, and output links, the generated
mechanisms are isomorphic; similarly, if two symmetric revolute pairs are transformed
into other types of kinematic pairs, such as prismatic pairs, geared pairs, and cam pairs, the
generated mechanisms are also isomorphic. For example, Figure 2a is an 11-link two-DOF
simple joint kinematic chain, where links 2 and 5, links 3 and 4, and links 6 and 7 are
symmetric, respectively. By assigning links 3 and 4 as ground links, the derived kinematic
chain inversions, shown in Figure 2b,c, are isomorphic. Similarly, the revolute joints J, 3
and J4 5 in Figure 2d are symmetric. By transforming these two joints as prismatic pairs, the
derived mechanisms shown in Figure 2e,f are isomorphic. Obviously, the research on the
symmetry of kinematic chains is of great significance because it can be used to avoid the
generation of isomorphic mechanisms.

Mruthyunjaya and Balasubramanian [8-10] applied the characteristic polynomial
to obtain nonsymmetric ground links and synthesize 8, 9 and 10-link kinematic chain
inversions. Rao and Varada Raju [11,12] introduced the concept of Hamming matrix of the
kinematic chain and studied the detection of symmetric links by comparing their Hamming
strings. Yan and his coworkers [6,13,14] developed an algorithm to detect symmetric links
and joints based on the concept of the permutation group. The symmetry information was
used to enumerate nonisomorphic specialized mechanisms. Kim and Kwak [15] developed
a method to generate the edge list of graphs based on the level structure of kinematic chains,
and the edge list was used to detect the symmetric links of kinematic chains. Chu and
Cao [16] proposed the link’s adjacent-chain table as an invariant to study the symmetry of
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kinematic chains. Nonsymmetric links were selected as the ground links of the kinematic
chain inversions. Yadav et al. [17,18] developed algorithms based on link-path codes to
distinguish the nonsymmetric links of the kinematic chains. Wang and Yan [7] presented a
method to detect the link symmetry based on the weights of links. This method was applied
to avoid isomorphic configuration schemes and enhance the efficiency in the conceptual
design of the plane mechanisms. Tuttle and his coworkers [19,20] presented a famous
technique to detect the symmetric links of kinematic chains based on symmetry groups.
This technique played an important role in their structural synthesis of kinematic chains
and kinematic chain inversions.

Rao and Prasad Raju Pathapati [21] developed a loop-based invariant, called the link
adjacency string, to identify nonsymmetric links of kinematic chains with up to 10 links.
Kuo and Shih [22] applied the concept of pseudogenetic computation to generate vertex
family strings, which were used to identify symmetric links and joints of plane kinematic
chains and mechanisms. Simoni et al. [23] studied the symmetry of kinematic chains
based on the group of automorphisms and enumerated kinematic chain inversions with
up to four independent loops. Dargar et al. [24] acquired a kind of structural invariant
to synthesize kinematic chain inversions whose ground links are nonsymmetric. Nie
et al. [25,26] developed a kind of weight code and similarity code for the detection of
symmetric links, and the configuration analysis and synthesis of kinematic chains. Yang
et al. [27] developed a perimeter loop-based method to determine nonsymmetric links and
synthesize nonisomorphic kinematic chain inversions with complex topology. Based on the
link adjacency relationship, Deng et al. [28] developed the extended adjacency identification
index to recognize symmetric links and joints of various kinds of kinematic chains. Sun
and his coworkers [29-31] presented a method based on the power of adjacency matrix to
detect symmetric links and joints. This method was applied to eliminate isomorphism in
the synthesis of kinematic chains.

The symmetry detection method is desired to be reliable. Only in this way can isomor-
phism be precisely eliminated when synthesizing and designing mechanisms. However,
many existing methods cannot guarantee reliability because they fail in some cases, as
discussed in Refs. [27,28]. On the other hand, most studies only focused on the kinematic
chains with simple joints, whereas other types of kinematic chains, such as those chains
containing multiple joints, prismatic pairs, and geared pairs, were rarely discussed.

In this paper, we present a fully automatic and reliable method for detecting symmetry
of various kinds of kinematic chains and extend this method to the symmetry detection
and the topological design of mechanisms of powertrains. First, the topological model and
adjacency matrix are introduced to represent kinematic chains. Then, the moment matrix
of the kinematic chain is established to obtain link groups, based on which we propose
an algorithm to generate the unique numerical code of each link and precisely detect
the symmetry. The detection procedure is fully automatic, and our method is applied to
synthesize different kinds of plane kinematic chains and mechanisms, which can improve
the design efficiency of mechanisms of powertrains and other mechanical devices.

2. Topological Model and Adjacency Matrix of Kinematic Chains

For the convenience of establishing a mathematical model and computer processing,
topological models and adjacency matrices are introduced to represent kinematic chains.

In the topological model of the simple joint kinematic chain, a vertex denotes a link,
and an edge denotes a revolute pair. For example, the topological model of Figure 2a
is shown in Figure 3a. Its corresponding vertex—vertex adjacency matrix is defined by
Equation (1), where 7 is the number of vertices, and the revolute edge is given the weight
of 1. By definition, the adjacency matrix of Figure 3a is shown in Figure 3b.
[a;] _ { 1, if vertices i and j are connected by an edge )
Minxn 0, otherwise
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(2] en =

[2i4] en =

01001000000
10100000001
01010010000
00101100000
10010000001
00010001000
00100001000
00000110100
00000001010
00000000101
‘01001000010
(b)
0100010003
1010000000
0100000030
0000100030
0001000003
1000000030
0000000130
0000001003
0033033000
f 3000300300
158
(c) (d) (e)

Figure 3. Topological models and adjacency matrices of simple joint and multiple joint kine-
matic chains. (a) The topological model of Figure 2a and (b) the corresponding adjacency
matrix; (c) a multiple joint kinematic chain, (d) its topological model and (e) the corrsponding

adjacency matrix.

If more than two links are connected by a shared revolute pair, this pair is called a
multiple joint. In the topological model of the multiple joint kinematic chain, a hollow
vertex denotes a multiple joint and a solid vertex denotes a link. For example, Figure 3¢
shows an 8-link 1-DOF multiple joint kinematic chain whose joints J; 55 and J3 467 are
multiple joints, and its topological model is shown in Figure 3d. The corresponding vertex—
vertex adjacency matrix is defined by Equation (2), where the edge incident with a hollow
vertex is given the weight of 3. For example, the adjacency matrix of Figure 3d is shown in
Figure 3e.

1, if solid vertices i and j are connected by an edge
3, if vertices i and j are connected by an edge, and i or j is a hollow vertex 2)
0, otherwise

In the topological model of planetary gear train, a dashed edge denotes a geared
pair, and a solid edge denotes a revolute pair. For example, Figure 4a shows an 8-link
1-DOF planetary gear train, and Figure 4b is its topological model. The corresponding
vertex—vertex adjacency matrix is defined by Equation (3). In order to distinguish revolute
and geared pairs, a dashed edge is given the weight of 2. For example, the adjacency matrix
of Figure 4b is shown in Figure 4c.

1, if solid vertices i and j are connected by a solid edge

2
3
0

7

7

7

if solid vertices i and j are connected by a dashed edge
if vertices 7 and j are connected by a solid edge, and i or j is a hollow vertex
otherwise

®)
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Figure 4. An 8-link 1-DOF planetary gear train (a), its topological model (b) and the corresponding
adjacency matrix (c).

In the definition of the adjacency matrix, edge weights of 1, 2, and 3 are used to
distinguish different types of edges. In fact, the values of the edge weights can be any
different numbers, and their values do not affect the symmetry detection result. Our
present symmetry detection method is fully automatic, and the adjacency matrix is the only
input data needed to develop the computer software. Upper triangular elements of the
adjacency matrix are stored in a txt file, and the computer software performs the symmetry
detection work by reading and processing the data of adjacency matrix. The flow chart of
our automatic symmetry detection method is illustrated in Figure 5.

Read the adjacency matrix| | Sketch the corresponding o] Calculate the weight of
stored in the txt file - topological graph - each link
Y
Obtain the rearranged | Calculate the moment | Calculate the minimum
moment matrix D matrix D distance matrix
Y
S Determine unique numerical
»
Determine link groups > code of each link
A 4
Display symmetry information | Obtain the symmetry
on the software interface - information

Figure 5. Flow chart of the automatic symmetry detection method.

3. Moment Matrix of Kinematic Chain

Symmetric links have the same topological characteristics and attributes. The symme-
try detection aims to develop a structural invariant or index to distinguish symmetric and
nonsymmetric links. In this section, we propose the concept of moment matrix for the sym-
metry detection task. The advantageous features are that the moment matrix can be directly
derived from the adjacency matrix, and it can distinguish symmetric and nonsymmetric
links efficiently.

3.1. Weight of a Link

The weight of a link is defined as the sum of weights of edges incident with this link.
This parameter can be easily obtained from the adjacency matrix of kinematic chain. That is,
the weight of link 7 is the sum of elements in row i. For example, Figure 6a shows a 10-link
1-DOF simple joint kinematic chain, and Figure 6b is its adjacency matrix. The weight of
link 1 is the sum of elementsinrow 1,i.e, 0+1+0+0+1+0+1+1+0+1=>5. Similarly,
the weights of links 2-10 are equal to 2, 2, 4, 3, 2, 2, 2, 2, 2, respectively.
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Figure 6. A 10-link 1-DOF simple joint kinematic chain (a) and its adjacency matrix (b).

=

3.2. Minimum Distance Matrix

The minimum distance matrix of a topological graph is denoted as Din = [D;jjlnxn,
where D;; is the minimum distance between vertices i and j. First, we define an initial
distance matrix D as shown in Equation (4), where wj; is the weight of edge ¢;;. For
example, the initial distance matrix of Figure 6a is shown in Figure 7a.

0, ifiisequal to j
D% = [ng} = q w;;, if vertexiis connected to vertex j by an edge 4)
e o0, otherwise

0 1l ww 1 o0l 1 w 17 10122121121

1 01 0000 o0 0w w w0 1012232232

© 1l 0 1 0o owwownawn 211012333 2 2

wwl 01wwawnll 221012535211
DO_lacx-lOlaoooocac D=1221012222

wowowow l 01 wowown ™ 12332101333

l wowowaw 1 0 wwwn 1233210232

l wwwmwapwmen 0 1 w© 1:2:.8:22 320 1. 2

0Ooww ]l wwew 1l 0w 2321233102

L] 0o 1 oo 0 11221232220

(a) (b)

Figure 7. Initial distance matrix of Figure 6a (a) and the corresponding minimum distance matrix (b).

An array of recursive matrices, D' ... D¥ ... D" where DF = [D}‘]} , can be

Tlnxn

computed in turn according to the Floyd algorithm shown in Equation (5). The n-th

recursive matrix D" = [Dl’?j] is the minimum distance matrix Dyin. According to
JAinXn

Equation (5), the recursive matrix D i.e., Dpn, of Figure 6a is obtained and shown in
Figure 7. As an example, element D 3 in Figure 7b is equal to 2, meaning that the minimum
distance between vertices 1 and 3 in Figure 6a is 2. This value corresponds to path 1-2-3
which has two 1-weight edges in Figure 6a.

Dik/].: min : {Dif;erﬁ;l+D£;1} o

3.3. Moment of a Link

The moment of a force about a point is defined as the product of the force and the
perpendicular distance, i.e., the minimum distance from the point to the force. Analogous
to this concept, the moment of link i about link j in a kinematic chain is the product of the
weight of link i and the minimum distance from link i to link j. For example, the weight
of link 1 in Figure 6a is 5, and the minimum distance from link 1 to link 3 is 2; hence, the
moment of link 1 about link 3is M;3 =5 x 2=10.
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3.4. Moment Matrix

The moment matrix of a kinematic chain is denoted as M = [Ml-,j] nxn, Where M;;is the
moment of link i about link j. The rearranged moment matrix is acquired by permuting the
elements in each row of the moment matrix in descending order. For example, the moment
matrix of Figure 6a is shown in Figure 8a, and the corresponding rearranged moment
matrix is shown in Figure 8b. In the following, we will present the symmetry detection
method based on the rearranged moment matrix.

051010510 5 510 57 110 10 10 10 5555 5 07
202 446 4464 6 6 4 4444220
420 246 6644 6 6 6 4444220
884 048 128 4 4 128 8 8844440
366 303 6666 6 6 6 6663330
466 420 2666 6 6 6 6644220
246 642 0464 6 6 6 4444220
246 446 4024 6 6 4 4444220
464 246 6204 6 6 6 4444220
244 246 4440 L6 4 4 4444220
(a) (b)

Figure 8. Moment matrix of Figure 6a (a) and the rearranged moment matrix (b).

4. Unique Numerical Code for Symmetry Detection

The symmetry detection method is desired to be reliable. Only in this way can
isomorphism be precisely eliminated when synthesizing and designing mechanisms. We
propose an algorithm to generate the unique numerical code of each link based on the
rearranged moment matrix. The derived unique numerical code can be used to precisely
detect symmetric links of kinematic chains.

4.1. Link Group

If the elements in row i of the rearranged moment matrix are equal to those elements
in row j, links i and j are put in the same group. For example, both the elements in
rows 2 and 8 in Figure 8b are (6, 6, 4, 4, 4, 4, 4, 2, 2, 0), hence, links 2 and 8 are put in the
same group; similarly, the elements in rows 3,7, and 9 are (6, 6, 6, 4, 4, 4, 4, 2, 2, 0), hence,
links 3,7, and 9 are put in the same group. Finally, the link groups (LGs) of Figure 6a are
acquired as LGs = {1}, {2, 8}, {3, 7, 9}, {4}, {5}, {6}, {10}. The links in different groups are
obviously nonsymmetric because they have the different topological characteristics. It is
necessary to further confirm whether the links in the same group are symmetric. In the
present example, it is necessary to confirm whether links 2 and 8 in Figure 6a are symmetric,
as well as links 3, 7, and 9.

4.2. Unique Numerical Code

In order to generate the unique numerical code of link i, link i is extracted as the
first group to obtain new link groups, denoted as LGs;. For the new link groups LGs;,
links in the same group are permuted in all possible ways to derive new relabeling of the
kinematic chain. The numerical code of each relabeling is formed by concatenating the
upper triangular elements of the associated adjacency matrix row-by-row. The maximum
numerical code is defined as the unique numerical code of link 7, denoted as the UN-code;.
Symmetric links of a kinematic chain can be precisely detected by comparing their unique
numerical codes. If UN-code; = UN-codej, links i and j are symmetric; otherwise, they
are nonsymmetric.

The vertex group LGs of Figure 6a are listed in the first row of Table 1. Taking link 2
for instance, let us discuss how to obtain the unique numerical code of link 2, namely
UN-code;. Link 2 is extracted as the first group and the derived new link groups LGs; are
{2}, {1}, {8}, {3, 7, 9}, {4}, {5}, {6}, {10}, as listed in the second row of Table 1. There are six
permutations in group {3, 7, 9}, hence, there are six ways to relabel Figure 6a, as listed in
Table 2. The six ways of relabeling Figure 6a are shown in Figure 9. For example, for the first
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permutation, links 2,1, 8,3,7,9, 4, 5, 6, 10 of Figure 6a are relabeled as 1-10, respectively,
and the corresponding relabeled graph is shown in the first graph in Figure 9; for the
second permutation, links 2,1, 8,3, 9,7, 4, 5, 6, 10 are relabeled as 1-10, respectively, and
the corresponding relabeled graph is shown in the second graph in Figure 9. The adjacency
matrices of the graphs in Figure 9 are shown in Figure 10. For example, by concatenating
the upper triangular elements of the first graph in Figure 10, the numerical code of the
first graph in Figure 9 is acquired as C; = 101000000-10100101-0010000-001000-00010-1000-
101-10-0. The numerical codes of the graphs in Figure 9 are acquired and listed in Table 1.
Among the six numerical codes C1-Cg, the largest one is Cy; hence, C; is determined as the
unique numerical code of link 2, namely UN-code; = 101000000-10100101-0010000-001000-
00010-1000-101-10-0. In the same way, the unique numerical code of link 8 is UN-codeg =
101000000-10100101-0010000-001000-00010-1000-101-10-0. Due to UN-code; = UN-codeg,
we can conclude that links 2 and 8 in Figure 6a are symmetric.

Table 1. The generation of the unique numerical code of link 2 in Figure 6a, where LGs, denotes the

link groups for link 2.
LGs {1}, {2, 8}, {3, 7, 9}, {4}, {5}, {6}, {10}
LGs; {2}, {1}, 8}, {3, 7, 9}, {4}, {5}, {6}, {10}

C; =101000000-10100101-0010000-001000-00010-1000-101-10-0
C, =101000000-10010101-0100000-001000-01000-0010-101-10-0
C3 =100100000-11000101-0010000-000010-01000-1000-101-10-0
C4 =100010000-11000101-0100000-000010-01000-1000-101-10-0
Cs =100100000-10010101-1000000-001000-01000-0010-101-10-0
Cg = 100100000-10100101-1000000-001000-00010-1000-101-10-0
UN-code; 101000000-10100101-0010000-001000-00010-1000-101-10-0

Numerical Codes

9

2 2 2
5 1 6 1 4 1
4 9 4 9 5
8 7 8 7 8 7
2 2 2
4 1 6 1 5 1
9 6 9 5 9 6
8 7 8 7 8 7

Figure 9. Six ways to relabel Figure 6a according to the permutations in Table 2.
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Table 2. Permutations for the link groups LGs; of Figure 6a.

2,1,8,3,7,9,4,5,6,10
2,1,8,3,9,7,4,5,6,10
2,1,8,7,3,9,4,5,6,10

Permutations

2,1,8,7,9,3,4,5,6,10

2,1,8,9,3,7,4,5,6,10

2,1,8,9,7,3,4,5,6,10

New Labeling 1,2,3,4,5,6,7,8,9,10
010100000 0 010100000 0 01 0010000 0
1010100101 1010010101 1011000101
0100010000 0100100000 0100010000
1000001000 1000001000 0100000010
0100000010 0010001000 1000001000
0010001000 0100000010 0010001000
0001010101 0001100101 0000110101
0100001010 0100001010 0100001010
0000100100 0000010100 0001000100
010000100 0 1010000100 0 010000100 0
010001000 07 010010000 0 01 00100000
1011000101 1010010101 1010100101
0100100000 0101000000 0101000000
0100000010 0010001000 0010001000
0010001000 1000001000 1100000010
1000001000 0100000010 00000010O00O0
0000110101 0001100101 0001010101
0100001010 0100001010 0100001010
0001000100 0000010100 0000100100
‘010000100 0 ‘010000100 0 0100001000

Figure 10. Adjacency matrices of the graphs in Figure 9.

As another example, let us discuss how to obtain the unique numerical code of link 7,
namely UN-codey. Link 7 is extracted as the first group and the derived new link groups
LGsy are {7}, {1}, {2, 8}, {3, 9}, {4}, {5}, {6}, {10}, as listed in the second row of Table 3. There
are two permutations in group {2, 8} and two permutations in group {3, 9}, hence there are
four ways to relabel Figure 6a, as listed in Table 4. The four ways to relabel Figure 6a are
shown in Figure 11. For example, for the first permutation, links 7, 1, 2, 8, 3, 9, 4, 5, 6, 10
of Figure 6a are relabeled as 1-10, respectively, and the corresponding relabeled graph is
shown in the first graph in Figure 11. The adjacency matrices of the graphs in Figure 11 are
shown in Figure 12. For example, by concatenating the upper triangular elements of the
first graph in Figure 12, the numerical code of the first graph in Figure 11 is acquired as C;
=100000010-11000101-010 0000-010000-01000-1000-101-10-0. The numerical codes of the
graphs in Figure 11 are acquired and listed in Table 3. Among the four numerical codes
C1—Cy4, both Cj and C4 have the largest value; hence, C; (or Cy) is determined as the unique
numerical code of link 7, namely UN-code; = 100000010-11000101-0100000-010000-01000-
1000-101-10-0. In the same way, we can get that both UN-code; and UN-codeg are equal to
010001000-11100101-0000000-010000-00010-1000-101-10-0. Due to UN-code3z = UN-codeg
and UN-code; # UN-codes, we can conclude that links 3 and 9 in Figure 6a are symmetric,
whereas link 7 is not symmetric with links 3 and 9.
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Table 3. The generation of the unique numerical code of link 7 in Figure 6a, where LGsy denotes the

link groups for link 7.
LGs {1}/ {2/ 8}/ {3/ 7/ 9}/ {4}1 {5}/ {6}/ {10}
LGsy {7}, {1}, {2, 8}, {3, 9}, {4}, {5}, {6}, {10}

C; =100000010-11000101-0100000-010000-01000-1000-101-10-0
C, =100000010-11000101-0010000-100000-01000-1000-101-10-0
C3 =100000010-11000101-0010000-100000-01000-1000-101-10-0
C4 =100000010-11000101-0100000-010000-01000-1000-101-10-0
UN-codey 100000010-11000101-0100000-010000-01000-1000-101-10-0

Numerical Codes

Table 4. Permutations for the link groups LGsy of Figure 6a.

2 2 2 2
1 3 1 3 1 4 1 4
9 6 9 5
8 7 8 7 8 7 8 7

Figure 11. Four ways to relabel Figure 6a according to the permutations in Table 4.

7,1,2,8,3,9,4,5,6,10

7,1,2,8,9,3,4,5,6,10

Permutations 71,823,094 5,6 10
7,1,8,2,9,3,4,5,6,10

New Labeling of 1,2,3,4,5,6,7,8,9,10

(%))
\O,

010000001070100000010701000000107/01000000 1 07
1011000101](10110001011f1011000101})11011000101
0100100000101 00010000(|0100010000J(0100100000
0100010000/{0100100000)]0100100000((0100010000
0010001000/,]0001001000(|0O001001000|J(0O010001000
0001001000/]0010001000(|0OO010001000|J(0O0OO01001000
0000110101}]10000110101(|0000110101J(0000110101
0100001010/]0100001010(|0100001010|J(0O100001010
1000000100](1000000100)|1000000100{|11000000100
‘0100001000101 000010001'0100001000/010000100 0

Figure 12. Adjacency matrices of the graphs in Figure 11.

We have developed the symmetry detection software based on the C++ computer
programming language, and the software interface is developed based on MFC (Microsoft
Foundation Classes). Our present symmetry detection method is fully automatic, and the
adjacency matrix is the only input data needed to develop the computer software. Upper
triangular elements of the adjacency matrix are stored in a txt file. By reading the adjacency
matrix, the topological graph can be automatically sketched, and the detection result can
be automatically generated and displayed on the software interface. For example, the
automatic detection of symmetric links of the kinematic chain in Figure 6a is shown in
Figure 13. In the window “symmetric links”, groups {2, 8} and {3, 9} mean that links 2 and
8 are symmetric, and links 3 and 9 are also symmetric.
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'.ESymmetrydetection X‘
Sketch the graph Detect symmetric links |
Rearranged moment matrix
1 101010105 5 5 5 5 0
6 6 4 4 4 4 42 20
7 ) 6 6 6 4 4 4 42 2 0
128 8 8 8 4 4 4 4 0
6 6 6 6 6 6 3 3 30
6 6 6 6 6 4 42 2 0
6 3 6 6 6 4 444220
6 6 4 4 4 4 42 20
6 6 6 4 4 4 42 20
5 4 6 444444220
Link groups Symmetnc links
{1} {2.8}
{2.8) {3.9}
{3.7.9}
{4}
{5}
{6}
{10}

Figure 13. Automatic detection of symmetric links of the kinematic chain in Figure 6a.

5. Applications in Various Kinematic Chains and Mechanisms

The first major advantage of our symmetry detection method is reliability. The unique
numerical code and the associated link have a strict one-to-one correspondence; hence,
the derived unique numerical codes can be used to precisely detect the symmetric links of
kinematic chains and mechanisms. The second major advantage of our method is versatility.
By giving different weights to different kinds of edges in the topological graph, our method
possesses the ability to deal with all kinds of plane kinematic chains and mechanisms.

5.1. Synthesis of Kinematic Chain Inversions

A plane kinematic chain inversion refers to as a plane kinematic chain with one link
fixed (assigned as the ground link). Symmetric links should not be assigned as ground links
to avoid isomorphic inversions. The synthesis of inversions from the 11-link two-DOF kine-
matic chain in Figure 3a is discussed as follows. The moment matrix and rearranged moment
matrix of Figure 3a are shown in Figure 14a and b, respectively. According to Figure 14b,
the link groups LGs of Figure 3a are acquired as {1}, {2, 5, 11}, {3, 4}, {6, 7}, {8}, {9}, {10}. The
unique numerical codes of the links in the same groups are listed in Table 5. We can
conclude that links 2 and 5, links 3 and 4, and links 6 and 7 are symmetric, respectively.
The inversion whose ground link is 5 should be excluded because it is isomorphic with the
inversion whose ground link is 2. Similarly, the inversions whose ground links are 4 and 7
should be also excluded. Therefore, eight nonisomorphic inversions can be synthesized
from Figure 3a, as shown in Figure 15, where a ground link is marked with a small circle.
Finally, from the atlas of 753 11-link 2-DOF plane nonfractionated kinematic chains, we
have automatically synthesized 7156 nonisomorphic inversions. Our method is also applied
to synthesize different kinds of inversions with 8-12 links, and the synthesis results are
listed in Table 6.
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r0 244266886 4 8 8666444220
30366969963 99966663330
6 3036636996 99666663330
6 6303366996 99666663330
36630699963 99966663330
6 6424042466 6 6664444220
6 4246402466 6 6664444220
129669330369 129996663330
8 6666442024 8 6666444220
6 4664664202 6 6666444220
L6 3663999630 L9 9966663330
(a) (b)

Figure 14. Moment matrix of Figure 3a (a) and the rearranged moment matrix (b).

Table 5. Unique numerical codes of Figure 3a.

Groups Unique Numerical Codes

UN-code, = UN-codes =
1101000000-010000000-10000001-0100000-110000-01000-0100-100-10-1

{2,5,11}
UN-codeq; =
0110000001-110000000-01000000-0100000-110000-01000-0100-100-10-1
3, 4) UN-code; = UN-codey =
! 0100110000-110000000-01000000-1100000-000001-01000-0100-100-10-1
6,7) UN-codeg = UN-code; =

0000100100-110000000-01100000-1010000-000001-10000-1000-100-10-1

Figure 15. Nonisomorphic inversions synthesized from Figure 3a.

Table 6. Synthesis results of kinematic chain inversions.

No. of Links DOFs No. of Inversions  No. of Links DOFs No. of Inversions

8 1 71 8 3 18

9 2 220 10 1 1834
10 3 517 11 2 7156
12 1 75397 12 3 20737

5.2. Synthesis of Assur Groups

A Baranov truss is a plane zero-DOF kinematic chain without any rigid subchain. An
Assur Group is an open zero-DOF kinematic chain which can be obtained by removing
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one link of a Baranov truss. If symmetric links of a Baranov truss are removed, the derived
Assur Groups are isomorphic. For example, Figure 16a shows an 11-link Baranov truss,
Figure 16b is the corresponding topological graph, and Figure 16c¢ is its rearranged moment
matrix. According to Figure 16c, the link groups LGs of Figure 16a are acquired as {1}, {2, 7},
{3, 6}, {4, 11}, {5, 8}, {9, 10}. The unique numerical codes of the links in the same groups are
listed in Table 7. Symmetric links of Figure 16a can be acquired as {2, 7}, {3, 6}, {4, 11}, {5, 8},
{9, 10}. For the purpose of avoiding isomorphism, only one link in each group of symmetric
links is removed to generate Assur Groups. Therefore, six nonisomorphic Assur Groups
can be synthesized from Figure 16a, which are generated by removing links 1, 2, 3, 4, 5, and
9, respectively, as shown in Figure 17.

1 (12 1288884 4 4 4 0
0 10 9 9666663330
1212999663330
8 8666444220
9 9966663330
6 3 1212999663330
9 9666663330
9 9966663330
1 4 8 6 664444220
8 6 664444220
3 5 LS 8666444220
(b) (©)

Figure 16. An 11-link Baranov truss (a), its topological model (b) and its rearranged moment
matrix (c).

Table 7. Unique numerical codes of Figure 16a.

Groups Unique Numerical Codes
2,7 UN-code, = UN-code; =
! 1010001000-100000011-01000100-0100010-010001-01000-0100-100-00-0
3, 6} UN-code; = UN-codeg =
! 0100100010-110000011-00001000-1000100-010001-01000-0100-100-00-0
14,11) UN-codey = UN-codej] =
! 0001001000-110000011-01001000-0100100-000010-10001-0100-100-00-0
15, 8) UN-codes = UN-codeg =
! 0100010100-110000011-01000000-0100100-010010-01001-0000-100-00-0
(9,10} UN-codeg = UN-codeqg =

1001000000-110000001-01000100-0100010-010000-01001-0100-010-10-0

Figure 17. Nonisomorphic Assur Groups synthesized from Figure 16a.
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5.3. Synthesis of Multiple Joint Kinematic Chains

An (N-1)-link (F-1)-DOF kinematic chain with one multiple joint can be generated
from an N-link F-DOF simple joint kinematic chain by transforming a multiple link into a
multiple joint. A 12-link three-DOF simple joint kinematic chain is shown in Figure 18a.
Using our method, we can conclude that multiple links 1 and 5 are symmetric, and multiple
links 2 and 6 are symmetric. Symmetric multiple links should not be transformed into
multiple joints for the purpose of avoiding isomorphism; hence, two 11-link two-DOF
kinematic chains with one multiple joint can be synthesized from Figure 18a, as shown
in Figure 18b,c. Furthermore, an (N-1)-link (F-1)-DOF kinematic chain with two multiple
joints can be generated from an N-link F-DOF kinematic chain with one multiple joint
by transforming a multiple link into a multiple joint. The rearranged moment matrix of
Figure 18b is shown in Figure 19. According to Figure 19, multiple links 2, 5, and 6 in
Figure 18b are nonsymmetric. However, due to the constraint of rigid subchain, only
multiple link 5 is allowed to be transformed into multiple joint, and the derived 10-link
one-DOF kinematic chain with two multiple joints is shown in Figure 18d. Due to the
constraint of rigid subchain, no kinematic chain with two multiple joints can be synthesized
from Figure 18c.

1 2 1 2 1 a2 1 2
8 3 8 3 8 3 8 3
7 4 7 4 7 4 7 4
6 5 6 s 6 5 6 s
(a) (b) (©) (d)

Figure 18. A 12-link 3-DOF simple joint kinematic chain (a), two kinematic chains with one multiple
joint (b,c), and the kinematic chain with two multiple joints (d).

r45 45 45 36 36 36 36 36 27 27 27 07
18 18 18 12 12 12 12 12 6 6 6 0
8 8 8 6 6 6 4 4 4 2 20
10 8 8 6 6 6 4 4 4 2 20
159 96 6 6 6 6 3 3 3 0
16 8 8 8 8 8 8 4 4 4 40
8 6 6 6 6 6 4 4 4 2 20
16 16 16 16 16 12 12 12 12 8 4 0
16 16 16 16 16 12 12 12 12 8 4 0
8 6 6 6 6 6 4 4 4 2 20
8 8 8 6 6 6 4 4 4 2 20
10 8 8 6 6 6 4 4 4 2 2 0

Figure 19. The rearranged moment matrix of Figure 18b.

Our method is also applied to the counterexamples in Ref. [29]. For the multiple
joint kinematic chain, numbered as No. 12 in Appendix C of Ref. [29], we find that there
are no symmetric vertices; for the multiple joint kinematic chain, numbered as No. 18 in
Appendix C of Ref. [29], we find that vertices 1 and 3 are symmetric, vertices 4, 8, 9, and
10 are symmetric, and vertices 5 and 7 are symmetric. Our conclusion can be verified by
Ref. [28], whereas the method in Ref. [29] fails to correctly detect symmetric vertices in
these two kinematic chains.

5.4. Synthesis of Kinematic Chains with Prismatic Pairs

Kinematic chains with prismatic pairs can be synthesized by transforming the revolute
pairs into prismatic pairs. This process involves the detection of symmetric edges, i.e.,
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PPy
W)

symmetric kinematic pairs. Our method can be used to detect symmetric edges based on the
edge—edge adjacency matrix. For example, the kinematic chain in Figure 6a is resketched
as Figure 20a and its edges are numbered. The corresponding edge—edge adjacency matrix
and rearranged moment matrix are shown in Figure 20b and ¢, respectively. According to
Figure 20c, the edge groups of Figure 20a are acquired as {1, 8}, {2, 9}, {3, 10}, {4, 11}. Finally,
edges 1 and 8, edges 2 and 9, and edges 3 and 10, respectively, are determined as being
symmetric according to their unique numerical codes. Hence, 10 nonisomorphic kinematic
chains with one prismatic pair can be synthesized from Figure 20a, as shown in Figure 21.
A prismatic pair is denoted by an edge marked with a small rectangle.

0100001100101y 151010 1010101055555 0
1010000000000 6 6 6 4 4 4 4444220
0101000001010 (1212128 8 8 8844440
0010100001011 101010 10 10 10 10555550
0001010000001 99 6 6 6 6 6663330
0000101000000 6 6 6 6 6 4 4444220
1000010100101 1515101010 10 10555550
1000001010101 15101010 10 10 10555550
0000000101000 6 6 6 4 4 4 4444220
0011000010011 121212 8 8 8 8 844440
1000001100011 10 10 10 10 10 10 10 555550
0011000001100 128 8 8 8 8 8844440
1001101100100 L121212121212 6 6666 6 0
(b) (©

Figure 20. An edge-labeled kinematic chain (a), its edge-edge adjacency matrix (b) and its rearranged

Iy
PPV

Figure 21. Nonisomorphic kinematic chains with one prismatic pair synthesized from Figure 20a.

moment matrix (c).

=

5.5. Topological Synthesis of Planetary Gear Mechanisms of Powertrains

Planetary gear mechanisms are the core mechanism of powertrains and transmission
systems. The topological synthesis of planetary gear mechanisms is achieved by assigning
ground links, input links, and output links in the planetary gear trains to obtain nonisomor-
phic mechanisms. Taking Figure 4b, for instance, central links 2, 4, 6, 8, and 9 are detected
as being nonsymmetric according to the rearranged moment matrix; hence, all the five links
can be assigned as the ground link. As an example, the mechanism whose ground link is
link 6 is shown in Figure 22a, and its adjacency matrix is shown in Figure 22b. In order to
distinguish different kinds of edges, the weight of edges incident with link 6 is increased
by 3. For example, the weight of edge e; ¢ in Figure 4b is 3, while in Figure 22a its weight is
3 + 3 = 6. The adjacency matrix of Figure 22a is shown in Figure 22b, and the corresponding
rearranged moment matrix is shown in Figure 22¢, based on which central links 2, 4, 8, and
9 are detected as being nonsymmetric. All these four links can be assigned as input links.
As an example, the mechanism whose input link is link 8 is shown in Figure 23a, and its
adjacency matrix is shown in Figure 23b, where the weight of edges incident with link 8 is
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increased by 6. According to the rearranged moment matrix in Figure 23c, central links 2,
4, and 9 are detected as being nonsymmetric. The derived nonisomorphic planetary gear
mechanisms whose output links are link 2, 4, and 9 are shown in Figure 24a—c, respectively.

0 303060 3 37 (108 72 72 72 54 54 54 54 07
302020100 48 32 24 24241616 8 0
020100002 35 25 20 15101010 5 0O
301010000 30 30 20 1515155 50
020105000 40 40 32 32241616 8 0
600050500 144 112 112 96 96 96 80 80 0
010005020 40 40 32 32242416 8 0
300000200 35 30 30 25251515100
30200000 0 L45 30 25 20 20 15 15 10 0

(b) (o)

Figure 22. The mechanism whose ground link is link 6 (a), its adjacency matrix (b) and the rearranged
moment matrix (c).

03030609 37 216144 96 9 9 72 72 72 07
302020100 72 48 32 24 24 16 16 8 0
020100002 55 35 20 15 10 10 10 5 O
301010000 60 30 20 15 15 IS 5 5 0
020105000 88 40 32 32 24 16 16 8 0
60005050 0[ [208144112 96 96 96 80 80 0
0100050 8O0| [11270 70 56 56 42 42 14 0
90000080 0f [221204204 187 187 1531531360
302000000 L60 45 25 20 20 15 15 10 0O
(b) (c)

Figure 23. The mechanism whose ground link is link 6 and input link is link 8 (a), its adjacency matrix
(b) and the rearranged moment matrix (c).

input input input
[ 2 | 8 [ 2 |_ 8 ﬁz 8

I3 T I3 T T3 T7

T\ F T ST\ T T\ T

it Jﬁ@ Do J/M@E ouput o m
(a) (b) (0)

Figure 24. Planetary gear mechanisms derived from Figure 23. (a) The output is link 2; (b) the output
is link 4; (c) the output is link 9.

Some other examples of symmetry detection of 12-link three-DOF simple joint kine-
matic chains, 10-link one-DOF multiple joint kinematic chains, and 8-link two-DOF plan-
etary gear trains are shown in Table Al in Appendix A, Table A2 in Appendix B and
Table A3 in Appendix C, respectively. All the topological graphs and symmetric vertices
are automatically generated via our computer software. The topological graphs and groups
of symmetric vertices shown in Appendices A-C are screenshots taken from the software
interface.

6. Conclusions

In this paper, we present a fully automatic and reliable method for detecting the
symmetry of plane kinematic chains and extend this method to the symmetry detection
and the topological design of mechanisms of powertrains. The topological model and
adjacency matrix are introduced to represent various kinds of plane kinematic chains. The
moment matrix of the kinematic chain is established to obtain link groups, based on which
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we propose an algorithm to generate the unique numerical code of each link, and precisely
detect the symmetric links of kinematic chains.

We have developed the symmetry detection software based on the C++ computer
programming language, and the software interface is developed based on MFC. The present
symmetry detection method is fully automatic, and the adjacency matrix is the only input
data needed to develop the computer software. The upper triangular elements of the
adjacency matrix are stored in a txt file. By reading the adjacency matrix, the corresponding
topological graph can be automatically sketched, and the moment matrix and symmetry
detection results can be automatically generated and displayed on the software interface.

Our method can be used to detect symmetric links of all kinds of plane kinematic
chains and mechanisms, and it can be also applied to detect symmetric kinematic pairs
based on the edge—-edge adjacency matrix. This method is applied to synthesize different
kinds of plane kinematic chains and mechanisms, which proves the versatility and reliability
of the method.

The present study can be applied to avoid the generation of isomorphism and is helpful
for improving the design efficiency of mechanisms of powertrains and other mechanical
devices. The future work is to establish a mechanism evaluation method to design novel
mechanisms of powertrains with the best performance based on the atlas of synthesized
planetary gear mechanisms.
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Appendix A

Table Al. Symmetry detection of 12-link 3-DOF simple joint kinematic chains.

Graphs Groups of Symmetric Vertices

Groups of Symmetric Vertices

{1.8}
{2.3} {1.4,8,9}
{A4.7} {2,.3}
{5.6} {5.7,10,12}
{9,12} {6,11}
{10,111}
{1, 4}
{2,.3}
{5.12}
(6,11} None
{7.10}
{8,9}
{1,8}
{2.4,5,7}
None {3.6}
(9,12}
{10,11}
None None
{1.4, 7,9}
None (2.3}

{5.6,10,11}
{8,12})
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Table Al. Cont.

Groups of Symmetric Vertices Graphs Groups of Symmetric Vertices

{1.2,3,4)
{2.4} {5.10,11,12}
{5,12} {6.9}

{7.8}

{2.6}
{3'5} None

{1.7}
{2.5} {3.5})
{3.6} {2 4}
{4.7} {6,12)
{8.12} {8,11})

{9.10}

Appendix B

Table A2. Symmetry detection of 10-link 1-DOF kinematic chains with two multiple joints.

Graphs Groups of Symmetric Vertices Graphs Groups of Symmetric Vertices

{1,8)}
{2, 4}
{6,12}
{7.11})
{9,10}

None
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Table A2. Cont.

Groups of Symmetric Vertices Graphs Groups of Symmetric Vertices

{1,6}
{2.5}
{3.4} None
{7.11}
(8,10}
{4.10} {2.8}
{5.9} {3.7}
{6.8} {4.6}
{11,12}) {9,12}
{2,10} {3.10}
{3.9} {a,11}
{4, 8} {5.9}
{5.7} {6.8}
Appendix C
Table A3. Symmetry detection of 8-link 2-DOF planetary gear trains.
Graphs Groups of Symmetric Vertices Graphs Groups of Symmetric Vertices
{2.6}
None {3.5}
{7.10}
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Table A3. Cont.

Groups of Symmetric Vertices Graphs Groups of Symmetric Vertices

None {8,9}
{3.10} {3.9}
9
/ O\
10 {5.9}
{6,8) None
7\_ 6 — -

6 5 =
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