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Abstract: To find the correspondence between every number of attributes, the Bonferroni mean (BM)
operator is most widely used and proven to be a flexible approach. To express uncertain information,
the frame of the interval-valued T-spherical fuzzy set (IVTSES) is a recent development in fuzzy
settings which discusses four aspects of uncertain information using closed sub-intervals of [0,1]
and hence reduces the information loss greatly. In this research study, we introduced the principle
of BM operators with IVTSFS to develop the principle of the inter-valued T-spherical fuzzy (IVTSF)
BM (IVTSFBM) operator, the IVTSE-weighted BM (IVISFWBM) operator, the IVTSF geometric BM
(IVTSFGBM) operator, and the IVTSF-weighted geometric BM (IVISFWGBM) operator. To see the
significance of the proposed BM operators, we applied these BM operators to evaluate the perfor-
mance of solar cells that play an important role in the field of energy storage. To do so, we developed
a multi-attribute group decision-making (MAGDM) procedure based on IVTSF information and
applied it to the problem of solar cells to evaluate their performance under uncertainty, where four
aspects of opinion about solar cells were taken into consideration. We studied the results obtained
using BM operators with some previous operators to see the significance of the proposed IVTSF
BM operators.

Keywords: T-spherical fuzzy sets; interval-valued T-spherical fuzzy sets; Bonferroni mean operators;
multi-attribute group decision-making

1. Introduction

The theory of a fuzzy set (FS) was proposed by Zadeh [1] in 1965, where he defined the
degree of membership (DM) limited to [0, 1]. FSis a very powerful tool to solve (MAGDM)
multi-attribute decision-making and MAGDM problems. FS may not solve some complex
problems, for instance, when an individual faces information in the shape of yes or no. To
solve that kind of information, Atanassov [2] explored the theory of an intuitionistic fuzzy
set (IFS), which is the expansion of FS to deal with indistinct data in daily life problems. In
IFSs, u; denotes the DM and v; denotes the degree of non-membership (DNM) that makes
a pair of the form (ug, v;) such that u; 4+ v; € [0,1]. The most important feature of IFS is
that the sum of the duplet is less than or equal to 1, i.e., u; + vy < 1. Current work on IFS
can be discovered in [3-5] to see the impact of IFSs. Occasionally, we take some pair of
numbers randomly, such as (0.3,0.9), for which 0.3 4+ 0.9 = 1.2, which exceeds 1. To cope
with this kind of issue and to handle such information, Yager [6] introduced the structure
of Pythagorean FS (PyFS). A PyFS permits the sum of the squares of the duplet between
0and 1, i.e., u?> + > < [0,1]. Hence the pair of numbers (0.3,0.9) can be classified as a
Pythagorean fuzzy number (PyFN) because (0.3% +0.92) = 0.9 < 1. Yager increased the
range for assigning the duplet by introducing the notion of PyFS. On the theory of PyFS,
some current work may be viewed in [7-10]. Similarly, IFS and PyFS also face relevant
problems in assigning the duplet independently. Yager [11] generalized the notion of IFS
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and PyFS to g-rung orthopair FS (QROFS), in which the sum of the qth-power of the duplet
lies between 0 to 1 using the variable parameter q € 71, ie., ul+v9 < 1. If we choose
information 0.7 as DM and 0.8 as DNM, we have (0.7,0.8). Then, such a duplet cannot be
classified as intuitionistic fuzzy or Pythagorean fuzzy but can be considered as a q-rung
orthopair fuzzy number (QROFN) by fixing ¢ = 3. Some current work may be viewed
in [12-16].

To cope with uncertainty or inconsistency, the frame of IFS seems to be a limited
version, for example, in the scenario of voting when an expert provides data in the shape
of yes, abstinence, no, and refusal. To survive that kind of situation, the principle of a
picture fuzzy set (PFS) was presented by Cuong [17], which deals with three-dimensional
information using a degree of abstinence (DA) and degree of refusal (DR), along with
DM and DNM. The well-known PFS has a strict condition on the DM, DNM, and DA,
which states that the sum of all three must be less than or equal to 1. Countless studies
on PFSs have been conducted involving a diverse range of applications which can be
seen in [18-21]. After some time, it was realized that the theory of PFS is not valid in
numerous situations as it was difficult to determine accurate information because of strict
limitations on the DM, DA, and DNM, for instance, when the information is in the form of
(0.5,0.3,0.4), such as 0.5+ 0.3 + 0.4 = 1.2 ¢ [0, 1]. Due to this drawback of PFS, Mahmood
et al. [22] introduced the theory of a spherical fuzzy set (SFS) that provides enlargement
in the range for assigning the DM, DA, and DNM from [0, 1] with the condition that
u? + 1 4 v? € [0,1], which is more reliable and flexible than the frame of PFS. The notion
of SFS noticeably expanded the space of PFS but still the domain of the SES is restricted
to cope with some kinds of situations. Mahmood et al. [22] generalized the idea of SFS by
introducing the concept of T-spherical fuzzy (TSFS), which was completely flexible for the
allocation of the DM, DNM, and DA with no limitation at all. For a triplet (0.9,0.5,0.8),
for which 0.9+ 0.5+ 0.8 = 2.2 ¢ [0,1] and 0.9% 4 0.5* + 0.82 = 1.7 ¢ [0,1], such triplets
cannot be specified in the layout spherical fuzzy or picture fuzzy settings. To make the
information of the type (0.9,0.5,0.8) applicable, we have q = 4 in the frame of TSFSs, for
which 0.9 + 0.59 + 0.69 = 0.462 € [0, 1]. Therefore, TSFS is the most generalized structure
of FS theory that can be applied to various situations. Studies on the aggregation operators
(AOs) of TSFSs can be found in [23-28], while the study of the information measures of
TSFSs may be seen in [29-31]. Particular studies on the TSF graphs and TSF soft sets can be
seen in [32,33].

There exist numerous kinds of AOs to aggregate the data; however, certain AOs or no
one interrelates the input information. To find the interrelationship of the input arguments,
Yager [34] developed the power average operator and Liu and Yu [35] presented some
density AOs which consider the density weights of the attributes. To efficiently consider the
relationship of the aggregated information, Bonferroni [36] presented the idea of BMOs and
the Heronian mean operator (HMO) introduced by Sykora [37]. In IFSs, the idea of BMOs
was widely studied by Xu and Yager [38], where DM, DA, and DNM are used to express
the BMOs. Liang et al. [39] enhanced the idea of BMOs by enlarging its range by defining
it for Pythagorean fuzzy information. The concept of BMOs was further strengthened by
Liu and Liu [40] by giving them flexibility for allocation. Some BMOs are presented by
Ates and Akay [41], in which DM, DNM, and DA are used along with the frame of PFSs.
Regarding BMOs, some beneficial work may be shown in [42—-49].

Keeping in mind the discussion of the above paragraph, BMOs take account of the
interrelationship between the input information with larger flexibility, unlike averaging
AOs [23], Einstein AOs [27], power AOs [34], and density AOs [35], under uncertainty.
Moreover, the BMOs based on the duplets of IFSs, PyFSs, qROFSs, and GBMO describe
uncertain information using a DM and DNM only and hence information loss is likely to
occur [45-49]. These structures of IFSs and PyFSs have also a limitation in allocating the
duplets due to their strict nature. Furthermore, the BMOs discussed in the frames of PFSs
and SFSs [41-44] also fail in providing independence for assigning the DM, DNM, and DA
under uncertain conditions. Ullah et al. [50,51] suggested that expressing the uncertain
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knowledge by means of an interval instead of crisp numbers leads us to reliable results and
proposed the novel notion of IVTSFS. This significance can be seen numerically in [50]. By
keeping all these factors in mind, as well as the broad approach of IVTSFS proposed by
Ullah et al. [50,51], the aim of this research study is to develop the concepts of BMOs in
the layout of IVTSFESs, where the uncertain information is expressed using a DM, DNM,
DA, and DR in the form of closed sub-intervals of [0, 1], with greater flexibility and hence
significantly decreased chances for information loss.

The application of fuzzy MAGDM in the field of energy is eminent and several studies
have been established in this regard. For sustainable energy planning, Riaz et al. [52]
used the notion of the Einstein AOs of qROFSs. Dhiman and Deb [53] used TOPSIS and
CORPAS methods to study their applications in hybrid wind farms. Another interesting
approach in the field of energies is the site selection of the solar photovoltaic power plant
using two-stage decision making by Wang et al. [54]. Wang et al. [55] also studied the
performance evaluation of the solar photovoltaic plants using three-stage decision-making
algorithms. Riaz et al. studied the plastic recycling phenomena using cubic bipolar fuzzy
information. The problem of the workplace charging station is comprehensively discussed
by Erdogan et al. [56]. Our goal of the presented BM operators is to apply them in MAGDM
problems in the field of solar energy, where the selection of the most reliable solar cells is
carried out using a comprehensive numerical example.

The remainder of the paper is organized as follows. In Section 1, we briefly introduce
the research background as well as the aims and objectives of the proposed work. In
Section 2, the concept of IVTSENSs, their operational laws, and BMOs are briefly described.
We develop the idea of the IVTSFBM, IVTSFWBM, IVTSEGBM, and IVTSFWGBM operator
in Section 3. All the listed BMOs are shown with examples. In Section 4, we develop a
method of MAGDM techniques to find the reliability and capability of the investigated
operators in a practical way by using the proposed TSF BMOs. In Section 5, we enlarge
the effect of the present work by establishing a comparative study of the new work with
previously defined AOs. In Section 6, we end this paper with some concluding remarks.

2. Preliminaries

In this section, we study the idea of IVTSFNs and recall their operational laws. Here,
we also elaborate on the idea of IVBMO.

Definition 1 ([24]). For any set X, IVISFS is of the form A = { ([”54( ), ulh (x )} “4( )_lff‘(x)}

[qu(x),vA(x)D 1 x € X}, where [uA(x),uA(x)} { (x),T (x)} and [vA(x) o' (x } express
the DM, DA, and DNM with 0 < u'4! (x) + [ll;; (x),T4( } [vlq o ( x)} <1,qeZ'.

A
The DR is expressed as 75 (x) = {(1 - (”A (x) + 14 (x )) ( il (x) + T3 (x)

+oly (x))) H We define the triplet 3 = ({ulA(x),uA(x)}, {L%(x), L%(x)}, {v%(x),vA(x)D as
an IVTSF number (IVTSFN).

Definition 2 ([24]). For IVTSFNs a1 = ( [uf,u|, [¢, %], [0}, %] ) a0 = ([ub,ut], [, ),

!
[vz, vﬂ ), then
& <dmifful <ubut <uf, ¥ >0, >, o) >0, 0 > oh
a s = ([ull Vb, ut v ug], [Ill Ath, T A IE‘}, [vll Avh, 0% A vg] ) 1)

o [ull Aub, ut A uﬂ , {_lll VATALAY 13],
dap ﬂaz = (2)

1 I u u
{vl V 05,07 V vz}
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1 1
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a1 Pa = (©)]
1 1 -u -
[t w), [of - o ob ot
1 u 1l u
[”1 TUy Uy u2],
1 1
g9 -0 199\ a (49 -9 —y9-y9\ q

{(vllq +U[2q _Ullqvlzq)%l (Uﬁ,q _'_qu _U%qvgq>%]
([ (- (1_u;qy)5,<1_(1_ugmy>5], [} ] om0 o

~A

(6)

Definition 3 ([24]). For IVTSFN a = ({ué(x), ui‘(x)} , [_LL(X),_LEI(X)] , [vl(x),vk’(x)} ), a score
function is defined by:

5(3) = uy <1 - (Iéq) B (vl;) J;”gq (1 - (_‘gq) - (vgq> @)

where s, t > 0.

Definition 4 ([51]). For any positive numbers d.(k =1,2,...,m) with s,t > 0, the BMO is
demonstrated by:

1
s+t
stix = x 1 - ~Sxt
BM® (al,az,. ..,am) = m Z aia] (8)
Lj=1
U]

Definition 5 ([49]). For any positive numbers ag(k =1,2,...,m) with s,t > 0, the GBM
operators is demonstrated by:

1
m(m—1)

e 1 T
BMs't(a1,a2,...,am):S+t 11 (sa +1ta) )
Lj=
L#]

3. Bonferroni Mean Operators for IVTSFSs

Certain individuals have utilized the theory of BMO in the fields of IFS, PyFS, qROFS,
and PFS., but no one has utilized it in the field of IVTSFS. The major contribution of this
study is to combine the technique of BMO and IVTSES to initiate the principle of the
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IVTSFBM operator, IVISFWBM operator, [IVTSFGBM operator, and IVISFWGBM operator.
By using the explored operators, many specific cases and important results are developed.

Definition 6 ([24]). For any set X, an IVTSFN is in the form of & = ( {éf{, a}(‘} , [(ﬁi, ?,q : [bi, b,q ),

(k=1,2,...,m), withs,t >0,q € Z*. The IVTSFBM operatorisamap IVTSFBM : om0
and defined as:

1
B
1

IVTSFBM® (31 %, ..., 4m) = m(m — 1)

o™, (Bend) (10)

1#)

By using Definition 6 and Definition 2, we obtained the following result.

Theorem 1. For any set X, an IVTSEN is in the form of &, = | |&, 3], Cl,éu , bi,bz ,
Y % %% ks 7k
(k=1,2,..., M) withs,t >0,q € Z" and we have:

IVTSFBM™ (31,4, ..., 4m)

)

m
11
,_l ;ZJ

=) | O G ,
1#)
s t 1 q%[ % ]
| . mm_
| 0 2‘(1—191“2 —(1—91“)’I—f e |
A (e enan)
1#)
. InTl 2 (1 —¢§’q25 - (1 791“q) _ mm-y) an
e\ (- () (1= (1-)'))
1#) ]
1
m 2—(1—b5l> —(1_bfq g mm-,
1- Il 19\ % 19 ’
AL\ (008 (- -wY))
1#)
B
1 S+
m 2- (1-8{") - 1—5,““)t_ M)
1—
A (0-0e)) (- 0-5))
1#£) |

Proof. By using Equation (6), we have
o] | (1= (a-a)) L (- (-e)) .
ot )



(- (o)) (- 0’

1 1
1t _ut _ 9 A . ol T\ 9
B . ”(1 (1 Cf)) '(1 (1-¢ )) ]
ai = 1 > 1~|
By using Equation (4), we derive:

< —
))
T s
=
T~
N = _
..L\I/ ﬂ/ R .
S : —C
| lie P
P SR
—_ — -
=3 —
- ~C | _
— - _
e 3 | 1
° —
_ | S —
— — — j

e —= 1WI/
=
A~
) \)
\I/ \I/
PN —
T t\|/ N -
< - g =
e T [ - >
= P — — —
— o S » 3
—
- , _ ,
S :
n“uml : D
NG (1\ — (1\ ay
&
— 7 Ny =
——— ) z m_ll/ —
I e il -Q -Q
- | , _ ,
=g [N 1 i :
=T n ~— ~— ~
| | _ , : ,
— — !
N~ — /1I.\ —— el —
—= _ _ ,
— - _ t\l/
m\l/ =N mC,J < 3
e | 7 _ 7
f — ! D 7
~—— ~— ~— Nl —
I | _ ,
— - ] )
B S= == 3
— ,r_y Bl .h_v »
I
el T 5 :
=T ~— N N2
I , _ ,
I o ] i ;
— ~—~7~ N—— N~ Ly
S~
S~—~7~ N—— ~_ —
.
—
—
e= ) Ve G EE ) e |
- e TS oem 0§
.|,I - ~ = ]/ N |./ _
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B (G-l -6 - (- -)) (- (6)))

Furthermore, idempotency, monotonicity, and boundedness are desirable properties of the
IVTSFBM. [

Theorem 2. For any set X, let {a1,3,,...,3m fbe a collection of IVTSFNs. I all &, (k = 1,2,...,m)
are equal, that is, 3 = & = [él,éu}, [él,éu}, {bl,‘bu}, thens,t > 0,q € ZT. Then,

IVTSFBM® (a1,4,,...,4m) =4

Proof . Let IVTSFBM®!(ay,a,, ..
(u,i,0).

am) = [ub(x), u ()], [ih(x), 8 (x)], [oh(x), o (x)] =

We firstly prove that u = 4. Since éil =4 and 3’ =4, we have
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mm_,)
m o m
u =111- I1 <1—<a5lfl) ) I <1_(l
5,1=1 L i=1
L#) 1#)
mﬁ!fl)
a 1 m
= 1-— I 1-— (35+t) i 1 ( s+t
), t=1 ( ) L= (
v 1#)
m(r}]—l) 5“
,i=1 =1
1#£) l;é]
- ([1_ ((1_51‘1(s+t))m(m ) ) < SH mm-_1))
= ([1 1 —|—alq(5+f) 1— +auq s+t :-+t —

That is, u = 4.

1. We can also prove thati = ¢
We can also prove that v = b

Thus, we have (u,1,v) = ({al,a”}, {él,éu}, [bl,bu} ), that is, [VTSFBM>t
(a1,a2,..., am) =a O

J u 1"

Theorem 3. For any set X, let &) = ([ék él’(”} [Ck ¢ } {bk by D and & = ([ak ak} {Ck Ck}
[bi,‘bﬂ ), such that a;c < &. Then, with s,t > 0,q € ZT, we have

IVTSFBMs“(al a,... am) < IVTSFBMs™ (1,4, ..., 4m) (13)
Proof.Let [VTSFBMs* (a}, a), ..., af) = ([ug(x),u;”(x)], [I;l(x) L;”(x)], v;l(x),v;”(x)D
and IVTSFBMs*! (ay,ay, . .., am) = [u,lz(x),ug(x)], [ifz(x),i;‘ x)}, {Ufl(x),vfl‘(x)}.Then, by
using the DM, we can prove that [u l(x),u’ﬂ”(x)} < [uﬁl(x),ug (x)} Since [a’ll (x), a" (x)} <
{a%(x),a%‘(x)] and { } < [af x),a) x)} we have [’ll ! fl“ aJ’”t} S{éllséft,éil‘sé]”t}.
Moreover, we have 1 — ({ ’llsajlt a’l“ a]’”'Dq >1-— ([ll ft a_lsa]”t})q, and
L D L R [ B G CEO A | L [ (R O I
,t=1 5, t=1 =1
1#) < 1#) N 1#)
m oot - m ot - m St
(- (e)’) (=) (=)
),1=1 ,1=1 =1
1#) 1#) 1#)

Thus, we have
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m

(L-(a)) | ] (- ()
)

)

=1
1#)

mJ}Ll)_ )
S S I Ity

=1
1#)

That is, [ (x), u't (x)} < [”54 (x),uly (x)} . Similarly, we can show for the duplet, such that
(040, 0 ()] = [0y (x), 0% (x)] andt [Th(x), 4(0)] > [Th(x), T (0)].

From the above analysis, we derive

(x
W (), ()|, [T (), G )], [oh (), ()] ) <
(i o) ()], [Ea 0, T4 )] [y (0 04 )] ).

IVTSFBMs™ (3,8, .

3 < IVTSFBMs™ (3,4, ..., am)
0

)
)

Theorem 4. For any set X, let &y

- (jue

(x),3L ()], [0, K ()], [Br(), B ()] ), (k= 1,2

s]) k=1,
) be a collection of IVTSFNs and both &+ and @~ denote the greatest and smallest [VTSFNs
of & according to Definition 2. Then

- < IVTSFBM*! (a’l,élz, . ..,a;n) <t (14)
Proof. Based on Equation (13), we derive IVTSFBM®*!(a~,a~,...,a~) < IVTSFBM*(a
s, am) < IVTSFBM®!(at,...,... ,a"), and by using Theorem 2, we [VTSFBM%!
(a,a,...,a7) = ,IVTSFBMSt(a+,a+ )

at) =a". Thus, we obtain a~
< IVTSEBM? (a’l,a’z, ) <at. O

Here, it is important to note that by having the properties of boundedness and mono-
tonicity, the IVTSFBM operator can be used in the study of group consensus systems [57]

By using Equation (10), we will demonstrate some cases, which is discussed below.
1. Fort =0, we obtain

IVTSFBM®*®(ay,ay, ..., am)

((ﬁ(l(l))>mm)(<ﬁ )

al=

, (15)
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2. Fors=1,t =0, we obtain

IVTSFBMY (ai, ab, .., ay)

((_fll(l -(a 4?))) m(lhl)) é' ((.ﬁl(l -(1 ‘é?q))> m(&”) % / (16)

(ln_} (9‘?)) qm-l(Iqul)’ <-1n_} <§£llq)) m ) <-1n_} <bllq)> qm(llnfl)’ (-In_} ( El,q)) qm(rlnfl)
=1 =1 =1 =1
3. Fors =0, we obtain
IVTSFBM®(af, ..., aly )
: L 1 a
((Jﬁ(l_(l_érq»)m(ml)) , ((Jﬁ(l_(l_é?m»)m(ml)) ’
; 1 % 1 %

Ll (=)™ ) o[- (Be-c-e)™ ) T |

al=
—
al=

mm_, mm_,
m m
19 <k U9
f () f )
5,1=1 ,t=1
1#) 1#)
L\ BT L\ BT
mm_, mm_,,
m g9 e m Wl d
_ 8 R I s CARAR A R R I B CARR AR X , (18)
=1 5,t=1
1#) 1#)
1 1 ; 1 0\ @
mm_,) mm_,)
m . . A m | . L
1= f1-| T (br +B ~brb)) AR E N I VAR A
5,1=1 5,1=1
T#) T#)

5. For g =1, we obtain the Intuitionistic fuzzy BMO.
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IVTSFBM (al, ab, .., ay)

5,1=1

L 1#)
m

1—11- 1T
5,i=1

1#)

m

1—11- I
,1=1

L 1#)

mmy_y

[1 (1 75_“%1”)
Al
5,1=1 '

1#)

6. For g = 2, we obtain the Pythagorean fuzzy BMO.

(19)
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IVTSFBMs* (al, ..., afy ) 1 1
1 S+1) 1 S
7“3(“]71) 2(s+t) ) D 2(s+t)
m 2 m 2
_ (i ~ '
1 Ju (1 ( ,)) |1 I (1 (U)>
5,t=1 5,t=1
1#) 1#£)

“!(fh 1) o :
- 1-|1- J,Ilmil (27<1f¢—{’2>57(176}’2>t7<17<179’%’2>5> (17<17¢,“2> >>) (20)
1#)
1-[1- ,,ﬁ 1 (27 (1715{2>57 (17E§2>t7 (17 <1,51;>5> (17 <1bf2>t>)J
T4
M(rﬁq) & :
1-|1- [ ,,-llni1 <27 <1fb{‘2>57 (145,“2)1 (17 (kb—f)s) (17 (15,“7)))
T4
Definition 7 ([5)). Let& = ([, ], [éi, 6, [Bk,Bk]), (k =1,2,....m) bea family of IVTSFNs
with s,t > 0,q € Z* and IVTSFWBM : Q™ — Q, if
S
IVTSFWBM® (8,3, ..., 4m) = ! % (wip)® © (wia)' (21)
1,8, ..., m) = | mm 1) =, 1t tt
1#)

Here, the weight vector is denoted by wy with a rule, that is, the sum of all wy is equal

to 1. From Definition 7, we obtain the following result.

Theorem 5. Let &, = ([éﬁc,éu}, {(ﬁ;{,(ﬁZ], {Bi,bﬂ ), k=1,2,..., M) be a family of IVTSFNs with

s,t >0,q€Z". By using Equation (21) and Definition 2, we obtain
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m Jwra\® . t dwrq\® . t -
1-[1-| 11 <27 (Fb{”lq) ~(1-57) - ((17 <1fb_t“’l“) )(17(17bjw’q) )))mm K ,
5,1=1

L\ @
o e . s , A
e ( (e () = o) = (- () (1 (m)))) M

1#)
Proof . The proof is similar to Theorem 1 and omitted here. [

Remark 1. The above stated theorem is likely to satisfy the properties discussed in Theorems 2—4.

Now, we discuss the geometric BM operators for IVTSFNs, which can also be regarded
as duals of BM operators.

Definition 8. Let 3, = ({a;(,aﬂ , [G'f(, S'?Z], {b,l{, b,ﬂ ), (k=1,2,..., m) be a family of IVTSFNs
with s,t > 0,q € Z™ and IVTSFGBM : Q™ — Q, if
1 m 1

)= © ) (sap @ ta)) M- (22)
), L=

1#)

IVTSFGBM™' (41,3, . . ., 4m

From Definition 8 and operational laws of Definition 2, we derive the following result.

o

Theorem 6. Letd; = ([iﬂ [91« ck}, [bﬁc,b,i‘} ) (k=1,2,...,m) bea family of IVTSEN with
s,t >0,q € Z". By using Equation (22) and Definition 2, we obtain:
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IVTSFGBM” (a1,a2, ..., am
NS
mm_y
b =) (=) — (1= (1= (1= (1=4)
B2y - 0-4) - (- -0 (1 0-) ,
T#)
N
mm_,)
0 (2-(w)=(-9) - (- (-2)) (- (-#)'))
A 23
_ = 23)
1 1
q(s+6) q(s+t)
1 1
m s mm_; m ot T\ MMy
(=)™ a (- ()™
),1=1 ),1=1
1#) 1#)
1 1
1G] 0]
1 1
m _ m S q -
1_ H (1_ <bl bf’) )m(m 1) ,1_ H (1_ <b% b]u') >m(m 1)
i=1 i=1
# 14

Proof. Straightforward. O

Furthermore, idempotency, monotonicity, and boundedness are desirable properties
of the IVTSFBM as discussed in Corollaries 1-3.

Corollary 1. For any set X, let {&1,a,,...,am} be a collection of IVTSFNs. If all &, (k = 1,2,
., M) are equal, that is, & = & = {él,é“}, [él,éu], {Bl,b”} withs,t > 0,q € Z*, then

IVTSFGBM®*' (1,4, ...,4m) = & (24)

Proof. Straightforward. [

Corollary 2. Forany set X, let . = ([a,’(l,é]’j‘] [é,/f,(ﬁ;( } {bk,bﬂ) and &, = ({ak, ak} [Ck,Ck}
[bi,l'aﬂ ), such that & < a;. Then, withs,t > 0,q € Z*, we have

[VTSFGBMs*t (a’l,a’z, . '5‘5@) < IVTSFGBMs™ (31,4, ..., 4m) (25)

Proof. Straightforward. [

Corollary 3. For any set X, let & = ( [éfc(x),é}{‘(x)} [ck( ), 64 (x )} [bk( ), b,i‘(x)} )
(k=1,2...,m) bea collection of IVTSENs and both &+ and 3~ denote the greatest and smallest
IVTSENS of & according to Definition 2. Then,

- < IVTSFBM®! (a’l,a’z, . ..,a;n) <af (26)

Proof. Straightforward. O

To incorporate the weights of experts, the notion of weighted BM operators is discussed
as follows:
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Definition 9 ([5)). Let & = ([, 3], [éi,é,‘j}, [b4,B¢] ), (k =1,....,m)be a family of IVTSFNs
withs,t > 0,9 > 1. Then, IVTSFWGBM : O™ S Qisa map defined as:

1
1

m : T
IVTSFWGBM™ (31,3, ...,4m) = ——  © (S(QI)WLQI @t(é,)“”> BB (07
—1
%

s+t )1
1

where wiisa weight vector with a rule, that is, the sum of all wy is equal to 1. By using
Definition 9, we obtain the following result.

Theorem 7. Let 3 = ({éi,éﬂ, {(ﬁf{,éﬂ, [Bi,bﬂ ), (k=1,2,...,m) be a family of IVTSFNs
with s,t > 0,q € Z*. By using Equation (27), we obtain:

..... ”“!) .
4\ @
1
(ot () e by ]
#)
ERN
m . 7 . m )
I e T
1#)
B (-0 (- 069 ,
1#)
mﬁsq) q(ir)
| om (e (s wI)S( e an w,><>
1 1,1H:1<1 (1 (1 cl) 1 (1 ,)
1#)
m<r}q,1> q(jlw
LR e eye e ]
1#)
mﬁaq) q(:m
_ m (1 e\ s (49 5)
1 J,1H:1(l (1-(-2")") (1-(1-8")")
1#)

Proof. Straightforward. [

Furthermore, idempotency, monotonicity, and boundedness are desirable properties
of the IVTSFWGBM as discussed in Corollaries 1-3.

4. MAGDM Methods by Using Investigated Operators Based on IVTSFSs

In this paper, we develop a procedure of the MAGDM technique through the IVTSF-
BMO operator, IVTSFWBM operator, IVTSFGBM operator, and IVTSFDWGBM operator
to discover the consistency and ability of the analyzed operators. Thus, select the family

of alternatives A = {.Zl LA LA } with their attributes C = {él’éz' . ,ém} accord-
[} iy [} Wl W (o)

w1l w2

ing to their weight vectors with expressions such that w = (wy, wy, ..., wn)”, where wy
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is a weight vector with a rule, that is, the sum of all wy is equal to 1. To cope with the
above problems, take the decision matrix Q = (& )n .m, whose every term is in the form

. . Jd oo 1
of IVTSENS, such that &, = ([alu,a%‘]}, [ U,C'U}, {b'u,bﬂ ); then, the procedure of the
MAGDM is summarized as follow:
Step 1: Develop the decision matrices.

Step 2: Normalize the decision matrix, whose every term is in the form of IVTSFNs.

. ([ai,aﬂ, [C'i,é,q, {b,ﬁ,bﬂ) for benefit types
= ([bf(,bﬂ, [é,l{, ¢Z}, H« a,‘jD for cost types

Step 3: By using the idea of the IVTSFWBM operator, aggregate the normalized
decision matrices.

Step 4: Revise Step 2 again by using the idea of IVTSFWGBM operators to aggregate
the decision matrices.

Step 5: Using the concept score functions, examine the score values of the aggregated
values of Step 3.

Step 6: By using the score values, we rank the alternatives and examine the best one.

Step 7: The end.

Example 1. Solar panels are renewable, CO, free, and have a low operating cost. Solar panels
play an important role in the production of electricity by transforming energy from the sun to
electricity. The process in which electricity is produced from the sun does not require any cost. There
are many kinds of solar cells but certain kinds are discussed in our research paper. Some solar cells
are organic semiconductors, such as organic solar cells, which are sometimes denoted as plastic solar
cells or polymer solar cells, which are made of carbon-based material. Conversely, some solar cells
are inorganic semiconductors, such as silicon solar cells, Perovskite solar cells, Hetro-junction solar
cells, and triple-junction amorphous silicon alloy solar cells. Ismail Industries Limited is the largest
company which is located in Faisalabad, Pakistan. Manufacturing biscuits, snacks, etc., are under
the brand of candy and bissconi. Considering the limited electricity and that the industry is not
able to satisfy the required task, the industry needs to produce electricity through solar energy; in
such a case, the company must choose the best solar cell, which increases the generation of efficiency,
lessens the cost, and is more reliable. The industry has a team of three experts who characterized the
following set of alternatives to be analyzed:

"31: organic solar cell;

A : silicon solar cell;

:iZ: Perovskite solar cell;

Zétz: triple-junction amorphous silicon alloy solar cell; and

.,215: hetro-junction solar cell.
To judge these, the association thinks regarding the practical issue as the basis for the following

year. Based on these, they need to judge procedure under the associated four commonassets:

C  :cost of the solar cell per square meter;
-1

¢ , power conversion efficiency;
33 :led-free (environmentally free); and

C :life span of an individual solar cell.

The phases of the examined algorithm are deliberated in the following ways by using the values
of weight vectors, such that(0.3,0.2,0.1,0.25,0.15). Then, execute the following steps.
Step 1: We develop the decision matrices whose details are in the form of Tables 1-3.
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Table 1. T-spherical fuzzy decision matrix A! given by D;.

Alternative/Attributes ¢ C C C

1 w2 3 4
4 [0.23,0.41], [0.25,0.35], [0.19,0.28], [0.34,0.45),
& (0.34,0.55], 0.48,0.69], 0.34,0.63], (0.57,0.65],
[0.39,0.51] [0.34,0.46) [0.67,0.78] [0.11,0.34)
M [0.23,0.35], [0.27,0.41], (0.32,0.54], [0.39,0.62],
&y [0.32,0.47], [0.44,0.59], [0.49,0.64], [0.55,0.72],
[0.42,0.54] 0.38,0.49] [0.66,0.79] 0.17,0.32]
4 [0.25,0.33], 0.32,0.44], 0.38,0.47], [0.41,0.58],
&s (0.31,0.44], 0.42,0.56], (0.51,0.62], (0.62,0.75],
[0.44,0.52] [0.46,0.56] [0.55,0.69] [0.15,0.37)
M [0.21,043], [0.35,0.53], (0.41,0.49], [0.44,0.56],
&y [0.33,0.44], [0.44,0.53], [0.53,0.61], [0.65,0.72],
[0.48,0.49] 0.43,0.53] [0.53,0.65] [0.18,0.33]
A [0.25,0.35], [0.33,0.47], 0.46,0.59], [0.48,0.55],
&s (0.37,0.46], 0.49,0.55], (0.55,0.63], [0.62,0.75]
[0.46,0.59] [0.44,0.54] [0.55,0.67] [0.15,0.23]

Table 2. T-spherical fuzzy decision matrix A given by D,.

Alternative/Attributes Q] Qz 93 ?_, "
1 [0.32,0.45], [0.24,0.34], 0.21,0.31], [0.29,0.41],
& (0.29,0.57], 0.45,0.65], (0.32,0.59], [0.55,0.68),
[0.47,0.69] [0.39,0.51] [0.62,0.81] [0.14,0.25)
M [0.33,047], [0.29,0.38], (0.17,0.33], [0.43,0.59],
& [0.28,0.39], [0.43,0.65], [0.37,0.55], [0.62,0.72],
[0.44,0.66] [0.35,0.55] 0.66,0.83] [0.18,0.35]
A [0.44,0.54], [0.35,0.47], (0.27,0.39], [0.13,0.62],
&s (0.26,0.41], 0.34,0.66], 0.39,0.49], (0.52,0.66],
0.42,0.64] [0.33,0.59)] [0.64,0.78] [0.22,0.31]
4 (0.42,0.52], 0.33,0.44], 0.22,0.35], [0.15,0.55],
oA [0.36,0.41], 0.39,0.62], [0.41,0.67], [0.55,0.62],
[0.44,0.66] 0.39,0.54] [0.66,0.72] [0.24,0.33]
A [0.44,0.55], [0.35,0.46], (0.27,0.39], [0.19,0.45],
&s (0.32,0.43], 0.37,0.65], [0.44,0.45], 0.58,0.66],
[0.48,0.62] [0.43,0.59] [0.62,0.75] [0.78,0.36]

Table 3. T-spherical fuzzy decision matrix A3 given by Dj.

Alternative/Attributes g, : gz 93 \_(z .
4 [0.18,0.38], 0.27,0.45], [0.31,0.52], [0.39,0.62],
& [0.37,0.55), 0.52,0.67], (0.37,0.49], (0.41,0.58],
[0.44,0.63] 0.32,0.48] [0.56,0.72] [0.24,0.43]
4 [0.22,0.36], [0.29,0.44], [0.33,0.56], [0.41,0.61],
o [0.33,0.53], 0.55,0.65], [0.39,0.48], [0.44,0.55],
[0.44,0.61] [0.35,0.43] [0.54,0.67] 0.29,0.38]
M [0.16,0.32], [0.25,0.47], (0.31,0.55], [0.44,0.65],
&s [0.350.55], 0.57,0.61], (0.33,0.45], [0.46,0.53),
[0.42,0.63] [0.36,0.43)] [0.53,0.68] [0.25,0.36]
M [0.18,0.34], (0.28,0.44], [0.34,,0.52], [0.46,0.62],
o [0.33,0.45], (0.51,0.65], [0.32,0.52], [0.56,0.68],
[0.44,0.66] 0.32,0.55] [0.58,0.71] [0.35,0.48]
A [0.19,0.36], [0.26,0.48], [0.36,0.54], [0.48,0.66),
&s (0.31,0.44], 0.55,0.62], (0.36,0.55], (0.54,0.64],
[0.49,0.64] [0.36,0.58] [0.54,0.69] [0.38,0.49)

Step 2: Normalize the decision matrix whose every term is in the form of IVTSFNS.
All the restrained principles are of the identical type, thus they do not require the consis-
tency done.
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Step 3: Using the idea of IVTSFBO to aggregate the normalized decision matrix is
discussed in the form of Table 4.

Table 4. Aggregated matrix by using the information in Tables 1-3.

A A
w1 w2
MD AD NMD MD AD NMD
gl 0.21 0.40 0.25 0.46 0.36 0.53 0.24 0.38 0.24 0.34 0.35 0.52
él 0.26 0.38 0.37 0.56 0.30 0.40 0.29 0.41 0.35 0.52 0.29 0.43
&
él 0.23 0.35 0.26 0.50 0.53 0.70 0.23 0.43 0.34 0.49 0.55 0.72
&
él 0.34 0.49 0.46 0.56 0.10 0.23 0.41 0.61 0.49 0.61 0.14 0.27
e
A A
w3 4
MD AD NMD MD AD NMD
(31 0.19 0.35 0.22 0.34 0.34 0.50 0.21 0.39 0.28 0.34 0.37 0.51
e
91 0.28 0.46 0.30 0.52 0.32 0.48 0.30 0.45 0.33 0.49 0.33 0.44
gl 0.30 0.46 0.36 0.45 0.50 0.65 0.28 0.43 0.38 0.44 0.51 0.59
él 0.19 0.62 0.46 0.60 0.16 0.27 0.22 0.58 0.49 0.56 0.17 0.26
&
A
-5
MD AD NMD
él 0.22 0.39 0.27 0.36 0.38 0.52
e
(‘:1 0.29 0.47 0.34 0.51 0.35 0.47
&
(:1 0.33 0.48 0.40 0.45 0.49 0.62
e
(“:1 0.27 0.54 0.49 0.60 0.19 0.26
(oW}

Step 4: Revising Step 2 again by using the idea of IVTSFBM, IVTSFWBM, IVTSFGBM,
and IVTSFWGBMO to aggregate the decision matrix is discussed in the form of Table 5.

Table 5. Aggregated matrix by using the information in Table 4.

IVTSFWBM Operator
MD AD NMD
“31 0.105623495 0.166808371  0.773199 0.867565 0.773199 0.881319
{4}2 0.121483 0.188951 0.777927 0.853653 0.777927 0.874731
.&3 0.12076 0.193618 0.772506 0.848133 0.772506 0.87554
{4}4 0.124136 0.189602 0.796741 0.847467 0.796741 0.894753
A 0.133005 0.192158 0.795447 0.852064 0.795447 0.885573
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Table 5. Cont.

IVISFWGBM Operator
MD AD NMD
'51 0.686465132 0.790641369  0.162067 0.238226 0.163385 0.231158
,32 0.715817 0.816414 0.168288 0.226798 0.165558 0.22834
,33 0.702768 0.822932 0.163966 0.219906 0.160163 0.223403
,34 0.703713 0.819731 0.17521 0.221507 0.169188 0.22639
,35 0.72389 0.814087 0.178004 0.224763 0.173431 0.230376

Step 5: Both the using of the concept score functions and the examining of the score
values of the aggregated values of Step 3 are discussed in the form of Table 6.

Table 6. Score values of the aggregated values in Table 5.

IVTSFWBM Operator IVITSFWGBM Operator

A —0.00049255 A 0.267384062
w1 w1

A —0.00062 A 0.298235
w2 -2

A —0.00063 A 0.296431
w3 -3

A —0.00075 A 0.294457
w4 -4

A —0.00075 A 0.300672
w5 -5

0.350000000000000

0.300000000000000

0.250000000000000

0.200000000000000

0.150000000000000

0.100000000000000

0.050000000000000

0.000000000000000

The graphical expressions of the information in Table 6 are discussed in the form of
Figure 1.

Geometrical expression of score values

IVTSFWBMO IVISFWGBMO

HAl mA2 mA3 mA4 mAS

Figure 1. Illustration of the information in Table 6.

By using the information in Table 5, the geometrical expression is discussed in the
form of Figure 1.
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Step 6: By using the score values, we rank the all-score values and examine the best
one in the form of Table 7.

Table 7. Ranking values of the score values in Table 6.

Methods Ranking Values
IVTSFWBMO A>A >4 >4 >A
1 2 -3 4 5
IVISFWGBMO A>A >4 >4 >A
5 2 -3 4 w1

As shown above, the best optimal is A by using the IVTSFWBMO and it is .A by

using IVTSFWGBMO. Note that the choice of the operator is up to the decision maker and
the results using both BM operators may vary. Furthermore, these results are more reliable
in comparison to the results obtained using traditional AOs because of the property of the
connection of input arguments using the BM operators. Further details about the reliability
of the proposed approach is discussed in the next section.

5. Comparative Analysis

Many mathematicians used a different kind of theory in the field of MAGDM to
find the capability and validity of the analyzed approaches. In this research paper, we
utilized the principle of T-spherical fuzzy information through these concepts, which can
be usefully applied in the field of weighted and geometric Bonferroni mean operators.
Moreover, through the information in Table 4, we can find the capability of the analyzed
operators with certain dominant concepts which belong to IVTSFESs. The information above
dominant operators are mentioned as follows: AOs of IVTSFWA, IVTSFWG, INVISFDWA,
IVISFDWG, IFBMO, qROFBMO, GBMO, and PFBMO failed to deal with IVTSF, in which
triplets are not defined in the term of crisp numbers. Ullah et al. presented the idea
of IVTSFWA, IVTISFWG, IVTSFDWA, and IVTSFDWG operators [45,46]. Xu et al. [47]
elaborated the IFBM mean operators for IVTSFSs. Liu et al. [48] initiated the qROFB mean
operators for IVTSFESs. Li et al. [49] developed the GB mean operators by using the IVTSFSs
and Liang et al. gave the idea of the PFB mean operator. The comparative analysis between
the proposed operators and certain prevailing operators is discussed in the form of Table 8.

Table 8. Comparative analysis of the proposed and existing operators by using the information in
Table 4.

Methods Operator Ranking Values
Proposed IVISFWBMO A>A>A >A >A
w1 w2 T W3 T w4 T w5
Proposed IVISFWGBMO A>A >4 >4 >A
w5 w2 w3 w4 -1
Ullah et al. [50] IVTSFWA A>A>A >4 >A
-3 -5 4 -2 1
Ullah et al. [50] IVISFWG A>A>A>A >A
-5 -3 4 -2 1
Ullah et al. [51] IVISFDWA A>A >4 >A >A
3 5 w2 4 -1
Ullah et al. [51] IVISFDWG A>A>A >4 >A
5 2 w4 3 -1
Xu and Yager [45] .
Xia et al. [47] IFBMO Failed
Liu and Liu [46] QROFBMO Failed
Liang et al. [48] PyFBMO Failed

The graphical expressions of the information in Table 8 are discussed in the form of
Figure 2.
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comparison of the proposed and existing work

0.350000000000000

0.300000000000000

0.250000000000000

0.200000000000000

0.150000000000000

0.100000000000000

0.050000000000000

0.000000000000000

<
,\‘)
N ©

(] | -y
N W N &s“

L Q
Q ) <
<<\$ A N A&% \4&%

HAl mA2 mA3 mA4 mAS

Figure 2. Illustration of the information in Table 8.

6. Conclusions

In this article, we studied the BM operators using IVTSF information to cope with

MAGDM problems. The main achievements of the paper are as follows.

1.

2.

We obtained the IVTSFBM operator by using the algebraic operations of IVTSFNs and
the BMs.

We discussed the case where the information has weights and proposed IVTSFWBM
operators.

We determined that the proposed BM operators satisfied the basic properties of
aggregation including idempotency, monotonicity, and boundedness.

We applied the work to a case study of an energy problem to discuss the efficiency of
solar energy cells by using the algorithm of MAGDM with known weights.

The advantage of using IVTSEN concerns capturing uncertain information using four
kinds of degrees, which helps in reducing information loss and the results obtained
become reliable.

The proposed BM operators become inapplicable in a scenario when the information
has four aspects but each aspect has another further two aspects. In such cases, we
need to apply the frame of complex SFSs and complex TSFSs [58].

The frame of IVTSFSs can also be utilized in control systems [59,60]. Furthermore,

the BM operators of IVTSFNs can also be accompanied by several other decision-making
methods including the VIKOR method [61], TOPSIS method [62,63], CoCoSo method [64],
and MABAC method [65].
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