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Abstract: To improve the torque performance of the permanent magnet vernier machine in the direct-
drive system for Unmanned Aerial Vehicle (UAV), this paper proposes the topology of non-uniform
tooth distribution. This distribution, considering the additional flux harmonics, aims to contribute to
torque improvement, whereas the cogging torque also increases at the same time. A phasors method
is proposed to solve the issue caused by the non-uniform structure, adjusting the mechanic angle of
each tooth reasonably to restrict the cogging torque. In addition, the non-uniform design is illustrated
in detail, which includes the method of grouping the teeth, considering the factors of series pole ratio
and winding layout. By using the three-dimensional finite element method, torque is significantly
increased without additional torque ripple, which satisfies the desired design target.

Keywords: cogging torque; magnetic flux harmonic; non-uniform tooth distribution; permanent
magnet vernier machine

1. Introduction

In recent years, the Unmanned Aerial Vehicle (UAV) [1] with long endurance has
become a hot topic, where the reliable electrical drive systems with high-torque/power
density machine have been discussed in research. As a competitive direct-drive machine,
the permanent magnet vernier machine (PMVM) has recently been employed [2,3]. This
is because the PMVM can cause the “flux modulation” by utilizing its magnetic field
modulation teeth, which increases the composition of the flux harmonics to result in the
features of low-speed and high-torque [2]. This characteristic is suitable for direct-drive,
because of excluding the requirement of mechanical transmission gear box.

An axial-flux PMVM (AFPMVM) is discussed in this paper, which is a good choice
used in the accessories drive in UAV for the high-torque density [4,5]. In [6], the torque con-
tribution of stator and rotor components are presented by an AFPMVM of the MAGNUS
type, which is also suitable to be used in in-wheel traction and wind turbines. Compet-
itive axial-flux PMVM is proposed which has better performance on torque and power
factor, and the analytical expressions of these machines are derived [7,8]. In addition, the
electromagnetic force and eccentricity resulted by the axial-flux topology or unbalanced
design have been discussed in [9–11]. In [12], a dual stator axial-flux PMVM with spoke
type magnets for the flux focusing effect is proposed. Moreover, an axial-flux PMVM [13]
which has high efficiency with dual-rotor of consequent-pole topology and one yoke-less
concentrated-winding stator is proposed. The proposed rotor structure could reduce the
weight, and improve the reliability and efficiency compared to the conventional one. In [14],
a low-cost high-performance axial-flux vernier machine with the topology of dual-stator for
electric vehicles is proposed, which could output high-torque density though the low-cost
ferrite magnet used. A new multilevel Taguchi design optimization is proposed to increase
the torque and power factor with less time consumption.
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Many theoretical analyses of the production of low-speed and high-torque features in
PMVM are illustrated in [2,15], as the detailed introduction for flux modulation and flux
modulation poles (FMPs), which is beneficial to the design and optimization. In recent
years, PMVMs are more and more widely researched due to their superior torque density
and simple mechanical structure. Many novel PMVM topologies have been proposed, using
traditional methods in PM machines to improve the performance, such as the topologies
of double rotor [16], spoke PM array, axial-flux [17], etc. Based on the flux modulation,
a topology with multiple harmonics is proposed by adjusting the position of FMPs in
split-pole type PMVM [18]. However, the composition of magnetomotive force (MMF)
caused by winding layout is not analyzed in detail, which is one key factor in machine
design and harmonic utilization. In another analysis, winding MMF is proposed in similar
topology, and the design method is given with a sinusoidal function [19] for the split-pole
type PMVM. However, the extra cogging torque caused by non-uniform FMPs distribution
is not discussed.

The cogging torque is a non-negligible problem in PM machines, especially in small
low-power machines. To restrict the cogging torque, many structural methods are used
in slot-tooth, such as optimized local sensitivity parameters [20], skewing [21], and so on.
Magnets with notches are proposed to produce discrete skew effect which could reduce
the cogging torque and torque ripples [12]. The authors of [22,23] propose that the total
cogging torque is the summation of each slot, and eliminates the specific lower harmonics
to reduce the cogging torque by offsetting the slots or magnets. This kind of method
arranges the teeth or permanent magnets into special rules to restrict the cogging torque
effectively, while the output torque will be dropped due to the production of additional flux
harmonics. Modern vernier machines with competitive topology have relatively low torque
ripple, such as below 5% in [6,7,17]. However, some strict dimension design constraints
are required to follow in this research, so the basic surface-type PM vernier machine is
adopted [4], where higher torque ripple would be generated by the un-selectable design of
large tooth height and large slot width, to fulfill winding space and pole pair combination.

In this paper, an open-slot type PMVM with non-uniform tooth distribution is pro-
posed to improve the torque performance, including both torque density and cogging
torque. Torque density increases because of the multiple additional effective harmonics
caused by flux modulation, which is cooperated with the MMF harmonics of winding. In
another view, the cogging torque cannot be ignored in non-uniform tooth design, which is
more complex than uniform structure. The tooth structure needs to consider the influence
of cogging torque while providing additional torque. Therefore, a phasors method is used
to restrict the additional cogging torque harmonics caused by non-uniform teeth, grouping
all teeth into desired groups. The design method of non-uniform tooth distribution is
given in detail, which is suitable for different series poles and winding layout of PMVM,
especially for open-slot topology. Finally, main characteristics of the desired machine are
verified by three-dimension finite element method (3D-FEM).

2. Topology and Parameters

An axial-flux PMVM, as one type of high torque density machine, is used to illustrate
the principle of non-uniform distribution tooth design, which improves the torque density
without additional cogging torque. The regular AFPMVM discussed in this paper, as
shown in Figure 1a, is a typical open-slot PMVM with a ring-type surface magnet and
toroidal coil. The target machine is designed for a direct-drive system with the rated speed
of 50 rpm, which is extremely sensitive to torque performance [4]. Cogging torque is more
serious in non-uniform tooth distribution, so this paper further illustrates the analysis in
various aspects, including flux density, electromagnetic torque and cogging torque. The
proposed machine with non-uniform distribution tooth is shown in Figure 1b, where the
only difference between two topologies is the stator tooth distribution. The non-uniformly
distributed tooth in the proposed machine is designed according to periodical regulation,
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considering the production of electromagnetic torque and cogging torque. The basic design
parameters and constraints for both machines are shown in Table 1.
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Figure 1. Configuration of the proposed AFPMVM: (a) regular topology (b) proposed topology.

Table 1. Machine parameters and constraints.

Item - Item -

Stator
tooth

Outer radius Rto 31.75 mm
Magnet

Outer radius Rmo 32.95 mm
Inner radius Rti 29.75 mm Inner radius Rmi 28.8 mm
Tooth height h 5.9 mm Height gm 3 mm

Airgap length g 0.3 mm No. of rotor pole-pairs Zr 16
No. of stator slots Zs 18 Winding pole-pairs p 2

Magnet material NdFeB Br 1.23 T

Figures 2 and 3 present the top view and the expanded view of the proposed machine.
One unit in a non-uniformly distributed tooth is illustrated in Figure 3, including three
teeth symmetrically distributed along circumference direction, where θ1 is the width of
main tooth, θ2 is the width of auxiliary tooth, θ3 is the width of slot between main and
auxiliary tooth, θ4 is the width of width between two tooth units, τt is the tooth pitch
between main and auxiliary tooth, and τs is the slot pitch between main and auxiliary slot.
The rotor magnets are magnetized in parallel and the magnetization direction is shown
in Figure 3. This structure divides all teeth into several identical units, and the centerline
of each unit is equally spaced. In each unit, the teeth are symmetrically distributed based
on the centerline. The main difference of two topologies is reflected in the tooth pitch
between main and auxiliary tooth τt, aiming to improve electromagnetic torque and restrict
cogging torque. All teeth are chosen in the same width to deal with the cogging torque,
as introduced in Section 3. Using the non-uniformly distributed tooth in PMVM, the
composition of airgap permeance harmonics is richer, which is decided by the number
of units and tooth of each unit. Distinguished from the conventional PM machines, the
harmonics are used to generate the net torque through magnetic field modulation effect in
proposed PMVM.
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3. Analysis of Proposed Topology

PMVM utilizes additional harmonics to realize the low-speed high-torque character by
FMPs, which is called flux modulation effect. In open-slot PMVM, stator teeth play the role
of FMPs to modulate the magnetic flux [2,6]. The torque performance of PMVM is sensitive
to the situation of FMPs distribution, since the non-uniformly distributed tooth contributes
to the distribution of airgap permeance. Compared with uniform tooth distribution, a
non-uniform model has the advantage potential that brings the additional flux density
harmonics to improve the torque, while also increases the harmonics of cogging torque.
The proposed topology, according to a specific design method, performs well in terms of
increasing torque without causing fluctuations, and is analyzed as follows. In the analytical
model, essential assumptions have been made in advance as:

(1) Relative permeability of PMs and coils is assumed to 1;
(2) End effect and the magnetic field component on the radial direction are neglected.

3.1. No-Load Airgap Flux Density

Based on the equivalent magnetic circuit theory, the harmonic ingredients of magnetic
flux density are decided by the MMF and airgap permeance, depending on the pole combi-
nation (p-Zr-Zs). The distribution of airgap permeance is determined by the arrangement
of stator tooth in this kind of surface-type PM machine. In uniform tooth distribution with
the same slot width, the distribution of airgap permeance takes one tooth pitch as a cycle,
and is expressed in regular topology as

P(θ) =
∞

∑
m=0

Pm cos(mZsθ) (1)

where θ is the mechanical angle on stator, m is the order of the harmonic component of
airgap permeance, and m = 0,1,2,3,..., Pm presents the amplitude of specific permeance
harmonic of airgap in Fourier series expression, which are expressed in terms of slot
geometries. However, considering the non-uniform tooth distribution, the different slot
width causes the difference in minimum permeance in slot. The cycle of airgap permeance
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distribution is the width of one tooth unit, and the total number of cycles is Zf. As in the
proposed topology, the airgap permeance of positive half cycle of a tooth unit is

P(θ) =


µ0
ge

(0 ≤ θ ≤ 0.5θ1 − 0.3θ2, 0.5θ1 + 1.3θ2 ≤ θ ≤ π/6− 0.8θ4)
µ0
ge

(
1− β2 − β2 cos

(
π

0.8θ2

(
θ1+θ2

2 − θ
)))

(0.5θ1 − 0.3θ2 < θ < 0.5θ1 + 1.3θ2)
µ0
ge

(
1− β4 − β4 cos

(
π

0.8θ4

(
π
6 − θ

)))
(π/6− 0.8θ4 < θ < π/6)

(2)

βi =
1
2

1−
(

1 +
(

πbi
360ge

)2
)− 1

2
 (3)

where βi is the coefficient to express the decline of permeance in slot, ge is the equivalent
length of airgap, and bi is the width of ith slot [24]. Therefore, the distribution of airgap
permeance per unit is shown in Figure 4, compared with the uniform model. Airgap
permeance distribution in the proposed machine is more complicated than the regular one,
which results in additional harmonics. The harmonic components are more abundant in
proposed topology with non-uniform tooth distribution, expressed using Fourier series as

P(θ) =
∞

∑
m=0

Pm cos
(

mZ f θ
)

(4)
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Obviously, the component of harmonic is supplemented by lower harmonics. The
MMF of airgap with Zr pole pairs of two topologies are identical, which is expanded in
Fourier series as

Fg(θ, θm) =
∞

∑
n=1,odd

Fgn cos(nZr(θ − θm)) (5)

where n is the order of the harmonic component of MMF, n = 1,3,5,7,..., the constants
Fgn is the amplitude of specific harmonic in Fourier series expression, and θm is the rotor
position relative to stator. In PMVM, the specific harmonic components in flux density also
contribute to the useful output, especially at the non-uniform tooth distribution with more
harmonics. The flux density [15] can be obtained as

B(θ) = P(θ) · F(θ, θm)

=
∞
∑

m=0

∞
∑

n=1,odd
B|nZr±mZ f | cos

(∣∣∣nZr ±mZ f

∣∣∣θ − nZrθm

)
(6)

Considering the harmonic composition of airgap permeance in two topologies, the
flux density introduced corresponding components synchronously, and they are listed in
Table 2. The result ignores the higher harmonics of airgap permeance and MMF of magnets
due to the lower amplitude. Compared with regular topology, the effect of non-uniform
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tooth distribution is evident. In addition, the contents of harmonic caused by non-uniform
tooth distribution will increase with the reducing of the unit number.

Table 2. Summarization of Main Flux Density Harmonics.

Spatial Harmonic Order of the Proposed Machine

MMF (nZr) Permeance (mZf) Flux Density (|nZr ± mZs|)

16

0 16
6 10
12 4
18 2
24 8
30 14

3.2. Back-EMF and Electromagnetic Torque

In the proposed machine with non-uniform tooth distribution, more harmonics con-
tribute to machine performance. Considering all effective harmonics of flux density from
magnet, the back-EMF in proposed AFPMVM is

E = Nrmid lωZr
q

ng

∑
i=0

π/p−τi∫
τi

B(θ)dθ

= kwNrmidlωZr
∞
∑

m=0

∞
∑

n=1,odd

B|nZr±mZ f |

|nZr±mZ f | sin(Zrωt)
(7)

where N is the number of turns in one phase coils, ω is the rotor mechanical velocity, rmid is
the average radius of one stator tooth which equals to (Rto + Rti)/2, l is the radial length, τi
is the offset distance of each tooth, and kw is the main winding factor [4]. The schematic
structure of each slot is shown in Figure 5, displayed by a 2D view that expands along the
circumference direction in the proposed machine. The teeth at the same position in each
unit tooth structure are assigned into one group, expressed in the same color and stripe.
The stars of slot in machines are compared in Figure 6a,b, where the position of slots varies
with the tooth structure. The phasors of back-EMF, determined by the phase of each section
winding, are shown in Figure 6c.

Energies 2021, 14, x FOR PEER REVIEW 6 of 16 
 

 

Table 2. The result ignores the higher harmonics of airgap permeance and MMF of mag-
nets due to the lower amplitude. Compared with regular topology, the effect of non-uni-
form tooth distribution is evident. In addition, the contents of harmonic caused by non-
uniform tooth distribution will increase with the reducing of the unit number. 

Table 2. Summarization of Main Flux Density Harmonics. 

Spatial Harmonic Order of the Proposed Machine 
MMF (nZr) Permeance (mZf) Flux Density (|nZr ± mZs|) 

16 

0 16 
6 10 

12 4 
18 2 
24 8 
30 14 

3.2. Back-EMF and Electromagnetic Torque 
In the proposed machine with non-uniform tooth distribution, more harmonics con-

tribute to machine performance. Considering all effective harmonics of flux density from 
magnet, the back-EMF in proposed AFPMVM is 

( )

/

0

0 1,

( )

= sin

ig

i

r f

pn
mid r

i

nZ mZ
w mid r r

m n odd r f

Nr l ZE B d
q

B
k Nr l Z Z t

nZ mZ

π τ

τ

ω θ θ

ω ω

−

=

∞ ∞ ±

= =

=

±

 

 
 

(7)

where N is the number of turns in one phase coils, ω is the rotor mechanical velocity, rmid 
is the average radius of one stator tooth which equals to (Rto + Rti)/2, l is the radial length, 
τi is the offset distance of each tooth, and kw is the main winding factor [4]. The schematic 
structure of each slot is shown in Figure 5, displayed by a 2D view that expands along the 
circumference direction in the proposed machine. The teeth at the same position in each 
unit tooth structure are assigned into one group, expressed in the same color and stripe. 
The stars of slot in machines are compared in Figure 6a,b, where the position of slots varies 
with the tooth structure. The phasors of back-EMF, determined by the phase of each sec-
tion winding, are shown in Figure 6c. 
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Figure 5. Equivalent 2D machine model (expanded at middle radius).

The main winding factor kw is determined by the angle of slots τs. Another point
worth noting is that the moving electrical angle of back-EMF is p times of the mechanical
angle τs rather than Zr times, which is caused by the magnetic flux modulation effect in
PMVM [25]. The electromagnetic torque is given as

T = eaia+ebib+ecic
ω

= 3Ikw Nrmid lZr√
2

∞
∑

m=0

∞
∑

n=1,odd

B|nZr±mZ f |

|nZr±mZ f | sin(Zrωt) (8)

where ea, eb, ec are the back-EMF of three phases, and ia, ib, ic, are phase excitation current.
I presents the rms value of current.
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Figure 6. Star of slots and resultant phasors of target machines: (a) regular machine with τt = 20◦;
(b) proposed machine with τt = 18.1◦; (c) resultant phasors of back-EMF.

3.3. Cogging Torque

The cogging torque is an inevitable issue in the PM machine, caused by interaction
of stator teeth and slots. The classical methods to analyze cogging torque contain energy
method, Maxwell tensor method and FEA. The energy method is to keep the magnetic flux
of the motor constant and obtain the derivative of the energy stored in the airgap to get the
overall effect of the cogging torque. Moreover, the accuracy of Maxwell tensor method is
related to the selection of the integration path and the calculation of the flux density, while
the accuracy of the energy method is greatly related to the selection of the angle increment,
so the energy method is suitable to the target of considering the overall effect and choosing
a suitable angle of tooth pitch between main and auxiliary tooth to reduce the cogging
torque. Based on the airgap permeance and MMF [20,22], the expression of cogging torque
is shown as

Tcogging= −
∂W
∂θm

= − ∂

∂θm

1
2µ0

∮
V

F2(θ, θm)P2(θ)dV (9)

where W is the magnetostatic energy and µ0 is air permeability. Considering the number
of teeth and magnets, the number of cogging torque periods in one mechanical cycle is the
least common multiple of teeth and magnets, expressed as

N = LCM(Zs, 2Zr) (10)

where LCM is the least common multiple.
However, the number of cogging torque periods in one mechanical cycle is various in

the proposed machine with non-uniform tooth distribution. Due to the addition permeance
harmonics as shown in Equation (4), the number of cogging torque period in the proposed
machine is expressed as

Nnon = LCM
(

Z f , 2Zr

)
(11)

In general, Zs and Zr are selected as relatively prime numbers to restrict cogging
torque. Therefore, the number of cogging torque period is decreased in non-uniform tooth
distribution, where Zs is the multiple of Zf. At the same time, the amplitude of cogging
torque increases, which is the disadvantage for non-uniform tooth distribution. In order
to deal with the cogging torque in non-uniform tooth distribution, a phasors method is
proposed by grouping teeth as in Figure 5. The number of groups is the same as the number
of teeth in one unit. The cogging torque of total teeth is the sum of each group, which is
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verified by FEM in Figure 7. The key derivation of the cogging torque [20] of kth group
could be expressed as

W = 1
2µ0

∮
V B2dV = 1

2µ0

∮
V F2(θ, θm)P2(θ)dV = 1

2µ0

∮
V B2(θ, θm)G2(θ)dV

= 1
4µ0

(R2
2 − R2

1)
∫ 2π

0 B2(θ, θm)G2(θ)dθ
(12)

where R2 is the outer diameter of airgap and R1 is the inner diameter of airgap.

B2(θ) = B0 +
∞
∑

n=1
Bn cos[2np(θ + θm)]

= αpB2
r +

∞
∑

n=1

2
nπ B2

r sin nαpπ cos[2np(θ + θm)]

G2(θ) = G0 +
∞
∑

n=1
Gn cos(nZsθ)

(13)

=

(
hm

hm + ge

)2
+

∞

∑
n=1

[
2

nπ

(
hm

hm + ge

)2
sin
(

nπ − nZsb0

2

)]
cos(nZsθ) (14)
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From Equation (5), n = 1,3,5,7, . . . so Gn = Ksin(nZsb0), the number of cogging torque
period is replaced by Nnon from Equation (11), so Gn = Ksin(nNnonb0). According to
Equation (9), the cogging torque of kth group could be expressed as

Tcogk =
∞

∑
i=1

TiNnon sin
(

iNnonbk
2

)
sin iNnon(θm − αk) (15)

where TiNnon is the coefficient related to flux density components and bk and αk are the
slot width and the mechanical offset angle for kth group tooth. In the proposed phasors
method, the cogging torque of each group is expressed as phasors. Based on Equation (15),
the amplitude and phase of each phasor are related to bk and αk, respectively. The specific
harmonic of cogging torque could be eliminated by selecting the width and offset angle of
group tooth reasonably, as shown in Figure 8. The sum of three cogging torque harmonic
phasor is zero, which means that the total cogging torque excludes this harmonic. Con-
sidering the amplitude and phase of each phasor in Equation (15) and the symmetry, the
condition for eliminating the ith harmonic is

sin
(

iNnonb1

2

)
+ 2 sin

(
iNnonb2

2

)
cos(Nnonτt) = 0 (16)

where b1 and b2 are the width of main and associate tooth, respectively.
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The precondition of this method is that the sum of phasors is zero, while the com-
bination of teeth without meeting this condition is invalid. A simplified method in this
paper is used to avoid invalid situations, setting all teeth the same width and phasors
evenly distributed in a circumference. Figure 8 is the cogging torque phasors diagram of
the proposed machine with three groups of teeth. Setting the fundamental harmonic of
cogging torque with a 120◦ different angle from each other and the same amplitude of
phasors diagram, thus the total cogging torque of fundamental harmonic counteracts, as
shown in Figure 9a. It is worth noting that the second harmonic also counteracts, while the
third harmonic is in a superimposed condition, which is the same as the regular machine
with uniform tooth distribution. Considering the symmetry of three phasors, a 240◦ angle
is also a feasible angle to control total cogging torque as 120◦, while a 360◦ different angle
causes all cogging torque harmonics to be tripled. In order to realize the above angle, the
tooth pitch between main and auxiliary tooth trends to be set as

τt =
k120◦

Nnon
∈ (14, 15, 16, 17, 18, 19)× 1.25◦ (17)

where, k is the number of phasor offset angle (120◦ cogging torque fundamental harmonic
angle) for the auxiliary tooth. In order to exclude the 360◦ offset angle, k should not be an
integer multiple of 3.
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harmonics due to coil current is decided by the stator winding layout [26]. Based on the 
principal as shown in Equation (18), the layout with richer harmonic contents has the su-
periority in non-uniform tooth distribution to increase the net torque, while it has a dis-
advantage of larger cogging torque. The other point is that the three-phase winding 
should be symmetrical in open-slot PMVM with non-uniform tooth distribution. In order 
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comparison, which results in different winding packing factor of 0.4 in slot A marked in 

Figure 9. Cogging torque phasor diagram for equal angle: (a) Nnon orders (b) 2 Nnon orders
(c) 3 Nnon orders.

Figure 10 is the comparison of the cogging torque of different τt calculated from
Equation (17), which shows that the cogging torque of k = 15 and k = 18 is significantly
larger than that of k = 14, 16, 17 and 19. This is because that three phasors are superimposed
when k = 15 and 18, while the phasors are counteracted each other when k = 14, 16, 17 and
19. Therefore, when the feasible k is selected, the cogging torque could be eliminated with
the additional harmonic caused by non-uniform tooth distribution.
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4. Design Method for Non-Uniform Tooth Distribution

The proposed non-uniform tooth distribution structure introduces additional flux
density harmonics by changing the distance between teeth to improve performance. The
non-uniform tooth distribution structure divides all teeth into several units for the desired
harmonics, while the number of units are designed based on the series poles of PMVM and
the winding type. Considering the basic principle of PMVM, the net torque comes from
the interaction of corresponding orders flux density of magnets and MMF of winding [1].
The net torque could be expressed as

T = kT∑ kwnFcnBPMn (18)

where Fcn and BPMn are the nth order harmonics of winding MMF and magnet flux density,
respectively, and kwn is the nth order of winding factor.

This situation is important to the non-uniform tooth distribution, where the introduced
flux harmonics need to correspond to MMF of winding. The ingredient of MMF harmonics
due to coil current is decided by the stator winding layout [26]. Based on the principal as
shown in Equation (18), the layout with richer harmonic contents has the superiority in non-
uniform tooth distribution to increase the net torque, while it has a disadvantage of larger
cogging torque. The other point is that the three-phase winding should be symmetrical in
open-slot PMVM with non-uniform tooth distribution. In order to compare two PMVMs
fairly, the number of turns per coil are kept the same at 88 for comparison, which results
in different winding packing factor of 0.4 in slot A marked in Figure 3 but maximum 0.75
in some small slots, such as slot B marked in Figure 3 under a strict dimension constraint.
The design approach of non-uniform tooth distribution is shown in Figure 11, the steps are
introduced as follows.
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where Fc1 is the amplitude of the fundamental harmonic of winding MMF, and ωi is the 
angular frequency of the excitation current. Based on the Equations (6), (18) and (19), the 
harmonic orders of flux density in no-load condition and MMF due to coil current trend 
to satisfy the relationship of  

( )3 1r fnZ m Z p k± = ±  (20)

To ensure the amplitude of each harmonic, the values of n, m and k are selected as 
small values as shown in Table 3, expressing the coordination of lower harmonics for non-
uniform tooth distribution. The p and Zr order harmonics are utilized in regular PMVM, 
while other lower harmonics are wasted because of the lack of corresponding field har-
monics. Therefore, in non-uniform tooth distribution, the second lower harmonic (2p or-
der) of Fc is selected to utilize, cooperating with the order Zfn of airgap permeance har-
monic expressed as 

2 = 3fn r sZ Z p Z p= − −  (21)

where Zfn is the number of airgap permeance harmonic order required instead of the low-
est. The lowest order of airgap permeance harmonic is the same as the number of units in 
non-uniform tooth distribution, and can be expressed as 

( ),f fn sZ G C D Z Z=  (22)

Figure 11. Design approach of non-uniform tooth distribution.
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Step 1: Introduce the specific airgap permeance harmonics. In order to produce the
expected harmonics order, each unit is set to a symmetric equidistant distribution. The non-
uniform tooth distribution results in additional airgap permeance harmonics to generate
specific flux density harmonics, which corresponds to MMF harmonics due to coil current.
In the three-phase machine with double-layer concentrated windings, the MMF due to coil
current can be expressed as in [27].

Fc(θm, t) = Fc1


∞
∑

k=0

kw(3k+1)
3k+1 cos{(3k + 1)pθm −ωit}

+
∞
∑

k=1

kw(3k−1)
3k−1 cos{(3k− 1)pθm + ωit}

 (19)

where Fc1 is the amplitude of the fundamental harmonic of winding MMF, and ωi is the
angular frequency of the excitation current. Based on the Equations (6), (18) and (19), the
harmonic orders of flux density in no-load condition and MMF due to coil current trend to
satisfy the relationship of ∣∣∣nZr ±mZ f

∣∣∣ = p(3k± 1) (20)

To ensure the amplitude of each harmonic, the values of n, m and k are selected as
small values as shown in Table 3, expressing the coordination of lower harmonics for
non-uniform tooth distribution. The p and Zr order harmonics are utilized in regular
PMVM, while other lower harmonics are wasted because of the lack of corresponding
field harmonics. Therefore, in non-uniform tooth distribution, the second lower harmonic
(2p order) of Fc is selected to utilize, cooperating with the order Zfn of airgap permeance
harmonic expressed as

Z f n = Zr − 2p = Zs − 3p (21)

where Zfn is the number of airgap permeance harmonic order required instead of the lowest.
The lowest order of airgap permeance harmonic is the same as the number of units in
non-uniform tooth distribution, and can be expressed as

Z f = GCD
(

Z f n, Zs

)
(22)

where GCD is the greatest common divisor. The last target of step 1 is to ensure the
three-phase symmetry of windings, which is the key point in a three-phase machine. If the
symmetrical condition is not satisfied, the second low order of Fc requires to be discarded
and the third low one is used to calculate Zf, which would cause the partial waste of
winding MMF harmonics.

Table 3. Summarization of main harmonics for non-uniform tooth distribution.

n MMF of
Winding

Flux Density MMF of
Magnets Permeance

Order Equation (22)

0 p p Zs−Zr

Zr

Zs

1
2 p 2 p Zr−Zfn Zfn
4 p 4 p Zfn + 2Zf−Zr Zfn + 2Zf

2
5 p 5 p Zr−(Zfn−Zf) Zfn−Zf
7 p 7 p Zfn + 3Zf−Zr Zfn + 3Zf

3
8 p 8 p Zr−(Zfn−2Zr) Zfn−2Zf

10 p 10 p Zfn + 4Zf−Zr Zfn + 4Zf

Step 2: Eliminate additional cogging torque harmonics. After determining the basic
structure of non-uniform tooth distribution, including the number of units Zf and tooth
number of each unit ng, the proposed phasors method is used to eliminate additional
harmonics of cogging torque. The Nnonth order phasors diagram for tooth groups is shown



Energies 2021, 14, 7816 12 of 16

in Figure 12, which includes ng phasors. By shifting the phasors in a uniform angle, the
introduced harmonics of cogging torque can be eliminated. The interval angle of Nnonth
order cogging torque harmonic is expressed as

αng = j
360◦

ng
(23)

where j is an integer and cannot be selected as a multiple of ng to avoid all harmonics in
superimposed states based on the phasors method. Furthermore, due to the symmetry of
multiple order phasors, all order harmonics except ngNnon times are eliminated in theory.
In order to build the above angle, the tooth pitch between two teeth should be set as

τt =
αng

Nnon
(24)
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Combined with a suitable tooth position, the additional cogging torque harmonics
could be eliminated. In addition, the proposed phasors method has the advantage for
a machine with non-coprime combination of Zs and Zr, which causes the decrease of
frequency and the increase of amplitude for cogging torque. Using the proposed method,
the original lower order and their multiple harmonics are also eliminated. Therefore, the
cogging torque in non-uniform tooth distribution is improved compared to the uniform
one in this situation. Finally, using the analytical or FEM method for all combinations of
teeth, the performance is estimated and compared to obtain an optimal result.

5. FEM Results of Proposed Topology

The proposed machine parameters with non-uniform tooth distribution considering
the suitable width of tooth and tooth pitch between main and auxiliary tooth, is presented
in Table 4. The selected τt corresponding to the number of k in Equation (17) is 19. In
order to verify the advantage of the proposed machine, FEM is used to verify machine
performance. A reasonable flux density distribution by 3D-FEM is shown in Figure 13,
where the maximum flux density is around 1.7T in the tooth with full-load operation. The
comparison of airgap flux density in no-load condition between two topologies is shown
in Figure 14a,b. Compared with the uniform model, the composition of harmonics is richer
with the additional harmonics, which agrees with the analytical results by the same orders
(4,8,10,14) of the additional harmonics in Table 2. These harmonics have a positive effect on
machine performance, which represents the superiority of non-uniform tooth distribution.
It is worth noting that the second harmonic is slightly reduced, which causes the decrease of
output. However, the total effect produced by all harmonics has significant improvement.
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Table 4. Parameter comparison of one unit tooth structure.

Items Unit Regular Proposed

No. of tooth units Zf - - 6
No. of tooth in each unit ng - - 3

Width of main tooth θ1 deg 7.87 7.87
Width of auxiliary tooth on the left θ2 deg 12.13 15.93

Width of slot between main and auxiliary tooth θ3 deg 7.87 7.87
Tooth pitch between main and auxiliary tooth τt deg 20 23.8

Slot pitch between main and auxiliary slot τs deg 20 18.1
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Figure 14. Comparison of airgap flux density by FEM: (a) flux density waveform; (b) spectra of FFT.

The back-EMF is simulated in no-load condition at 50 rpm in Figure 15a. The elec-
tromagnetic torque is compared in Figure 15b with the rated current of 0.4Arms. Table 5
compares the performance of two topologies, showing that the proposed machine with
non-uniform tooth distribution has a relatively improved performance. Back-EMF and
average torque are improved by 24.7% and 23.9%, respectively. Even with additional flux
density harmonics, the torque ripple ratio of proposed topology still drops, due to the in-
crease of average torque. The contrast of cogging torque is shown in Figure 16. Figure 16a
shows that the cogging torque only increases slightly, proving the effectiveness of the
proposed phasors method. The FFT results in Figure 16b present that the 6th harmonic is
not increased due to the offset of grouping phases, while the 12th and 18th components
have been slightly increased caused by the optimization of offset angle.
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Table 5. Comparison of two topologies.

Method Back-EMF
(mV)

Torque
(mNm)

Torque
Ripple

Cogging Torque
Peak to Peak (mNm)

Regular machine 288.59 66.6 5.7% 3.27
Proposed machine 359.78 82.5 4.5% 3.89

Increment 24.7% 23.9% - 18.9%
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6. Conclusions

This paper proposes a non-uniform tooth distribution for the open-slot PMVM to im-
prove the torque performance, by introducing additional harmonics in airgap. According
to the magnetic field modulation effect in PMVM, more abundant flux harmonics are pro-
duced to cooperate with the corresponding harmonics of winding MMF, which improves
the net torque. The torque of the proposed machine increased 24% more than the regular
machine. On the other hand, the proposed machine has resolved the additional cogging
torque harmonics introduced by non-uniform tooth distribution by using the proposed
phasors method, which is also suitable for the traditional PM machines. Moreover, the
design method of non-uniform tooth distribution is presented in detail, which selects the
suitable number of units in the non-uniform tooth distribution to result in the desired
harmonics of magnetic flux and ensure the balanced windings. The additional harmonics
of cogging torque are restricted by distributing the position of the tooth reasonably, which
has additional advantage for the PMVM considering pole pair combination. Finally, the
machine performance is analyzed and compared by FEM results, which verifies the desired
improved torque performance in the proposed machine with expectation.
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