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Abstract: The influences of superellipse shapes on natural convection in a horizontally subdivided
non-Darcy porous cavity populated by Cu-water nanofluid are inspected in this paper. The impacts
of the inner geometries (n = 0.5, 1, 1.5, 4), Rayleigh number (103 ≤ Ra ≤ 106), Darcy number
(10−5 ≤ Da ≤ 10−2), porosity (0.2 ≤ ε ≤ 0.8), and solid volume fraction (0.01 ≤ ∅ ≤ 0.05) on
nanofluid heat transport and streamlines were examined. The hot superellipse shapes were placed
in the cavity’s bottom and top, while the adiabatic boundaries on the flat walls of the cavity were
considered. The governing equations were numerically solved using the finite volume method
(FVM). It was found that the movement of the nanofluid upsurged as Ra boosted. The temperature
distributions in the cavity’s core had an inverse relationship with increasing Rayleigh number. An
extra porous resistance at lower Darcy numbers limited the nanofluid’s movement within the porous
layers. The mean Nusselt number decreased as the porous resistance increased

(
Da ≤ 10−4). The

flow and temperature were strongly affected as the shape of the inner superellipse grew larger.

Keywords: natural convection; superellipse shape cavity; nanofluid; porous media; thermal conductivity;
non-Darcy porous cavity

1. Introduction

A wide range of applications, including geothermal systems, high-performance build-
ing insulation, the control of pollutant spread in groundwater, postaccident heat removal
from nuclear reactor rubble beds, solar power collectors, and compact heat exchangers
have made fluid flow and heat transfer in porous media a hot topic in recent decades [1–4].
Many different papers on numerical and experimental analysis of natural convection in
porous cavities have been published. Natural convection in an inclined confined area
filled with a fluid-saturated porous medium was numerically explored by Alloi et al. [5].
They discovered that the inclination angle of the porous layer and the shape of the drag
parameter had a significant impact on the heat transfer strength in a closed area. Dixon and
Kulacki [6] investigated flow and heat transfer in a liquid-layer saturated porous bed that
was heated from the bottom. They developed general heat transfer laws for varied porous
bed depths for use in process industries, environmental science, and materials processing.

Astania et al. [7] used the Brinkman-extended Darcy model for porous layers to
numerically analyze natural convection combined with entropy generation of Fe3O4–water
nanofluid within an open trapezoidal cavity filled with a porous layer and a ferrofluid layer
under the influence of a uniform inclined magnetic field. The finite difference approach
was used to perform numerical analysis. It has been observed that the inclination angle
α = π

2 depicts heat and fluid flow behavior that is unstable. Heat and fluid flow have an
unstable characteristic.

Research on fluid flow in cavities of various geometric shapes has expanded rapidly
due to its importance in heat transfer improvements. Cho et al. [8] examined natural
convection augmentation of an Al2O3-water nanofluid surrounded by a U-shaped cavity.
Numerical attempts at determining convection flow within a T-shaped cavity were made
by Esfe et al. [9]. Bohowmick et al. [10] examined natural convection in a valley-shaped
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cavity occupied by stratified water. Teixeira et al. [11] investigated the temperature field
behavior of a square plate with T-/H-shaped cavities. Mikhail et al. [12] performed a
numerical analysis of the natural convection of an Al2O3-water nanofluid in a differentially
heated square cavity partially filled with a heat-generating porous medium. The Darcy-
extended Brinkman model was used, and they found that the heat transfer coefficient at
the fluid/solid matrix interface was an effective control parameter for convective flow
and heat transfer intensity. Using a magnetic field and thermal radiation, Sreedevi and
Sudarsana [13] examined the natural convection of TiO2-EG nanofluid in a square cavity
with adiabatic walls. Further studies include [14–19].

Due to the Boussinesq approximation’s rapid convergence and ease of implementation,
it is used in most natural convection research. Benchmark results for flow in a cavity
were introduced by De Vahl Davis [20]. Szewc et al. [21] compared Boussinesq and non-
Boussinesq approximations. The nonlinear Boussinesq approximation of a micropolar non-
Newtonian fluid was inspected by Srinivasacharya et al. [22]. Sameh et al. [23] employed
the nonlinear Boussinesq approximation for a sinusoidally heated porous enclosure loaded
with a nanofluid.

Various numerical studies [24–27] have been carried out to describe the convective heat
transmission of coupled nanofluids with porous media. Jami et al. [28] used a square cavity
in conjunction with partially heated vertical sides to study several types of nanoparticles.
Chamkha and Ismael [29] checked the free convection in a partially porous cavity completed
by a nanofluid. Al-Zamily [30] analyzed the heat transfer and entropy generation within a
cavity filled with two layers of nanofluid (TiO2-water) and one middle layer of saturated
porous medium filled with the same nanofluid. Ahmed et al. [31] inspected natural
convection in horizontally porous media and TiO2-water nanofluids within trapezoidal
cavities. According to their study results, the maximum value of heat transfer percentage
improvement was 4.22%, which was 0.5 in a porous position.

Many studies on heat transfer in cavities filled with fluid of various shapes have been
performed, either experimentally or through numerical simulations. Sparrow et al. [32]
used both experiment and analysis to investigate natural convection in an open-ended
vertical channel. The temperature of one of the channel’s major walls was kept constant,
while the other was left unheated. The existence of the recirculation zone close to the
unheated wall had no effect on Nusselt numbers, which were found to be in good agreement
with those obtained from the experiment. Based on the importance of building insulation
in the context of building energy certification, a detailed analysis of the reliability of heat
transfer evaluation methods in the air cavities of hollow blocks was performed. Stefanizzi
et al. [33] gave an experimental investigation and numerical analysis of heat transfer in
hollow blocks. The pilot-scale shell and tube heat exchanger (STHE) prototype used by
Qianwas et al. [34] was created specifically for usage in the co-combustion of the flue gas
from poultry litter and natural gas. The specific heat of flue gas was calculated using
theoretical calculations and experimental observations. They found that the specific heat of
flue gas during biomass co-combustion was lower than the specific heat of flue gas during
fossil fuel combustion. This was because poultry litter, as a biomass, had less carbon and
hydrogen than fossil fuels.

Kladias et al. [35] experimentally validated the Darcy–Brinkman–Forchheimer flow
model for natural convection in porous media. According to their findings, Darcy’s number
has a clear relationship with heat transfer rate. Furthermore, by reducing Darcy’s number
from 10−2 to 10−6, the Nusselt number was increased by 65%. Moreover, they noticed
that the influence of thermal conductivity seemed to be more pronounced at low Darcy
and Rayleigh numbers. The Darcy–Brinkman–Forchheimer equations were used by Al
Zahrani et al. [36] to model the flow of mixed convection in the porous space between two
concentric cylinders. The results showed that when the thermal conductivity ratio exceeded
its critical value, the average Nusselt number decreased. The characteristic-based splitting
method was used by Nguye et al. [37] to examine free convection in a porous enclosure.
They discovered that adding nanoparticles had less of an impact when the Rayleigh
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number was large and the Darcy number was low. Wang et al. [38] used homogeneous
assumptions and effective kinematic viscosity and thermal conductivity formulas to model
the thermally driven buoyancy flows of nanofluids in a square enclosure. A wide range
of thermal Rayleigh numbers (103 ≤ Ra ≤ 106), and nanoparticle volume fractions
(0.001 ≤ ∅ ≤ 0.04) were investigated numerically. They found that their modeling results
accurately predicted both the improvement and deterioration of natural convection heat
transfer. Ho et al. [39] used the implicit finite difference method to investigate the transient
and steady-state natural convection heat transfer in a square cavity containing a phase-
change material (PCM) suspension. They found that the PCM’s low latent heat could create
oscillatory natural convection under high Rayleigh number.

In this work, we studied the influence of superellipse shapes on the natural convection
of a nanofluid within a non-Darcy porous cavity filled with Cu-water nanofluid. The
governing equations were numerically solved using the finite volume method (FVM).
The impacts of inner shapes (n = 0.5, 1, 1.5, 4) and Rayleigh and Darcy numbers on the
nanofluid movements, and temperature characteristics were evaluated. The current in-
vestigations showed that the buoyancy force, and hence the movement of the nanofluid,
increased as the Rayleigh number grew, where the mean Nu was shown to decrease as the
porous resistance increased

(
Da ≤ 10−4).

2. Model Description

The model used for our investigation of nanofluid flow over two superellipse shapes
in a cavity occupied with nanofluid is displayed in Figure 1. The left/right walls of a cavity
were cooled, and the top/bottom walls had an adiabatic condition. The first superellipse
shape was placed in (0.5, 0.5) and the second was placed in (0.5, 1.5). The equation of the
superellipse is as follows: ∣∣∣ x

a

∣∣∣n + ∣∣∣∣ y
a1

∣∣∣∣n = 1, (1)

where n, a, and a1 are positive numbers, and their values are taken as n = 0.5, 1.5, and 4,
where a = a1 = 0.25.

Table 1 indicates the thermophysical characteristics of water (H2O) and copper (Cu).
In the current investigation, the subsequent assumptions were made:

• The flow is laminar, two-dimensional, steady, and incompressible.
• The Boussinesq approximation is employed to settle that the nanofluid’s thermo-

physical properties remain constant.
• A thermal equilibrium model was applied between nanofluid and porous medium.

Table 1. Thermophysical characteristics of (H2O) and (Cu).

ρ (kg/m3) CP (J/kg K) k (W/m K) β (1/K)

H2O 997.1 4179 0.613 21 ×10−5

Cu 8933 385 401 1.67 ×10−5
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Figure 1. Schematic illustration of the current problem.

2.1. Mathematical Formulation

In dimensional form, the controlling equations [40] are as follows:

∂v
∂y

= −∂u
∂x

, (2)

u
∂u
∂x

= −v
∂u
∂y

+
1

ρn f

[
−c1

∂p
∂x

+ c2µn f

(
∂2u
∂x2 +

∂2u
∂y2

)
− c3

(
µn f

K
u +

F ρn f u|u|

K
1
2

)]
, (3)

u
∂v
∂x

= −v
∂v
∂y

+
1

ρn f

[
−c1

∂p
∂y

+ c2µn f

(
∂2v
∂x2 +

∂2v
∂y2

)
− c3

(
µn f

K
v +

F ρn f v|u|

K
1
2

)
+ c1

(
(ρβT)n f g(T − Tc)

)]
, (4)

u
∂T
∂x

= −v
∂T
∂y

+ c4

(
∂2T
∂x2 +

∂2T
∂y2

)
, (5)

where |u| =
√

u2 + v2, K =
ε3d2

P
b(1−ε)2 is a permeability, and F = c

√
b ε

3
2

is Forchheimer’s

coefficient.
At a middle layer: c1 = 1, c2 = 1, c3 = 0, and c4 = αn f .
Bottom and top layers: c1 = ε2, c2 = ε, c3 = ε2, and c4 = αe f f .
The subsequent dimensionless quantities for converting Equations (2)–(5) to the

dimensionless forms:

X =
x
L

, Y =
y
L

, U =
uL
α f

, V =
vL
α f

,P =
pL2

ρn f α2
f

, θ =
T − Tc

Th − Tc
, Ra =

gβT∆TL3

α f ν f
, Pr =

ν f

α f
, Da =

K
L2 , H =

h
L

(6)

The dimensionless controlling equations:

∂V
∂Y

= −∂U
∂X

, (7)

U
∂U
∂X

= −V
∂U
∂Y
− C1

∂P
∂X

+ C2
µn f

ρn f α f

(
∂2U
∂X2 +

∂2U
∂Y2

)
− C3

(
µn f

ρn f α f

1
Da

U +
F√
Da

U
√

U2 + V2

)
, (8)
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U
∂V
∂X

= −V
∂V
∂Y
− C1

∂P
∂Y

+ C2
µn f

ρn f α f

(
∂2V
∂X2 +

∂2V
∂Y2

)
− C3

(
µn f

ρn f α f

1
Da

V +
F√
Da

V
√

U2 + V2

)
+ C1

(
(ρβT)n f

ρn f βT
RaT Pr θ

)
, (9)

U
∂θ

∂X
= −V

∂θ

∂Y
+ C4

(
∂2θ

∂X2 +
∂2θ

∂Y2

)
, (10)

The constants are:
Middle layer: C1 = 1, C2 = 1, C3 = 0 and C4 = αn f /α f .
Bottom/top layers: C1 = ε2, C2 = ε, C3 = ε2 and C4 = αe f f /α f .
The definition of αn f is:

αn f =
kn f(

ρCp
)

n f
. (11)

The definition of kn f [41] is:

kn f = k f


(

knp + 2k f

)
− 2φ

(
k f − knp

)
(

knp + 2k f

)
+ φ

(
k f − knp

)
, (12)

The definition of αe f f is:
αe f f = ke f f /

(
ρCp

)
n f , (13)

The definition of ke f f is:
ke f f = (1− ε)ks + εkn f , (14)

According to [42], the definitions of ρn f ,
(
ρCp

)
n f , (ρβ)n f , and µn f are:

ρn f = (1− φ)ρ f + φρnp (15)(
ρCp

)
n f = (1− φ)

(
ρCp

)
f + φ

(
ρCp

)
np. (16)

(ρβ)n f = (1− φ)(ρβ) f + φ(ρβ)np. (17)

µn f =
µ f

(1− φ)2.5 (18)

2.2. Boundary Conditions
On the cavity’s bottom and top walls:

U = 0; V = 0;
∂θ

∂Y
= 0,

On the left side wall:
U = 0; V = 0; θ = 0,

On the right-side wall:
U = 0; V = 0; θ = 0,

Inner superellipse enclosures:

U = 0; V = 0; θ = 1,

The local Nusselt number is:

Nu = −
kn f

k f

(
∂θ

∂X

)
, (19)

The following equation was used to calculate the average Nusselt number:

Num = − 1
L

∫ L

0

kn f

k f

(
∂θ

∂X

)
∂Y. (20)

2.3. Numerical Method
In this work, the controlling equations are carried out via the finite volume method (FVM) with

the SIMPLE algorithm.
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In the first step, Equations (8) and (9) are rewritten in the following form:

∂(uφ)

∂x
+

∂(vφ)

∂x
=

∂

∂x

(
Γ

∂φ

∂x

)
+

∂

∂y

(
Γ

∂φ

∂y

)
+ Sφ (21)

Integrating the previous system over the control volume gives

Feφe − Fwφw + Fnφn − Fsφs = De(φE − φP)− Dw(φP − φW) + Dn(φN − φP)− Ds(φP − φS) + Sφ Vol (22)

where e, w, n, and s stand for the east, west, north, and south points, respectively. The
discretized form of the continuity equation is also written as

Fe − Fw + Fn − Fs = 0 (23)

where
Fe = Aeue, Fw = Awuw, Fn = Anvn, Fs = Asvs,

De =
Γe Ae

δxpe
, Dw =

Γw Aw

δxpw
, Dn =

Γn An

δypn
, Ds =

Γs As

δyps
,

The upwind sachem is used to approximate the convective term’s cell face values as

φE =

{
φP Fe > 0
φE Fe ≤ 0

, (24)

The diffusive term is also calculated using the central difference approach. The prior system’s
general form is as follows:

aEφE = aEφE + aW φW + aNφN + aSφS + SP, (25)

where
aE = De + max(−Fe, 0),

aw = Dw + max(Fw, 0),

aN = Dn + max(−Fn, 0),

aS = Ds + max(Fs, 0),

ap = aE + aW + aN + aS + Fe − Fw + Fn − Fs

SP = Sφ Vol

The derived algebraic equations in Equation (25) were solved using the alternating direct
implicit approach, while the velocities and pressures were corrected using the SIMPLE algorithm.
The following criterion of convergence was used for unknown dependent variables:

∑
i,j

∣∣∣χnew
i,j − χold

i,j

∣∣∣ ≤ 10−6 (26)

To find the appropriate grid, a performed grid test was checked against Table 2. It was found
that the grid 81 × 81 was acceptable for all computations.

Table 2. Grid independence study at Da = 10−4, Ra = 104, ε = 0.8, φ = 0.01, n = 4.

Grid 31×31 41 × 41 61×61 81×81 121×121

Num 2.620308 2.647514 2.998836 3.103110 3.253419
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2.4. Validation Tests
In this section, we compared the current results to those of [43] and [44]. Firstly, Figure 2

demonstrates a comparison of the present outcomes and those of [43]. The current numerical results
showed a good agreement with the results from [43]. Moreover, Figure 3 shows the streamlines and
isothermal lines reported in [44] and the present outcomes at Rayleigh number

(
103 ≤ Ra ≤ 106).

The heat transport in the enclosure was dominated by the conduction mode at Ra = 103 and Ra = 104.
The streamlines and isotherms compared between [44] and the present outcomes were almost similar.
As Ra = 105 and Ra = 106 approach, the role of convection in heat transport becomes more important
and the thermal boundary layer on the inner cylinder’s surface grows thinner, as stated by [44].
As a result, we are confident that the current results in this study are truly accurate for multilayered
porous media and inner superellipse shapes.
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3. Results and Discussion
In this work, the outcomes of the various thermophysical parameters, such as the inner shapes

(n = 0.5, 1, 1.5, 4), Rayleigh number
(
103 ≤ Ra ≤ 106), porosity (0.2 ≤ ε ≤ 0.8), and Darcy num-

ber
(
10−5 ≤ Da ≤ 10−2) were analyzed. Addition of nanoparticles was limited to 0.05 because

more than 5% of the volume of the nanoparticle fraction can cause sedimentation and absorp-
tion of nanoparticles within a porous medium [45,46]. Pure water was used in this research, so
Pr = 6.2 was adopted. At the top/bottom of the cavity, two hot inner superellipse shapes were
placed. Figure 4 illustrates the streamlines resulting from the shape of two inner superellipses
(n = 0.5, 1, 1.5, 4), porosity (ε = 0.2, 0.4, 0.6, 0.8), Rayleigh number

(
Ra = 103, 104, 105, 106), and

Darcy number
(

Da = 10−2, 10−3, 10−4, 10−5), respectively. The streamlines became parallel to each
other, taking the shape of the inner superellipse as n increased, and we noted that the streamlines con-
tracted around the inner superellipses shapes as n increased. The stream function |ψ|max decreased by
0.99% as ε increased from 0.2 to 0.8 because of porosity. The third section of the Figure 4 depicts vari-
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ous values of the Rayleigh number
(

Ra = 103, 104, 105, 106) at (n = 4, Da = 10−3, and ε = 0.6). The
contours of the streamlines were extended across the cavity as the Raleigh number grew, demonstrat-
ing that increasing the Raleigh number enhanced the buoyancy force and thus the movement of the
nanofluid. However, as Ra increased, the strength of the flow circulation increased dramatically and
the structure of the flow circulation expanded in size, occupying most of the enclosure. Furthermore,
at Ra = 106, the absolute value of stream function reached its maximum value ( |ψ|max = 32.4577).

The fourth section of Figure 4 illustrates the impact of the Darcy number on fluid flow inside
the enclosure when porosity ε = 0.6, Ra = 104, and n = 4 . The porous resistance increased as
Da decreased from 10−2 to 10−5, providing a slowing of the movement of the nanofluid ( |ψ|max
decreased) within the porous layers.

The effects of the inner superellipse shapes, porosity, Rayleigh number, and Darcy number on
the dimensionless temperature distribution are represented in Figure 5. It was detected that as n
increased (the changes in the shape of the inner superellipse), the isothermal lines increased around
the inner shapes and thus the heat transport was boosted. At Ra = 106, the top area of the cavity
became hotter and the bottom became colder. The isothermal lines had slight changes according to
the variations in Da and ε.
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Darcy number.

Figure 6 shows the impacts of Rayleigh and Darcy numbers on horizontal and vertical velocities,
temperature profiles, and the mean Nu. As the porous resistance increased, the mean Nu decreased.

The vertical velocity near (Y = 1), the cavity’s center, along the X axis, increased as Ra was
augmented. The horizontal velocity at (X = 0.5), the cavity’s center, along the Y axis changed
slightly at the bottom area (Y ≤ 0.7) and at the top area (Y ≥ 1.3), and had the highest values at
(0.7 < Y < 1.3). The presence of hot inner shapes caused a high temperature inside the cavity, which
caused the formation of vortices in the cavity’s center and, as a result, higher velocity values. We
observed an opposite connection between the temperature and Rayleigh number in the cavity’s
center, and a proportional relationship between them on the cavity’s left (X ≤ 0.2) and right (X ≥ 0.8).
The reason relates to the expansion of the isothermal lines from the center across the cavity’s sides
as Ra increased. Physically, Ra increases the buoyancy force, which sped up nanofluid movements
and improved heat transfer in the cavity. The porous resistance increased as the Darcy number
decreased from 10−4 to 10−5, raising the average Nusselt number. Figure 7 shows the effects of
the shape of superellipse enclosures and the nanofluid volume fraction on the average Nusselt
number. We observed that the average Nusselt was heavily reliant on both. The insertion of Cu-water
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nanoparticles into the base fluid increased the heat transfer coefficient, as evidenced by the average
Nusselt number, which rose significantly with increasing nanoparticle volume fraction.
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Figure 7. The average Nusselt number below the influences of n and φ.

The impacts of inner superellipse shape on vertical velocities and temperature profiles are
shown in Figure 8. Overall, increasing the area of the inner shape obviously raised the temperature
and slightly raised the vertical velocity.
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Figure 8. The influence of an inner superellipse shape enclosures on the vertical velocities and temperature profiles.

4. Conclusions
In this paper, using the FVM method, we scrutinized the influences of superellipse inner shapes

on the nanofluid movements in a non-Darcy porous cavity. The hot superellipse inner shapes were
placed at the cavity’s bottom and top. The cavity’s boundary conditions were considered as adiabatic
boundaries on the top and bottom. The investigations led to the following conclusions:

• The flow and temperature were strongly affected as the shape of the inner superellipse grew larger.
• The average Nusselt number grew sharply with increasing nanoparticle volume fraction,

which means that introducing Cu-water nanoparticles into the base fluid increased the heat
transfer coefficient.

• The buoyancy force, and hence the movement of the nanofluid, increased as the Rayleigh
number grew, and an inverse relationship existed between the temperature and Rayleigh
number in the cavity’s core.

• As Da decreased, the porous resistance increased, limiting the nanofluid’s movement within
the porous layers. The mean Nu was shown to decrease as the porous resistance increased
(Da ≤ 10−4).

In a future study, we will conduct analysis of entropy generation in nanofluid flow due to
double diffusive MHD mixed convection in a lid-driven cavity with a superellipse inner shapes.
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Nomenclature

Ra Rayleigh number
Cp specific heat (J/g·C)
Da Darcy number
dP average particle size
F Forchheimer coefficient
g gravitational acceleration
H dimensionless height of porous layer
h dimensional height of porous layer
K permeability (m2)
k thermal conductivity (W/m·K)
k f thermal conductivity of pure fluid
ks thermal conductivity of porous matrix
kn f thermal conductivity of nanofluid
knp thermal conductivity of dispersed nanoparticles
b, c Ergun’s constant
dP average particle size of the bed
Nu Nusselt number
Num average Nusselt number
p pressure (N/m2)
pr Prandtl number
L cavity length (m)
T temperature (K)
u, v dimension velocity components (m/s)
U, V dimensionless velocity components
x, y Cartesian coordinates (m)
X, Y dimensionless coordinates
Greek symbols
µ viscosity (kg/m·s)
α thermal diffusivity
β thermal expansion coefficient
βT volumetric thermal expansion
ε porosity
φ solid volume fraction
ν kinematic viscosity (m2/s)
ρ density (kg/m3)
Ψ stream function
θ dimensionless temperature
Subscripts
f fluid
n f nanofluid
p porous medium
c cold
h hot
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