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Abstract: The variability of rail surfaces can result in wheel–rail slippage, which reduces the accuracy
of subway braking systems, or even endangers the operation safety. It is necessary to conduct optimal
anti-slip control with the estimation of the wheel–rail adhesion state. In this paper, an online super-twisting
sliding mode anti-slip control strategy is proposed for subway vehicles. Firstly, real-time wheel–rail
adhesion state estimation is performed by utilizing the recursive least squares algorithm under
complex and variable rail surface conditions. Then, the differential evolution algorithm is adopted to
search the current optimal slip velocity based on the wheel–rail adhesion state. The super-twisting
sliding mode controller is designed to implement the optimal sliding velocity tracking. The controller
exploits the high-order derivatives of the sliding mode to eliminate chatter vibration and avoid
the effect of disturbance, improving the anti-slip control performance. Finally, the effectiveness
of the proposed anti-slip strategy is verified by experimental results.

Keywords: anti-slip control; recursive least rquare; differential evolution; super-twisting

1. Introduction

The subway braking system plays a vital role in the safe and reliable operation of a subway [1].
It is significant for a subway braking system to make the braking force tract the desired value.
The braking of the subway relies on the friction between the brake shoes and the wheels of the basic
braking part to reduce the speed of the subway wheels, and the deceleration of the subway car body
depends on the adhesion of the rail surface. When the rail surface is slippery or the surface is oily,
the adhesive force provided by the rail surface is not enough to support the required braking force.
The wheels will slide on the rail surface, and the wheel tread and the rail surface will be heated
sharply [2]. In this way, the braking performance will be lost, the braking distance will be longer,
and the ride comfort will be reduced. At the same time, it will bring additional impact to the parts
of the subway vehicle, accelerate its wear, and even endanger driving safety. In order to effectively use
the adhesion between the wheels and rails and prevent the wheels from slipping, an anti-slip control
system in the subway braking system is essential.

As one of the key subsystems to ensure driving safety, the anti-slip control system of subway
vehicles has attracted increasing attention. During train operation, the adhesion force decreases as
the slip velocity increases [3,4]. The anti-slip control of trains is mainly realized indirectly by controlling
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the slip velocity [5]. The control methods based on slip velocity mainly include (i) tracking of ideal slip
velocity and (ii) obtaining the maximum adhesion force [6,7]. An anti-slip control method based on
fuzzy logic was proposed by Nabizadeh [8] and Park [9]. This method divides the train slip velocity
into different sections, and specifies different control strategies for the slip speed in different sections.
A method using language and number system information was proposed by Precup et al. [10]. A predictive
control method was proposed by Sajad Sad et al. [11] to predict the maximum adhesion coefficient
that a train can obtain, which is expected to keep the train at this maximum adhesion coefficient.
A new estimation method used higher-order sliding mode observer was proposed by [12] which
aimed to address the problem of the road adhesion coefficient in the vehicle dynamics being unknown
and varying with the contact surface. A simple but effective algorithm to estimate the slip ratio
without using any information of vehicle velocity and dynamic parameters, which are very difficult
to be determined, was proposed by [13]. However, the estimation period was a little long and did
not suit subways. the above method is insufficient because the optimal slip velocity to be tracked
is set offline, and the slip velocity of the train is controlled on the pre-set curve during operation.
Besides, the complex wheel-rail contact conditions and the changing load of the subway make
the adhesion force different under the same track surface conditions.

In recent years, many data-driven methods have been carried out to reduce the model dependence
of anti-slip control and accurately estimate the adhesion state. The likelihood estimation was utilized in [14]
to estimate the current wheel–rail adhesion state of the train. Wheel–rail adhesion parameters are obtained
using the maximum likelihood estimation from the speed and other data collected by the train sensors.
In [15,16], the adhesion coefficient was detected as a function of slip velocity. The measured wheel
velocity was used as input to the extended kalman filter to estimate the slip velocity. The authors
in [17] presented real-time estimation of wheel–rail contact forces and moments based on an extended
kalman filter estimator in normal driving conditions. A multiple model approach based on swarm
intelligence to estimate friction at the wheel–rail interface was proposed in [18]. However, these
methods suffer from limitations, such as the estimation speed being slow, and requiring more data
samples at one time to obtain a more accurate estimation value. Furthermore, the limited computing
resources of the industrial personal computer in a subway can not estimate the adhesion state in
a short time.

To summarize, the current anti-slip control strategies by setting the optimal slip velocity are not
suitable for the conditions of complicated and changing rail surfaces. Although the LuGre friction
model used by [19,20] can appropriately reduce the errors caused by complex rail conditions,
the complexity of the model will cause the controller operation cycle to be longer. A new adaptive
sliding mode control (ASMC) method based on pole-placement control (PPE) and a time-delay
estimation (TDE) algorithm was proposed by [21,22], which can achieve fast fast adaptation
and powerful abilities for tracking and chattering reduction. Because the structure of the control
method is more complex, the calculation amount is higher, and the calculation capacity of the on-board
controller of the subway train is limited, the method is not suitable for anti-slip control. Date-driven
methods benefit from free model and real-time adhesion state. However, a large amount of data
and strong computing power are required to support parameter estimation, which are unrealistic
inside a subway.

To address the above problems, a new online anti-slip control strategy is proposed in this paper.
Firstly, the recursive least squares is used to estimate the adhesion state of the subway wheel–rail online.
The time-varying parameters in the adhesion model are continuously estimated by the recursive
least square method using the sensor data in real time. In this way, a more accurate wheel–rail
adhesion state could be obtained in a very short time with limited sensor data. Due to the limited
computing capacity of the anti-slip chip inside the subway, direct differential calculation is very difficult.
The differential evolution algorithm is adopted to search the current optimal slip velocity corresponding
to the maximum value in the current non-linear wheel–rail adhesion curve. It avoids computing
differentials and falling into local optimums compared with traditional optimization methods such as
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Newton’s method. The super-twisting sliding mode controller is designed to implement the optimal
sliding velocity control target. The chatter vibration could be eliminated and the anti-slip control
performance could be improved using the designed controller compared with a traditional sliding
mode control.

The main contributions of this paper are as follows:

• Recursive least squares is used to estimate the adhesion state between wheels and rails online,
and the differential evolution algorithm is used to search the current optimal slip velocity.
The online estimation method proposed in this paper can estimate the current wheel–rail state
and search for the optimal slip velocity in 400 milliseconds, ensuring the real-time performance
of subway brake control.

• the chattering of the sliding mode controller in the steady state is analyzed theoretically in this
paper, and a super-twisting sliding mode controller is designed to eliminate the chattering.

• the proposed anti-slip strategy is verified by comparing with the traditional sliding mode control.
The experimental results show that the method proposed in this paper can significantly improve
the performance of control and eliminate chattering.

The remainder of the paper is organized as follows: In Section 2, the wheel–rail contact model
and the subway single wheel pair kinematics model are established, and the adhesion characteristic
curve is described and analyzed. Section 3 presents methods for online estimation of the adhesion
state of subway wheels and rails and searching for optimal slip velocity based on the current
adhesion state. In Section 4, a super-twisting sliding mode controller is designed to reduce the control
errors and eliminate chattering. In Section 5, the effectiveness of the proposed method is validated
through experiments. Section 6 draws the conclusion.

2. Problem Formula and System Modeling

2.1. Wheel–Rail Contact Model

The force analysis of the wheelset is shown in Figure 1. mg is vehicle axle weight, f is air resistance,
Tb is braking torque. Fa is adhesion force.

Figure 1. Wheel–rail contact force analysis.

During the braking process, due to the application of braking torque, the contact point of the wheel
to the rail tends to slide to the right, and the load of the wheel causes the wheel to be tightly pressed
onto the rail surface, forming a slight deformation. This deformation causes a small amount of sliding
between the contact surfaces of the wheel and rail. This small amount of sliding is called creeping.
Since only the tangential force can be transmitted by the static friction force generated by creep,
the creep phenomenon is a normal phenomenon when the wheel is rolling.
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The occurrence of creep will cause the vehicle body linear speed v not to be equal to the wheel
linear speed converted by the wheel speed vω. And during braking, v will always greater than vω.
Use slip velocity vs to define the difference between the two speeds.

vs = v− rω (1)

where r is wheel radius, ω is wheel angular velocity, v is vehicle body linear velocity. In additional,
the ratio of the slip velocity to the linear velocity of the car body is defined as the slip ratio, and its
mathematical expression is

η =
vs

v
(2)

The adhesion coefficient is defined as the ratio between the tangential force and the normal load
between the wheel and the rail, and its mathematical expression is

µ =
Fa

mg
(3)

2.2. Adhesive Characteristic Curve Analysis

The adhesion coefficient µ is determined by the physical contact state between the wheels and rails.
This coefficient can intuitively reflect the adhesion state between the wheels and rails. Many factors
are affected by the adhesion coefficient, therefore, in the actual operation of subway vehicles,
the adhesion coefficient is a time-varying state quantity. The relationship between the adhesion
coefficient and the slip velocity can be expressed as follows [23].

µ(vs) = c1e−avs − c2e−bvs (4)

where c1, c2, a, b are parameters related to the physical conditions of wheel and rail contact.
According to [24], we can know the experience value under the dry rail surface, wet rail surface
and snow or ice rail surface as shown in Table 1.

Table 1. Parameters of Burckhardt’s mode.

Rail Surface Conditions c1 c2 a b

Dry 1.0 1.0 0.54 1.2

Wet 0.29 0.29 0.54 1.2

Ice 0.1 0.1 0.54 1.2

As can be seen from the Table 1, under different rail surface contact conditions, the values
of parameters c1, c2, a, b in Equation (4) are different, and there is a large difference between the three.

Although there are large differences in the above-mentioned three kinds of rail surface adhesion
characteristic curves, the overall change trend of the three curves is the same. It can be seen from
Figure 2 that the entire curve includes two parts; the adhesion area and the sliding area, and the
adhesion area contains two parts, the linear area and the non-linear area. When the slip velocity is less
than a certain value, the adhesion coefficient increases linearly with the increase of the slip velocity,
and then the adhesion force gradually increases slowly. When the slip velocity reaches the highest
point, the adhesion force also reaches the maximum value. At this time, if the braking force is increased,
the slip velocity will be further increased and the slip zone will be affected, which will seriously affect
the braking performance. It hurts the tread and rails of the wheels, and even endangers driving safety.
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Figure 2. Detailed description of slip speed-adhesion curve.

In addition, due to the characteristics of tight departures and large changes in passenger
capacity, the subway should actively estimate the current wheel–rail adhesion state of the train
in real time during operation, calculate the braking force based on the currently required deceleration,
and determine from the adhesion state curve meets the required braking force. If not, the output
of the braking torque should be controlled so that the subway slip velocity is stable near the optimal
slip velocity point.

2.3. Kinematics Model of Subway Single Wheel Pair

The force analysis diagram of the subway during operation is shown in the Figure 3.

Figure 3. The force analysis diagram of the subway.

And its dynamics modeling can be described by the following mathematical form

mv̇ + Fa + f + W = 0; (5)

Jω̇ + Tb + Far = 0 (6)

f = µ0 + µ1v + µ2v2 (7)

Fa = µ(vs)mg (8)

vs = v−ωr (9)
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W =

 600
R , lr < lt

600
R ·

lr
lt

, lr ≥ lt
(10)

where m is wheel load, Fa is the adhesion force of the track surface to the wheel, g is gravitational
acceleration, f is air resistance, µ0, µ1, µ2 are resistance coefficients which are constant value in this
paper, v is vehicle body linear velocity, J is wheel inertia, r is wheel radius, ω is wheel angular velocity
and Tb is braking torque. Besides, W is the additional resistance of the subway curve is related to
the length of the curve. lt is the length of subway and lr is the arc length of the curve. R is the curvilinear
radius of the rail.

Because of the highly time-varying and non-linear characteristics of the changes in the load
of a single wheel during the operation of a subway vehicle, and the intensive operation of subway
vehicles, the accuracy of the parking requirements is extremely high, so the braking force control
requirements are very precise. The braking force needs to be transmitted by the adhesion force
between the wheels and rails. Therefore, the adhesion coefficient curve corresponding to the slip
velocity of the subway vehicle needs to be estimated online in real time in order to select the optimal
slip velocity for tracking control during braking. The architecture of the online super-twisting sliding
mode anti-slip control strategy is shown in Figure 4.

Figure 4. The architecture of the online super-twisting sliding mode anti-slip control strategy.

3. Online Estimation of Optimal Slip Velocity

3.1. Estimating Wheel–rail Adhesion Status Online

Due to the high real-time requirements of subways, online estimation based on complex
algorithms such as machine learning is no longer used in this scenario. This paper selects the recursive
least squares method for online parameter estimation, which can guarantee the high real-time
requirements of subways.

In the light of the subway train dynamic model established in Equations (5)–(9), the train can obtain
the vehicle body linear velocity and wheel angular velocity through sensors, and obtain the current
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instantaneous adhesion coefficient and current slip velocity through calculation. According to the internal
data transmission protocol of subway, speed data. The sampling period is 16 ms.

According to the mathematical model of slip velocity and adhesion coefficient used in Section 2,
the function to be estimated is

µ = c1e−avs − c2e−bvs (11)

where c1, c2, a, b are parameters to be estimated. Let β = [c1, c2, a, b]T and v̂si , µ̂i are the values
of actual measurement. Since the estimates are conducted online, v̂si , µ̂i is constantly changing.
Therefore, the optimal parameter vector β needs to be updated in each estimation cycle. So the recursive
least squares method is choosen.

The estimated error for each data sample is

εi = µ̂i − (c1e−av̂si − c2e−bv̂si ) (12)

which can be writen as
εi = µ̂i − µ(βi, v̂si ) (13)

And the optimal objective function is

φ(βn) =
n

∑
i=1

λn−iε2
i + σλn ||βn| |2 (14)

where n is number of samples. The first term of the above formula is the weighted sum of squared
residuals, λn−i is an exponentially decaying weighting factor, also called forgetting factor. The introduction
of the forgetting factor is to ensure that the long-term past data is “forgotten”, and the latest data
is tracked in time, and 0 < λ <≈ 1. The ordinary least squares method assumes that the weight
of the measurement data is the same at each moment, which is unreasonable in the application
scenario of this paper. If a measurement value has passed for a long time, its impact on the calculation
result should be weakened, and the impact of newest data should strengthen. The second term
of the above formula is the added regularization term to facilitate the derivation. Over time, λn will
tend to 0, and the impact of regularization will become smaller and smaller. Besides, σ is regularization
coefficient, which is σ > 0, σ ∈ Z.

The calculation steps are as follows: initialization β0 = 0, P0 = σ−1 I, for every moment k,
Update inverse correlation matrix Pk:

Pk = λ−1Pk−1 − λ−1gk v̂T
sk

Pk−1 (15)

where gk is gain vector. Here’s how to calculate. The intermediate quantities πk can be obtained by

πk = Pk−1v̂sk (16)

The gain vector gk can obtained by

gk =
πk

λ + v̂T
sk

πk
(17)

Then the prior estimation errors ξk can be obtained by

ξk =

 µ̂k − µ(βk−1, v̂sk ) µ̂k − µ(βk−1, v̂sk ) > 0

0 µ̂k − µ(βk−1, v̂sk ) ≤ 0
(18)
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Finally update parameters βk according to the prior estimation errors

βk = βk−1 + gkξk (19)

3.2. Search for Optimal Slip Speed Using Differential Evolution

Through the recursive least squares method, the parameters c1, c2, a, b value in Equation (4) can be
estimated online, and the current wheel–rail adhesion curve can be obtained. In the subway braking,
in order to maximize the use of adhesion, the slip velocity should be controlled near the optimal
slip velocity. It can be seen from the adhesion characteristic curve that there is an optimal slip velocity
regardless of the wheel–rail contact conditions. Because the curve is a non-linear function, obtaining
extreme points directly through the derivation method will make the calculation time too long and there
will be calculation errors, which will worsen the real-time performance of the online estimation. On the
other hand, the computing power of the subway is very limited, especially it does not support direct
differentiation operation. Therefore, this paper uses the differential evolution algorithm to obtain
the best slip velocity. It avoids computing differentials and falling into local optimums compared with
other optimization methods such as Newton’s method. Although it is also an iterative algorithm, this
algorithm does not need to perform a lot of matrix calculations, so the calculation speed will be much
faster for subways. Its objective function is

J(vs) = max
0<vs≤10

c1e−avs − c2e−bvs (20)

where c1, c2, a, b are parameter values estimated in real time for the previous step. When the objective
function takes the maximum value, the value of vs is the current best slip velocity.

v∗s = arg max
vs

J(vs) (21)

The differential evolution algorithm is used to obtain the maximum value of the above
objective function, and the initial value is set to vs(0) = 0.01. The size of the mutation factor
determines the diversity of the population. When the orbital surface environment does not change
rapidly, the evolution equation will not change too much, and the change factor should be small.
In addition, by accelerating the convergence of the algorithm, unnecessary calculations can be avoided.
When the evolution equation changes significantly, the change factor should be larger to ensure that
the algorithm jumps faster from the local extremes. With the help of logic functions, the mutation
factor is designed as follows

F(k) = F0 · 2e
1− Gm

Gm+1−G(k)
(22)

where Gm is the maximum number of iterations, G(k) is current iterations and F0 is base variation
factor. The parameter settings of the entire algorithm are shown in the following Table 2.

Table 2. Parameters of differential evolution algorithm.

Parameters Values

Population size 50

Number of parameters 1

Variance factor F(k)

Cross factor 0.6

Max number of iterations 300

Parameter search range vs ∈ [0.01, 10]
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Algorithm 1 describes the flow of the algorithm. First, the parameters of the differential evolution
algorithm are initialized in accordance with Table 2. Then proceeds in the loop to find the extremes.
Finally, the online estimation of the parameter is achieved.

Algorithm 1 The algorithm details of search optimal slip velocity
Input: Population size Np, number of parameters D, base variation factor F0, Cross factor C, max

number of iterations Gm, parameter search range vrange and the function f

Output: the optimal slip velocity v∗s

1: Set the current iteration G(k) = 1

2: For i = 1 to Np
3: For j = 1 to D
4: Set xj

i,G(k) = vrange−min + rand(0, 1) · vrange

5: EndFor
6: EndFor
7: While G(k) < Gm

8: Calculate variation factor F(k) = F0 · 2e
1− Gm

Gm+1−G(k)

9: For i = 1 to Np
10: For j = 1 to D
11: qj

i,G(k) = Mutation(xj
i,G(k), F(k))

12: uj
i,G(k) = Crossover(xj

i,G(k), qj
i,G(k), C)

13: If f (ui,G(k) < f (xi,G(k))

14: xi,G(k) = uj
i,G(k)

15: If f (xi,G(k)) < f (v∗s )
16: v∗s = xi,G(k)

17: EndIf
18: Else
19: xi,G(k) = xi,G(k)

20: EndFor
21: EndFor
22: G(k) = G(k) + 1

23: EndWhile
24: Return the optimal slip velocity v∗s .

4. Super-Twisting Sliding Mode Controller

4.1. Controller Design

As a classical switching control, sliding mode control algorithms have been widely used in
many fields [25]. Although the general first-order sliding mode controller has fast tracking speed
and small steady-state error, it has a fatal disadvantage. The first-order sliding mode controller has
more severe vibration. Consider the combination of constant velocity and exponential approach law in
general first-order sliding mode control. Let slip surface

ṡ = −γ1s− γ2sign(s) (23)
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where the k1s is exponential convergence term which ensures that the system can quickly converge near
the sliding surface when away from the sliding surface. And the closer to the sliding surface, the lower
the approach rate. The k2sign(s) is isokinetic convergence term which can converge at a relatively
uniform speed when the system moves near the origin. However, for any system, disturbances
are unavoidable. Consider the following systems with disturbances

ẋ1 = x2 (24)

ẋ2 = A + Bu + ∆A + ∆Bu + f0 (25)

where ∆A and ∆B respectively represent the disturbance of the system parameters, and f0 represents
unknown disturbances and unmodeled system states. Let f = ∆A + ∆B + f0, and rewrite the system
state equation as

ẋ1 = x2 (26)

ẋ2 = A + Bu + f (27)

If the above system is to be designed with a reaching law sliding mode controller, the specific
value of perturbation f cannot be obtained without using an observer. Design in accordance with
the above sliding surface, and set the sliding surface s = ce + e′. The system’s sliding mode equation is

ṡ = cẋ1re f − cx2 + ẍ1re f − A + Bu = −γ1s− γ2sign(s) + f (28)

Note that there is a symbolic function in the above formula, but most of the actual systems
are discrete systems. In the case of a discrete system, the sliding mode dynamic equation of the system
near the sliding mode surface is

sk+1 = sk − Tsγ2sign(sk) (29)

The exponential approach term γ1s is negligible near the sliding surface due to its minimal effect.
Ts is the control period of the system. When moving near the sliding surface, the sliding modulus
cannot be changed continuously. If s is a positive minimum at a certain moment, there is

sk+1 = 0+ − Tsγ2sign(0+) (30)

Conversely, when s is a negative minimum at some point, there is

sk+1 = 0− − Tsγ2sign(0−) (31)

It can be seen from the above two formulas that the system cannot make a real sliding mode motion
after reaching the sliding mode surface. The value of the sliding mode switching has been switched
back and forth between −Tsγ2 and Tsγ2. This is the theory explanation of the chattering phenomenon.
At the same time, when the control period of the system is longer and the gain item of symbolic
function γ2 is larger, the chattering of the system will become more obvious. However, in the
presence of interference terms, in order to ensure the stability of the system, a sign function with
a high gain term has to be introduced to suppress the disturbance, which will also exacerbate
the chattering phenomenon.

If the above-mentioned shaking phenomenon occurs in the braking force control of a subway
train, it is actually reflected that the passengers will obviously feel the front-to-back shake of the train
body, which is caused by the large and small braking force. In addition, frequent chattering will bring
additional energy consumption and wear to the actuator and accelerate its aging. Therefore, this
paper introduces the super-twisting algorithm to suppress its chatter. The super-twisting algorithm
is essentially a higher-order sliding mode control algorithm, which hides discontinuous symbolic
functions into higher-order derivatives of sliding mode variables. Through the hidden processing,
after several integration operations, the symbol function becomes a continuous function. At least
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it can be guaranteed that the first derivative of the sliding modulus does not contain discontinuous
symbol function terms, and can be kept at 0 on the sliding mode surface which can liminate chattering
in theory.

The control algorithm of the second-order sliding mode controller based on the super-twisting
algorithm is as follows

ṡ = −k1|s|
1
2 sign(s) + usw (32)

u̇sw = −k2sign(s) (33)

where, s is a sliding mode variable, usw is an intermediate variable, and k1, k2 are parameters to
be designed. Although there are two symbolic functions in the above mathematical expression
of the controller, the first term will make |s| 12 ≈ 0. Symbolic function has almost no chattering effect
on the system. The second symbolic function term is hidden in the derivative. In the first derivative
of the sliding mode, the symbolic function after integration is transformed into a continuous function.
Therefore, it can be guaranteed that the system has s = s′ = 0 on the sliding surface.

For the problem of subway slip control, the goal of this article is to make the current slip speed
of the subway train track the best slip speed estimated in the previous section. Thus, the tracking error is

e = vs − vsre f = v−ωr− vsre f (34)

Because the linear velocity of the subway and the angular velocity of the wheels are not integral
or differential, let sliding mode variables be s = e. The first derivative of the sliding surface is

ṡ = v̇− ω̇r− v̇sre f (35)

Substitute into the subway kinematics model to obtain

ṡ = − Fx + f + W
m

− Tbr
J
− Fxr2

J
− v̇sre f (36)

Combining the above sliding mode variables based on the super-twisting algorithm, we get

− Fx + f + W
m

− Tbr
J
− Fxr2

J
− v̇sre f = −k1|s|

1
2 sign(s)− k2sign(s) (37)

Since Tb is the control variable of the system, the controller output is

u = Tb =
J
r
[k1|s|

1
2 sign(s) + k2

∫
sign(s) + Φ− v̇sre f ] (38)

where

Φ = − Fx + f + W
m

− Fxr2

J
(39)

Bringing it back to the (28) and (29), and ignoring the constant terms. There is

ṡ = −k1|s|
1
2 sign(s) + usw +

f + W
m

(40)

u̇sw = −k2sign(s) (41)

It can be seen that the disturbance term exists in the first derivative of the sliding modulus.
The combination of the disturbance term and the intermediate variable can be obtained by differentiating it.

ṡ = −k1|s|
1
2 sign(s) + usw (42)
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u̇sw = −k2sign(s) +
ḟ + Ẇ

m
(43)

As can be seen from the above formula, after the high-order sliding mode controller
of the super-twisting algorithm, the first derivative of the sliding modulus does not include
the disturbance term, so the controller is very robust to external disturbances. The stability
of the controller is analyzed below.

4.2. Controller Stability Proof

According to Lyapunov’s theorem, when the Lyapunov function of a system is positive definite
and its derivative is negatively timed, the entire system is progressively stable. For this controller, take
the state variable as

XT =

|s| 12 sign(s)

usw

 =

x1

x2

 (44)

Construct a Lyapunov function by the form

V =
1
2

XTQX (45)

where Q ∈ R2×2

Q =

4k2 + k2
1 −k1

−k1 2

 (46)

When k2 > 0, Q is positive definite matrix and V is quadratic form of positive definite matrix.
The air resistance and the curve additional resistance are bounded. Let there be a constant ∆, so that
the derivative of the perturbation can satisfy∣∣∣∣ ḟ + Ẇ

m

∣∣∣∣ < ∆ (47)

When the parameters k1, k2 satisfy the following conditions [26]
k1 > 2

k2 >
k3

1 + ∆2(4k1 − 8)
k1(4k1 − 8)

(48)

The first derivative of the Lyapunov function can be made to negative definite, so the system
is asymptotically stable. It means that the sliding mode variable and the derivative of the sliding mode
variable in the sliding mode controller of the super-twisting algorithm can converge to the origin in
a limited time, so that the system overcomes the disturbance and reaches the sliding mode.

5. Simulation Analysis

In this paper, the Simulink toolbox in MATLAB is used to simulate the estimation of the optimal online
slip speed on dry, wet, and snow and ice surfaces, and the optimal slip based on the super-twisting sliding
mode controller is used for speed tracking control. The simulation parameters are set as Table 3.

The parameters for traditional sliding mode controller are given as γ1 = 36, γ2 = 12. And the
sliding manifold is given as ṡ = −γ1s− γ2sign(s). The parameters for proposed controller are given
as k1 = 2000, k2 = 1.5.

In this simulation scenario, the subway train first runs on the dry rail surface, and keeps
decelerating at the optimal slip speed, then drives into the wet rail surface area, and finally into
the snow and ice rail surface area.



Energies 2020, 13, 1823 13 of 19

Table 3. Parameters of Simulation.

Parameters’ Name Symbol Value

Wheel load of subway m 8000 kg

Wheel inertia J 240 kg ·m2

Wheel radius r 0.5 m

Length of subway lt 136 m

When driving on different rail surfaces, based on the recursive least squares and differential
evolution methods used in this paper, the estimated adhesion state of the wheels and the actual
theoretical adhesion characteristics are shown in the Figure 5.

Figure 5. Theoretical adhesion characteristic curves under different wheel–rail contact conditions
and the estimated curves of this method. The red curve is the adhesion characteristic curve of the dry
rail surface. The green curve is the adhesion characteristic curve of the wet rail surface. The blue
is the adhesion characteristic curve of the snow and ice rail surface. The solid line is the actual
characteristic, and the dotted line is the estimated curve.

It can be seen from the above figure that the method used in this article estimates the adhesion
area in the adhesion characteristic curve accurately, and the estimation has a relatively obvious error
at high slip speeds, but this does not affect the real-time estimation of the subway operation because
subway trains always work in the adhesion zone, and the goal controlled by this article is to make
the slip speed of the subway at the peak of the adhesion zone but not exceed the adhesion zone
and enter the slip zone. The estimation errors under different rail surface are as Table 4.

Table 4. The estimation errors under different rail surface.

Rail Surface Conditions The Estimation Errors

Dry 8.0239× 10−5

Wet 2.0435× 10−6

Ice 5.1227× 10−6

As can be seen from the Figure 6, the train is on a dry track at t = 0− 2 s . At t = 2 s, the subway
moves from the dry track to the wet track, the wheel slip speed increases, and The train has a tendency
to move from the sticky zone to the slip zone. The method in this paper can estimate the optimal
speed of the current track surface state within 0.5 s, and maintain stability. The updated control target
is the current optimal slip velocity. On the premise that the deceleration requirements are met as far as
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possible, the subway will not run in the slip zone. At t = 4 s, the subway runs from the wet track to
the snow track, and the slip speed increases again. The method in this paper can estimate the optimal
slip speed at this time within 0.5 s and update it to the control to avoid entering the slip zone.

Figure 6. The optimal slip velocity is estimated under different rail conditions. The blue solid line
is the curve estimated by the method in this paper, and the red dotted line is the actual optimal
slip velocity.

After estimating the current optimal slip speed under different track surface conditions,
the anti-slip controller will target the slip speed and control the braking torque so that the current
subway train tracks the target slip speed while meeting the deceleration requirements as much as
possible In order to maximize the use of wheel–rail adhesion. The slip speed tracking curve is shown in
Figure 7. It can be seen that the super-twisting sliding mode controller used in this paper is faster than
the traditional sliding mode controller, and is more stable in the steady state, that is, when the system
is close to the sliding mode surface. Among them, a partial enlarged view is shown in the Figure 7b–d.

It can be seen from the partial enlarged view Figure 7b–d, that the traditional sliding mode
controller will always tremble near the surface of the sliding mode. This is not a favorable phenomenon
for the subway, and it will cause the brake actuator to change its output and accelerate the aging
of the basic braking part. In addition, the braking torque is constantly changing, which will
cause the deceleration to change continuously, causing minor vibrations in the entire subway car
and significantly reducing passenger comfort.

As can be seen from the Figure 8, the output of the controller based on the traditional sliding mode
control algorithm has been constantly jittering within a range, which also confirms the theoretical
analysis in the previous section. In the first 2 s, the subway is on a dry track surface, and the adhesion
coefficient between wheels and rails is high, which can provide a relatively large braking force
when braking. Therefore, it can be seen from the figure that the output of the braking torque is also
relatively high. During 2 to 4 s, when entering the wet track surface, the maximum adhesion force
provided by the track surface does not support the subway to brake at the previous deceleration.
Therefore, the controller needs to reduce the braking torque appropriately to avoid the wheels from
violently slide. After 4 s, the subway enters a smoother snow and ice track surface, the braking
force provided by the track surface is smaller, so the braking force needs to be further reduced.
However, although the braking torque of the subway has been decreasing as a whole, the braking
torque has been trembling, which is very unfriendly to the braking components of the vehicle, and also
reduces the comfort.
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(a) The entire view of the best slip velocity tracking curve
when the subway is running on the dry, wet and ice rail.

(b) Partially enlarged view of the best slip velocity tracking
curve when the subway is running on the dry rail.

(c) Partially enlarged view of the best slip velocity tracking
curve when the subway is running on the wet rail.

(d) Partially enlarged view of the best slip velocity tracking
curve when the subway is running on the ice rail.

Figure 7. Optimal slip velocity tracking curve controlled by sliding mode controller and super-twisting
sliding mode controller. The black dotted line is the reference value of the optimal slip velocity
estimated in the previous steps, the solid blue line is the tracking curve based on the sliding mode
controller control, and the solid green line is the sliding velocity tracking based on the super-twisting
sliding mode controller curve.

Figure 8. The control torque of sliding mode controller and super-twisting sliding mode controller
proposed bu this paper. The blue curve is the control torque of sliding mode controller and the red
curve is the control torque of super-twisting sliding mode controller.
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The output of the improved sliding mode controller based on super-twisting algorithm used in
this article is shown in the Figure 8. It can be seen from the figure that the super-twisting sliding mode
controller proposed by this paper can better suppress the chattering problem derived in the previous
section. Makes the subway more stable and can achieve more accurate parking during braking.

The following Figure 9 shows the control error of the two control algorithms. The blue curve
is the control error of the traditional sliding mode controller, and the red curve is the control error
of the sliding mode controller based on the super-twisting algorithm in this paper. It can be seen
from the figure that the control error of the method used in this paper is significantly smaller than
that of the traditional sliding mode controller. There is a significant abrupt change in the error in
the second and fourth seconds in the picture, which is due to the optimal slip velocity change caused
by the subway vehicle running from the dry rail surface to the wet rail surface and from the wet rail
surface to the snow and ice rail surface.

Figure 9. The error of sliding mode controller and super-twisting sliding mode controller proposed
by this paper. The blue curve is the control error of the traditional sliding mode controller, and the red
curve is the control error of the super-twisting sliding mode controller in this paper.

The simulation results show that the proposed algorithm is effective and superior when the metro
train is running in a straight line. However, in the subway operation process, the subway will inevitably
run on the curved track. Unlike a straight line, when the train travels on a curve, the air resistance
and the additional resistance of the curve of the track needs to be considered. In the following
simulation, the tracking effect of slip velocity of a subway train in the curve is considered, and the
remaining parameters are consistent with the previous simulation. In this simulation, two curves
are added. The subway train enters the first curve at the t = 2 s, and the curve radius is R1 = 800 m.
At t = 4 s, the subway train enters the second curve, and the curve radius is R2 = 400 m. The Figure 10
shows the optimal slip velocity tracking curve with curves.

The red dashed line in the Figure 10 shows the tracking effect of slip velocity when the subway
train enters the curve. From the tracking curve of slip velocity, it can be seen that after the subway train
enters the curve, the time to reach the optimal slip velocity is longer than that of the straight line due to
the action of the resistance of the curve accessory, which increases by about 15%. However, the tracking
of the target slip velocity is still guaranteed within 0.1 s. Moreover, due to the effect of the super-twisting
algorithm, the proposed method is better than the traditional sliding mode control algorithm in
the curve. The response time of the proposed algorithm is shorter than that of the traditional sliding
mode control algorithm. In particular, the smaller the curve radius, that is, the greater the degree
of bending, the longer the adjustment time, but it can be controlled within the required response
time range. Figure 11 shows the output curves of the control quantity of the two controllers in
the presence of curves.
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Figure 10. Optimal slip velocity tracking curve controlled by sliding mode controller and super-twisting
sliding mode controller which includes curve rail.

Figure 11. The control torque of sliding mode controller and super-twisting sliding mode controller
proposed bu this paper includes curve rail.

As can be seen from Figure 11, the method presented in this paper can still achieve a relatively
stable output without excessive shaking when there are curves. In addition, the output of control
quantity is relatively stable in the adjustment process. However, the traditional sliding mode control
method has a large amplitude of output variation and a large degree of shaking when the subway
train enters the curve.

6. Conclusions

The purpose of this paper was to introduce an online super-twisting sliding mode anti-slip control
strategy for subways. The recursive least squares was used to estimate the adhesion state of wheel–rail
and the differential evolution algorithm was adopted to search for the optimal slip velocity in a short
time. Besides, the super-twisting sliding mode controller was designed to eliminate chattering when
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the system was stable as well as reduce the control errors. Experimental results show that the proposed
approach in this paper can estimate the wheel–rail adhesion state and search for optimal slip velocity
in less than half a second in every control period. Besides, the chattering vibration was eliminated
and the control error was reduced greatly compared with a slide mode controller.
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Nomenclature

r Wheel radius (m) Pk Inverse correlation matrix at moment k

v Vehicle body linear speed (m/s) gk Gain vector at moment k

Tb Braking torque (N ·m) ξk Prior estimation error

ω Wheel speed (rad/s) G(k) Current generation

vs Slip velocity (m/s) F(k) Variance factor at generation G(k)

η Slip ratio Gm Max number of iteration

f Air resistance (N) Np Population size

J Inherit of the wheel (kg ·m2) D Number of parameters

m Wheel load (kg) C Cross factor

Fa Adhesion force (N) F0 Base variation factor

µ Adhesion coefficient s Sliding surface

c1, c2, a, b Parameters of Burckhardt’s model Ts Sample period (s)

εi Estimate error k1, k2 Parameters of controller

λ Forgetting factor sign(·) Symbolic function

e Control error (m/s) µ0, µ1, µ2 Constant value of air resistance

R Radius of the curve (m) W Curve additional resistance (N)

lt Length of subway (m) lr Length of curve (m)
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