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Abstract: In the design of a building envelope, there is the issue of heat flow through the partitions.
In the heat flow process, we distinguish steady and dynamic states in which heat fluxes need to be
obtained as part of building physics calculations. This article describes the issue of determining
the size of those heat fluxes. The search for the temperature field in a two-dimensional problem is
common in building physics and heat exchange in general. Both numerical and analytical methods
can be used to obtain a solution. Two methods were dealt with, the first of which was used to obtain
the solution in the steady state and the other in the transient. In the steady state a method of initial
functions, the basics of which were given by W.Z. Vlasov and A.Y. Lur’e was adopted. Originally
MIF was used for analysis of the loads of a flat elastic medium. Since then it was used for solving
concrete beams, plates and composite materials problems. Polynomial half-reverse solutions are used
in the theory of a continuous medium. Here solutions were obtained by the direct method. As a
result, polynomial forms of the considered temperature field were obtained. A Cartesian coordinate
system and rectangular shape of the plate were assumed. The problem is governed by the Laplace
equation in the steady state and Poisson in the transient state. Boundary conditions in the form of
temperature (τ(x), t(y)) or/and flux (p(x), q(y)) can be provided. In the steady state the solution T(x,
y) was assumed in the form of an infinite power series developed in relation to the variable y with
coefficients Cn depending on x. The assumed solution was substituted into the Fourier equation and
after expanding into the Taylor series the boundary condition for y = 0 and y = h was taken into
account. From this condition the coefficient Cn can be calculated and, therefore, a closed solution for
the temperature field in the plate.

Keywords: heat transfer in walls; transient wall characteristic; Poisson equation solution; Laplace
equation solution

1. Introduction

The search for the temperature field in a two-dimensional problem is common in building
physics and heat exchange in general. Both numerical and analytical methods can be used to obtain a
solution [1,2]. Thermal and moisture diffusion can also be traced by a marker medium present in the
specimen [3]. Two methods were dealt with, the first of which was used to obtain the solution in the
steady state and the other in the transient. In a steady state a Method of Initial Functions, the basics of
which were given by [4,5] were adopted. The approach used in MIF allowed to derive the form of
harmonic polynomials, which form the basis of the solutions in this paper. These polynomials are
four times infinity, which is the unique value of this article. An important value of this article is the
use of these polynomials to determine the temperature in a rectangular area. In the transient state,
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the integral heat balance method was used. Three sub-areas were distinguished in the heat transport
process and the process of transient heat flow was described.

Originally MIF was used for analysis of the loads of a flat elastic medium [6]. Since then it was
used for solving concrete beams, plates and composite materials problems [7,8]. A solution in the form
of a power series with coefficients depending on x was assumed. Then these coefficients were found
by solving the differential equation. Harmonic polynomials were obtained that satisfy the Laplace
equation in the area. The coefficients of the linear combination of these functions were determined by
approximating the boundary conditions. The values of the approximation function for the edge of the
considered area are here initial functions. As a result, polynomial forms of the considered temperature
function were obtained.

The task of analyzing temperature states in rectangular areas form the basis of building physics.
They are related to the building envelope, external partitions and ceilings. In building design, these
tasks are calculated using standard procedures. This is a special topic in the field of building energy
demand regarding external partitions. Procedures used in this topic contain simplifications causing
these analyses to be subject to significant errors. The main simplification is the replacement of dynamic
processes with steady ones. In fact, in building components, depending on the variability of boundary
conditions, static and dynamic states alternate [9–11]. There is a problem of improving the methods of
analyzing heat transfer processes through the building envelope. Solutions to this problem appear
in the existing task classes. Task classes can be distinguished by their formulation in the physics of
construction.

I. Because of the boundary conditions: First, second and third conditions. Fourth type.
II. Due to cyclical boundary conditions [12]: Temperature, solar radiation
III. Due to the number and order of layers of materials in the partition [13–15]: Single-material,

multi-layer.
IV. Due to the type of impulse: Dirac delta, step Heaviside function.

Each of these classes has rich literature, and it is presented in separate building physics textbooks.
In this article, we will deal with the formulation under boundary conditions of the first type, two static
and dynamic states occurring between these two states. The original elements of the article are the
distribution in a steady state of the temperature into four states due to symmetry with respect to the
variables x, y and the application of the condition from integration of the Poisson equation in the scope
of the duration of the dynamic process.

The primary concepts are the boundary components, heat transfer flux, governing equation and
characteristic operators of the solutions.

2. Materials and Methods

2.1. Governing Equation

The heat transfer equation derived from the energy balance in the infinitesimal volume:

ρcp
∂T
∂t

=
∂
∂x

(
λxx

∂T
∂x

)
+

∂
∂y

(
λyy

∂T
∂y

)
+ qv, (1)

where T(x, y) is temperature, ρ—density, cp—specific heat capacity, λ—coefficient of thermal
conductivity, and qv—internal heat gains.

In the transient state, Equation (1), with the assumption that the coefficient λ does not depend on
temperature, takes the form

ρcp
∂T
∂t

= λ

(
∂T2

∂2x
+
∂T2

∂2y

)
ρcp

∂T
∂t

= λ

(
∂T2

∂2x
+
∂T2

∂2y

)
(2a)
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In the steady state heat exchange, with no internal heat sources and an isotropic body,
Equation (1) becomes

∇
2T(x, y) = 0 ∇2 =

(
∂2

∂x2 +
∂2

∂y2

)
. (2b)

In this consideration, expressions were found for the temperature that satisfies the Laplace
equation in the area. This solution has the form of a sum of polynomials. These polynomials exist in
products with constant coefficients. The obtained solution was divided into four independent states
according to the symmetry features of the temperature function. These are the following:

• symmetry–symmetry SS (x and y even),
• symmetry–antisymmetry SA (x even, y odd),
• antisymmetry–symmetry AS (x odd, y even),
• antisymmetry–antisymmetry AA (x and y odd).

2.2. Boundary Conditions

The coordinate system and geometrical parameters of the medium were assumed as in Figure 1.
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Figure 1. Coordinate system adopted in the analysis.

The variable t is the set temperature at the edge of the shield (approximated), and variable T is the
interior temperature (approximating). The following boundary conditions apply:

y = h Ut(x), 2. y = −h LWt(x)
x = b Rt(y). 4. x = −b LFt(y).

(3)

Preceding the variable t, the capital letters U, LW, R and LF were assigned as the temperature
of the upper, lower, right and left edges, respectively. The task was divided into four independent
problems corresponding to four independent thermal states of the symmetry of the shield. The
boundary conditions for the entire shield were split over four states specified in the first quadrant of
the coordinate system. The following indices have been assigned to shorten the description of these
states: The temperature in the SS state is preceded by the letter S, in the SA state with the letter B, the
AS with the letter C and in the state AA with the letter A. The boundary conditions in these states are
determined by the initial state with the following formulas:

SS state

y =+
−

h, TS = SUt = SLWt = 1
4 [Ut(x) + Ut(−x) + LWt(x) + LWt(−x)]

x =+
−

b, TS = SRt = SLFt = 1
4 [Rt(y) + Rt(−y) + LFt(y) + LFt(−y)].

(4)

SA state

y =+
−

h, TB = BUt = −BLWt = 1
4 [[Ut(x) + Ut(−x)] − [LWt(x) + LWt(−x)]]

x =+
−

b, TB = BRt = BLFt = 1
4 [Rt(y) −Rt(−y) + [LFt(y) − LFt(−y)]].

(5)



Energies 2020, 13, 1714 4 of 20

AS state

y =+
−

h, TC = CUt = CLWt = 1
4 [[Ut(x) −Ut(−x)] + [LWt(x) − LWt(−x)]]

x =+
−

b, TC = CRt = −CLFt = 1
4 [[Rt(y) + Rt(−y)] − [LFt(y) + LFt(−y)]].

(6)

AA state

y =+
−

h, TA = AUt = −ALWt = 1
4 [[Ut(x) −Ut(−x)] − [LWt(x) − LWt(−x)]]

x =+
−

b, TA = ARt = −ALFt = 1
4 [[Rt(y) −Rt(−y)] − [LFt(y) − LFt(−y)]].

(7)

For example, boundary conditions for the whole shield on the lower edge will be equal to the
sum SDt(x) + BDt(x) + CDt(x) + ADt(x).

Example. Considering that the element has a geometry as in Figure 2.
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Figure 2. Dimensions of the analyzed building partition.

Assuming an outside temperature of 5 ◦C and inside temperature of 20 ◦C, the boundary conditions
for the steady state can be described by the following functions:

y =+
−

h T = Ut = LWT = 5 + 15
2b (b + x),

x =+
−

b T = Rt = 20◦C LFT = 5◦C
(8)

The graphical representation of boudry conditions can be found on Figure 3
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The task is split into four states using Equations (4)–(7): The boundary conditions in the SS and
AS states are shown in Figures 4 and 5.
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SS state

y =+
−

h TS = SUt = SLWt = 1
4 [5 +

15
2b (b + x) + 5 + 15

2b (b− x) + 5 + 15
2b (b + x) + 5 + 15

2b (b− x)] = 12.5◦C

x =+
−

b TS = SRt = SLFt = 1
4 (20 + 20 + 10 + 10) = 12.5◦C

(9)

AS State

y =+
−

h TC = CUt = CLWT = 1
4 [(5 +

15
2b (b + x) − 5− 15

2b (b− x)) + (5 + 15
2b (b + x) − 5− 15

2b (b− x))] = 15x
2b ,

x =+
−

b Tc = CRt = 1
4 (20 + 20− 5− 5) = 7.5◦C CLFT = −7.5◦C

(10)

The SA and AA states are identically zero:

y =+
−

h TSA = TAA = CUt = CLWT = 0◦C
x =+

−
b TSA = TAA = CRt = CLFt = 0◦C

(11)

2.3. Solution of the Area Problem in Steady State

The solution functions T(x, y) were assumed in the form of an infinite power series developed in
relation to the variable y with coefficients Cn depending on x.

T(x, y) =
∝∑

n=0

Cn(x)yn. (12)

Second derivatives with respect to x:

∂2T
∂x2 =

∞∑
n=0

∂2Cn(x)
∂x2 yn, (13)
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and with respect to y:
∂2T
∂y2 =

∞∑
n=2

(n− 1)nCn(x)y(n−2), (14)

were calculated. The substitution n = n + 2 was performed to Equation (14) where n is a new variable
with the same designation and Equation (14) was rewritten in the form

∂2T
∂y2 =

∞∑
n=0

(n− 1)(n + 2)Cn+2(x)yn. (15)

After substituting Equations (13) and (15) in (2b)

∞∑
n=0

∂2Cn(x)
∂x2 yn +

∞∑
n=0

(n− 1)(n + 2)Cn+2(x)yn = 0. (16)

Cn(x) are treated as n-dependent terms of progression and as such can be derived from the
differential Equation (16). Putting the sum into a common sign and introducing the operator D:

∞∑
n=0

[Cn+2(n + 2)(n + 1) + D2Cn]yn = 0, (17)

where Dn = ∂n

∂xn .
Equation (17) will be met if

Cn+2(n + 2)(n + 1) + D2Cn = 0. (18)

Multiplying both sides by (n!/n!) a differential equation on Cn(x) is obtained:

Cn+2
(n + 2)!

n!
+ D2Cn

n!
n!

= 0. (19)

After applying the shift operator
EpCn = Cn+p, (20)

[E2 + D2]Cnn! = 0. (21)

Equation (21) can be solved as an equation with constant coefficients; the general solution is

Cnn! = (−iD)nA + (iD)nB. (22)

Variables A and B were determined by substituting n = 0, 1 for Equation (22). In this way
expressions were obtained on C0 and C1, although their value is unknown, one can express A and B:

Co = A + B
C1 = −iDA + iDB

(23)

Determining A and B from Equation (23), the following was obtained:

A = 1
2 [C0 − (iD)−1C1]

B = 1
2 [C0 + (iD)−1C1]

(24)

Substituting Equations (24) to (22) and introducing divalent functions j(n), j(n + 1) with values
(0,1)

j(n) =
1
2
[(−1)n + 1], j(n + 1) =

1
2
[1 + (−1)n+1], (25)
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and trivalent J(n) and J(n + 1) with values (−1, 0, +1)

J(n) = j(n)in, J(n + 1) = j(n + 1)in+1, (26)

an expression for Cn term is as follows

Cn =
1
n!
[J(n)DnCo − J(n + 1)Dn−1C1]. (27)

Substituting Equations (27) to (12)

T(x, y) =
∞∑

n=0

1
n!
[J(n)DnCo − J(n + 1)Dn−1C1]yn. (28)

The Taylor series expansion of the sin() and cos() function is

cos Dy =
∝∑

n=0

J(n)
(Dy)n

n!
, sin Dy = −

∝∑
n=0

J(n + 1)
(Dy)n

n!
. (29)

Equation (28) can be written in the form

T(x, y) = cos DyCo +
sin Dy

D
C1. (30)

Separating Equation (30) into a symmetrical and antisymmetrical part relative to the variable y,
we obtained

XST(x, y) = cos DyT(x, 0) = cos Dy
∝∑

i=0

Tixi (31)

XAT(x, y) =
sin(Dy)

D
C(x, 0) =

sin(Dy)
D

∝∑
i=0

.
Cixi, (32)

XS before the function T(x, y) means that the function T(x, y) is arbitrary with respect to x and
even with respect to y, likewise the designation XA means that the function T(x, y) is odd in relation to
the variable y. Taking into account in Equations (31) and (32) the relationship j(i) + j(i + 1) = 1 as well
as Equation (29), the following were obtained:

XST(x, y) =
∝∑

i=0

[ j(i) + j(i + 1)]Ti

i∑
k=0

J(k)(i
k)x

i−kyk

 (33)

XAT(x, y) =
∝∑

i=0

[ j(i) + j(i + 1)]Ci

i+1∑
k=0

J(k + 1)(i+1
k )xi+1−kyk

. (34)

Equations (33) and (34) can be easily separated into state symmetry–symmetry (SS),
symmetry–antisymmetry (SA), antisymmetry–symmetry (AS) and antisymmetry–antisymmetry (AA).
The temperature in individual states is expressed in the following formulas:

SS state

SST(x, y) =
∝∑

i=0

 j(i)Ti

i∑
k=0

J(k)
(

i
k

)
xi−kyk

, (35)

AS state

AST(x, y) =
∝∑

i=0

 j(i + 1)Ti

i∑
k=0

J(k)
(

i
k

)
xi−kyk

, (36)
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SA state

SAT(x, y) = −
∝∑

i=0

 j(i)Ci

i+1∑
k=0

J(k + 1)
(

i + 1
k

)
xi+1−kyk

, (37)

AA state

AAT(x, y) = −
∝∑

i=0

 j(i + 1)Ci

i+1∑
k=0

J(k + 1)
(

i + 1
k

)
xi+1−kyk

. (38)

The polynomials specified in Equations (35)–(38) are harmonics, i.e., they satisfy the Laplace
equations. By accepting a sufficient number of polynomials and their corresponding constant factors,
boundary conditions can be met precisely enough.

In this work, the method of approximating the temperature at the edges of the shield was used to
determine the constant coefficients.

2.4. Expressions on Temperature in Case of Limitation to the First Consecutive Polynomials of Rank 10

Equations (35)–(38) contain an infinite number of constant factors and an infinite number of
polynomials corresponding to these coefficients. In specific calculations, the number of these coefficients
and the corresponding degrees of polynomials can be limited. The values of functions j(n), J(n) necessary
to write the equations are summarized in Table 1.

Table 1. Divalent and trivalent functions used in Equations (35)–(38).

n 0 1 2 3 4 5 6
j(n) 1 0 1 0 1 0 1
J(n) 1 0 −1 0 1 0 −1

j(n + 1) 0 1 0 1 0 1 0
J(n + 1) 0 −1 0 1 0 −1 0

The following are given in individual states of temperature symmetry: five polynomials
corresponding to the following “n” rank: SS—8, SA—9, AS—9 and AA—10.

SS state

T(x, y) = To + T2(x2
− y2) + T4(x4

− 6x2y2 + y4) + T6(x6
− 15x4y2 + 15x2y4

− y6)+

+T8(x8
− 28x6y2 + 70x4y4

− 28x2y6 + y8),
, (39)

AS state

T(x, y) = T1x + T3(x3
− 3xy2) + T5(x5

− 10x3y2 + 5xy4)+

+T7(x7
− 21x5y2 + 35x3y4

− 7xy6) + T9(x9
− 36x7y2 + 126x5y4

− 84x3y6 + 9xy8)
, (40)

SA state

T(x, y) = C1y + C3(3x2y− y3) + C5(5x4y− 10x2y3 + y5)+

+C7(7x6y− 35x4y3 + 21x2y5
− y7) + C9(9x8y− 84x6y3 + 126x4y5

− 36x2y7 + y9)
, (41)

AA state

T(x, y) = C2xy + C4(x3y− xy3) + C6(x5y− 10x3y3 + 3xy5)+

+C8(x7y− 7x5y3 + 7x3y6
− xy7) + C10(5x9y− 60x7y3 + 126x5y5

− 60x3y7 + 5xy9)
. (42)

As can be seen, these polynomials can be easily written, because their coefficients are equivalents
from the Pascal triangle.
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3. Results and Discussion

3.1. Solution to the Example Formulated in Point 2

We solve the task of meeting boundary conditions assuming fixed temperatures at the edges x = b;
T = tz, y = h; T = τ as in Figure 3. This is the symmetric part of Example.

We adopt the harmonic functions

Ho = 1, H2 = x2
− y2. (43)

Assuming an approximating function in the form

T = a1 + a2(x2
− y2). (44)

This function on the right edge takes the form

x = bTp = a1 + a2(b2
− y2)

y = h Tg = a1 + a2(x2
− h2)

(45)

We will set parameters a1, a2 from the approximation condition; meeting the minimum deviation
on the right and upper edges. The minimum deviation condition has the form

mina1 ,a2δ =
h∫

0
dy[a1 + a2(b2

− y2) − t]2 +
b∫

0
dx[a1 + a2(x2

− h2) − τ]
2
=

=
h∫

0
dy{[a1 + a2(b2

− y2)]
2
− 2[a1 + a2(b2

− y2)] + t2
}+

h∫
0

dx{[a1 + a2(x2
− h2)]

2
− 2[a1 + a2(x2

− h2)] + τ2
} =

=
h∫

0
dy{[a1

2 + 2a1a2(b2
− y2) + a2

2(b2
− y2)

2
] − 2[a1 + a2(b2

− y2)]t2 + t2
}+

+
h∫

0
dx{[a1 + 2a1a2(x2

− h2)] + a2
2(x2
− h2)

2
− 2[a1 + a2(x2

− h2)τ] + τ2
}

. (46)

Calculating the definite integral, we get

minδa1,a2 = a2
1h + 2a1a2

(
b2h− h3

3

)
+ a2

2

(
b4h− 2b2 h3

3 + h5

5

)
− 2

(
a1h + a2

(
b2h− h3

3

))
t + t2h+

+a2
1b + 2a1a2

(
b3

3 − h2b
)
+ a2

2

(
b5

5 − 2 b3

3 h2 + h4b
)
− 2

(
a1b + a2

(
b3

3 − h2b
))
τ+ τ2b

. (47)

By calculating derivatives relative to a1 and a2, we obtained

∂δ
∂a1

= a1·2(h + b) + 2a2[hb(b− h) + 1
3 (b

3
− h3)] − 2(ht− bτ)

∂δ
∂a2

= a1·2[(b2h− h2b) + 1
3 (b

3
− h3)] + 2a2(b4h− bh4)+

−
2
3 (b

2h3 + b3h2) + 1
5 (b

5 + h5) − 2(hb2
−

1
3 h3)t + 2(bh2

−
1
3 b3)τ

. (48)

By equating derivatives to zero, two equations were obtained to determine the a1, a2 constants:

a1A11 + a2A12 = P1

a1A21 + a2A22 = P2
(49)

where

A11 = 2(h + b), A12 = A21 = 2[hb(b− h) + 1
3 (b

3
− h3)]

A22 = 2[(b4h + bh4) − 2
3 (b

2h3 + b3h2) + 1
5 (b

5 + h5)]

P1 = 2(ht + bτ), P2 = 2(hb2
−

1
3 h3)t− 2(bh2

−
1
3 b3)τ

W1 = A22P1 −A12P2 = 4(− 2
15 b5h + 4

9 b3h3 + 2
3 bh5 + 4

45 h6)t + 4( 2
3 b5h + 4

9 b3h3
−

2
15 bh5 + 4

45 b6)τ

W = A11A22 −A12A21 = 4( 4
45 b6 + 8

15 b5h + 8
9 b3h3 + 8

15 bh5 + 4
45 h6).

(50)



Energies 2020, 13, 1714 10 of 20

Solution of equations:

a1 =
W1

W
=

(− 2
15 b5h + 4

9 b3h3 + 2
3 bh5 + 4

45 h6)t + ( 2
3 b5h + 4

9 b3h3
−

2
15 bh5 + 4

45 b6)τ
4

45 b6 + 8
15 b5h + 8

9 b3h3 + 8
15 bh5 + 4

45 h6
(51)

a2 =
W2

W
=

( 2
3 b3h + 2

3 bh3)t + (− 2
3 b3h− 2

3 bh3)τ
4

45 b6 + 8
15 b5h + 8

9 b3h3 + 8
15 bh5 + 4

45 h6
. (52)

We assume the dimensions of the wall element shown on Figure 2 as 2h = 3 m and 2b = 0.5 m,
therefore:

h
b = 6 t = τ = 12.5 ◦C
y =+

−
h TC = CGt = CDt = 12.5◦C

x =+
−

b Tc = CPt = CLt = 12.5◦C

a1 = W1
W2

=
47132

5 t− 42152
45 t

382036
45

=
382036

45 t
382036

45
= t = τ

a2 = W2
W =

[ 4·222b4
3 ]t+[− 4·222b4

3 ]τ

[ 4
45 b6+ 8

15 b56b+ 8
9 b3(6b)3+ 8

15 b(6b)5+ 4
45 (6b)6]

= 0

(53)

The boundary condition in the SS state was shown in Figure 4. The temperature field has the
form of Equation (45).

AS state
The boundary condition in the AS-state is shown in Figure 5.

y =+
−

h TC = CGt = CDT = 15x
2b ,

x =+
−

b Tc = CPt = 7.5◦C CLT = −7.5◦C
(54)

T(x, y) = T1x + T3(x3
− 3xy2) + T5(x5

− 10x3y2 + 5xy4)+

+T7(x7
− 21x5y2 + 35x3y4

− 7xy6) + T9(x9
− 36x7y2 + 126x5y4

− 84x3y6 + 9xy8)
. (55)

In general, we can write for the AS state

T(x, y) = T1H1 + T3H3 + T5H5 + T7H7 + T9H9, (56)

where
H1 = x,

H3 = x3
− 3xy2

H5 = x5
− 10x3y2 + 5xy4

H7 = x7
− 21x5y2 + 35x3 y4

− 7xy6

H9 = x9
− 36x7y2 + 126x5 y4

− 84x3y6 + 9xy8

.

We limit the solution of this example to terms H1 and H3:

T(x, y) = a1H1 + a2H3 = a1x + a2(x3
− 6y2x). (57)

The boundary conditions are described by the following equations:

y =+
−

h TC = CGt = CDT = 15x
2b = Fx

2b ,
x =+

−
b Tc = CPt = 7.5◦C = t CLT = −7.5◦C = −t, F = 2t.

(58)

where F, t are fixed numbers.
The square of deviation on the right edge is equal to

δ2(p) =

∫ h

0
dy[a1b + a2(b3

− 3by2) − t]
2
. (59)
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The deviation square on the upper edge is

δ2(g) =
∫ b

0
dx[a1x + a2(x3

− 3xh2) −
Fx
2b

]
2
. (60)

As a criterion of approximation, we accept the minimum sum of deviations:

mina1,a2δ
2 = δ2(p) + δ2(g) =

∫ h

0
dy[a1b + a2(b3

− 3by2) − t]
2
+

∫ b

0
dx[a1x + a2(x3

− 3xh2) −
Fx
2b

]
2
. (61)

Hence the deviation derivatives relative to a1 and a2 are equal to zero:

∂W
∂a1

= 0, ∂W
∂a2

= 0,

W =
∫ h

0 dy[a1b + a2(b3
− 3by2) − t]2 +

∫ b
0 dx[a1x + a2(x3

− 3xh2) − Fx
2b ]

2 . (62)

∂W
∂a1

= 0,

W =
∫ h

0 dy[a1b + a2(b3
− 3by2) − t]2 +

∫ b
0 dx[a1x + a2(x3

− 3xh2) − Fx
2b ]

2

∂W
∂a1

=
∫ h

0 dy2[a1b + a2(b3
− 3by2) − t]b +

∫ b
0 dx2[a1x + a2(x3

− 3xh2) − Fx
2b ]x = 0

∂W
∂a1

= 2[a1bh + a2(b3h− 3b h3

3 ) − th]b + 2[a1
b3

3 + a2(
b5

5 − 3 b3

3 h2) − Fb3

b6 ] = 0
∂W
∂a1

= a1(b2h + b3

3 ) + a2(b4h− 3b2 h3

3 − 3 b3

3 h2 + b5

5 ) − thb + (−Fb2

6 ) = 0

. (63)

∂W
∂a2

= 0,

W =
∫ h

0 dy[a1b + a2(b3
− 3by2) − t]2 +

∫ b
0 dx[a1x + a2(x3

− 3xh2) − Fx
2b ]

2

∂W
∂a2

= 2
∫ h

0 dy[a1b + a2(b3
− 3by2) − t](b3

− 3by2) +
∫ b

0 dx[a1x + a2(x3
− 3xh2) − Fx

2b ](x
3
− 3xh2)

= a1(
b5

5 + b4h− b3h2
− b2h3) + a2(

b7

7 + b6h− 6
5 b5h2

− 2b4h3 + 3b3h4 + 9
5 b2h5) − t(b3h− bh3) − F( b4

10 −
b2h2

2 )

. (64)

The equations determining a1 and a2 have the form

∂W
∂a1

= a1(b2h + b3

3 ) + a2(b4h− 3b2 h3

3 − 3 b3

3 h2 + b5

5 ) − thb + (− Fb2

6 ) = 0
∂W
∂a1

= a1(
b5

5 + b4h− b3h2
− b2h3) + a2(

b7

7 + b6h− 6
5 b5h2

− 2b4h3 + 3b3h4 + 9
5 b2h5) − t(b3h− bh3) − F( b4

10 −
b2h2

2 ) = 0
. (65)

or in an alternative form

a1(b2h + b3

3 ) + a2(b4h− 3b2 h3

3 − 3 b3

3 h2 + b5

5 ) = thb + Fb2

6
a1(

b5

5 + b4h− b3h2
− b2h3) + a2(

b7

7 + b6h− 6
5 b5h2

− 2b4h3 + 3b3h4 + 9
5 b2h5) = t(b3h− bh3) + F( b4

10 −
b2h2

2 )
. (66)

We write set of equations in the form

A11a1 + A12a2 = P1

A21a1 + A22a2 = P2

A11 = b2h + b3

3 A12 = b4h− 3b2 h3

3 − 3 b3

3 h2 + b5

5 , P1 = thb + Fb2

6
A21 = b5

5 + b4h− b3h2
− b2h3 A22 = b7

7 + b6h− 6
5 b5h2

− 2b4h3 + 3b3h4 + 9
5 b2h5,

P2 = t(b3h− bh3) + F( b4

10 −
b2h2

2 )

, (67)

W1 = P1A22 − P2A12 = t 2
35 b3h(−b5 + 35bh4 + 14h5) + F 1

1050 b4(4b5 + 70b4h + 280b2h3
− 210h5)

W2 = A11P2 −A21P1 = b4h
15 (b

2 + 5h2)(2t− F)
W = A11A22 −A12A21 = 4b4

525 (b
6 + 10b5h + 70b3h3 + 210bh5 + 105h6)

(68)

a1 = W1
W ==

60tb2h(−b5+35bh4+14h5)+Fb3(4b5+70b4h+280b2h3
−210h5)

8(b6+10b5h+70b3h3+210bh5+105h6)

a2 = W2
W =

35b3h(b2+5h2)(2t−F)
4(b6+10b5h+70b3h3+210bh5+105h6)

. (69)
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For the considered wall dimensions

A11 = 0.098958 A12 = −0.24004 A22 = 1.062973
P1 = 2.96875 P2 = −7.20117 W = 4

3
96
35 −

16
25 = 528

175 = 0.047571
W1 = 1.427137 W2 = 0, a1 = 30 a2 = 0

The temperature field has the form

T(x, y) = a1H1 = a1x = 30x. (70)

and is shown on Figure 6.
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The obtained solution is called the steady state number one. For the completeness of the task we
will analyse the second steady state. The temperature on the left bank has been reduced by 5 ◦C and
boundary conditions became as in Figure 7.
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By solving the state presented in the drawing, we receive functions similarly to the first example.
State SS TSS(x, y) = 10 State AS TAS(x, y) = 40x.
The resulting temperature in the wall in the second state is shown in Figure 8.
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3.2. Area Solution for Transient State

This section is divided into subheadings to provide a concise and precise description of the
experimental results, their interpretation as well as the experimental conclusions that can be drawn.

3.2.1. Task Formulation

Geometry parameters and boundary conditions of the formulated problem are in Figure 9.
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Figure 9. Geometry parameters and boundary conditions of the formulated problem.

In this part, the process of transition from steady state one to steady state two was studied. In
the process, the temperature at the edges is 20 ◦C and 5 ◦C, the temperature difference is 15 ◦C. In the
second steady state, the temperature is 20 ◦C and 0 ◦C, and the temperature difference is 20 ◦C.

After the occurrence of the dt pulse, the transition to the second steady state follows. In this range,
the temperature change along the x-axis depends on the time measured by the distance from the pulse.
This temperature can be visualized with isochrones its course for a given time. The task of determining
a representative isochrone for the entire dynamic process was considered.
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Dynamic parameters, such as specific heat cp, thermal conductivity λ and density ρ are needed to
describe the process.

The left edge of the rectangular wall element is shown in Figure 6, with an initial temperature
of 5 ◦C cooled to 0 degrees by means of an external setting pulse. Cooling is carried out with air at
0 ◦C. Dimensions: 2a = 0.5 m and 2h = 3 m. The heat transfer coefficient on the surface is 15 W/(mK).
Thermal properties of the material: cp = 800 J/(kgK), ρ = 2000 kg/m3 and λ = 1 W/(mK). Cooling time
was calculated using the ordered state method [16]. Surface area in the direction of heat flow S = 6 m2

and volume is V = 1.5 m3.
Characteristic dimension

lv =
1.5
3

= 0.5. (71)

Biot number
Bi =

αlv
λ

=
15× 0.5

1
= 7.5. (72)

Kondratiew number

Kn =
Bi

√
Bi2 + 1.437× Bi + 1

=
7.5

√
7.52 + 1.437× 7.5 + 1

=
7.5
√

68.03
= 0.909. (73)

Wall thermal diffusivity

a =
1

2000× 800
= 6.25× 10−7

(
m2

s

)
. (74)

Cooling rate

m =
6.25× 10−7

0.52 0.909 = 2.273× 10−6
(1

s

)
. (75)

Cooling time

e−mt =
Tp − T f

Tk − T f
=

5− 50
0− 50

(76)

−mt = ln
(5− 50

0− 50

)
⇒ t = 46353 s⇒ 12.9 (h). (77)

Fourier number

Fo =
at
lv

=
6.25× 10−7

× 46353
0.52 = 0.12. (78)

The ordered state theory can be used with an accuracy of 2% [16] if the Fo number is greater than
0.16, so in this case the error is acceptable.

We describe the temperature distribution in the transient process.
Assumptions. The x, y coordinate system. We have a homogeneous band with respect to the

spatial coordinate y. There is a temperature difference relative to the coordinate x ∆T = const. between
the right and left edges.

3.2.2. Description of the Temperature Effect Caused by the Pulse on the Left Bank δT

We assume the temperature rise setting at the left bank by δT. We do not change the temperature
on the right bank. We study the process of temperature propagation at time t along the x coordinate.
We use a solution for a temperature pulse on the outer wall of the size δ. The temperature function
under boundary conditions of the first type has the following form [17]:

δT(x) = −δ(1−
x
d
)

2
. (79)
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where d is the distance of the heat diffusion front of the pulse and x is the current coordinate of the
temperature diagram. This case corresponds to heat shock on the surface of a flat wall insulated on its
own. When the surface temperature is constant, then the relationship between the range of the pulse d
and time t is obtained:

d = 3.464
√

at. (80)

Coordinate system as in Figure 10.
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The temperature during the dynamic process in the partition due to the implus effect is equal to

T(x) = T1(x) + δT(x). (81)

where the static part

T1(x) = −
15
g
(g− x), (82)

where g is the partition thickness.
The transient part:

δT(x) = −δ(1−
x
d
)

2
. (83)

Charts at d1 = 0.1 m d2 = 0.2 m d3 = 0.3 m are shown in Figure 10.

3.2.3. Description of the Integral Heat Balance Method on the Example of One-Dimensional Transient
Heat Conduction

Investigation of temperature course characteristics satisfying the equation resulting from the
balance of the Poisson equation.

We assume that the temperature varies from the x and t coordinate; that is, spatial and time.
We assume that the beginning of the dynamic process is described by a function w(t) and end v(t).
Temperature function on the section w(t) ≤ x < v(t) we assume in the form of

Twv(t, x) = a0(t) + a1(t)x + a2(t)x2 + a3(t)x3. (84)

In this section we will be integrating the Poisson equation.



Energies 2020, 13, 1714 16 of 20

On the domain v(t) ≤ x < g the function is linear with respect to x:

Tvg(t, x) = Ao(t) + A1(t)x, (85)

and satisfies the Laplace equation. ∇2T(x, t) = 0. General temperature distribution in the wall is
shown on Figure 11.
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Temperature function on the section w(t) ≤ x < v(t) we assume in the form of

Twv = a0(t) + a1(t)x(t) + a2(t)(x(t))
2 + a3(t)(x(t))

3. (86)

Dla x = 0 T = ∆T0pk + δpr0
⇒ a0 = ∆T0pk + δpr0

Dla x = v(t) TkI = a0(t) + a1(t)x + a2(t)x2 + a3(t)x3

Dla x = w(t) ∂T
∂x = C1 ⇒

∂T
∂x = a1(t) + 2a2(t)x + 3a3(t)x2 a1(t) = C1

From integrating the Poisson equation

∂T
∂t

=
λ
ρcp

∆2T(x, t). (87)

Leibniz’s principle. Definite integral of derivative of function F(x,t) within w(t) to v(t) where
w(t) ≤ x ≤ v(t) is equal to the derivative of the integral F(x,t) in the range from w(t) to v(t) minus the
value of this function at the limits multiplied by the derivatives of the function “w(t), v(t)” in relation to
time t. It can be called a change in the order of integration and differentiation.

∂T
∂t

=
λ
cρ
∇

2T(x). (88)

By integrating the Poisson equation with the exploitation of the law of alternation of integration
and differentiation, we obtained

d
dt

∫ v(t)

w(t)
T(x, t)dx − T[v(t), t]

dv
dt

+ T[w(t), t]
dw
dt

=
λ
cp
[
∂T
∂x
↓x=v(t) −

∂T
∂x
↓x=w(t)]. (89)

∂
∂t = D∫ v(t)
w(t) DT(x, t)dx = D

∫ v(t)
w(t) T(x, t)dx − T[v(t), t] dv

dt + T[w(t), t] dw
dt

(90)
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T(x, t) is the main causative function of the process changing from w(t) to v(t). We consider the
diffusion of temperature T(x, t) resulting from a decrease in it on the left edge of a homogeneous belt of
a flat medium. After the occurrence of a negative setpoint, the effect spreads to the entire considered
zone of space, where the temperature function satisfies the Poisson equation.

d
∂t

v(t)∫
w(t)

T(x, t) − T[v(t), t]
dv
dt

+ T[w(t), t]
dw
dt

=
λ
ρcp

[
∂T
∂x

∣∣∣∣∣
x=v(t)

−
∂T
∂x

∣∣∣∣∣
x=w(t)

]
, (91)

dv
dt

= 0,
dw
dt

= 0,
∂T
∂x

∣∣∣∣∣
x=w(t)

= C1,
∂T
∂x

∣∣∣∣∣
x=v(t)

= C2, (92)

v(t)∫
w(t)

T(x, t)dx = ao(x)x +
1
2

a1(t)x2 +
1
3

a2(t)x3 +
1
4

a3(t)x4
|
v(t)
w(t)

, (93)

w(t) = 0
v(t)∫

w(t)

T(x, t)dx =ao(t)v(t) +
1
2

a1(t)v(t)
2 +

1
3

a2(t)v(t)
3 +

1
4

a3(t)v(t)
4, (94)

∂
∂t

v(t)∫
w(t)

T(x, t)dx =[ao(t)v(t) +
1
2

a1(t)v(t)
2 +

1
3

a2(t)v(t)
3 +

1
4

a3(t)v(t)
4]
∂v(t)
∂t

, (95)

Since ∂v(t)
∂t = 0

λ
ρcp

[
∂T
∂x

∣∣∣∣∣
x=v(t)

−
∂T
∂x

∣∣∣∣∣
x=w(t)

]
=

λ
ρcp

[C2 −C1] = 0 C2 = C1. (96)

If the segment I is linear, the temperature function satisfies the Poisson integral equation.
Hence, we can model processes that meet the Poison integral equation using linear functions as

shown in Figure 9. In this case, the slope of the straight lines should be determined on three sections: I,
II and III corresponding to the compliant ranges: the Poison integral equation, the ordered condition
of Kondratieff and Laplace equation.

Range I
Temperature variability Tl1 = a01 + a11x.
Boundary conditions
For x = 0 T = ∆T + δ a01 = ∆T + δ.
The slope of the straight line l1 is denoted C1.
For x = 0 ∂T

∂x = C1 a11 = C1.
Based on [17] was adopted l1 = 3.464

√
at. The value of C1 can be written as

C1 =
T1 − ∆T − δ

l1
. (97)

Range II
Temperature variability Tl2 = a02 + a12x
Boundary conditions
For x = l1 T = T1 T1 = a02 + a12l1.
The slope of the straight line l2 is denoted C2

For x = l1 ∂T
∂x = C2 a12 = C2
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The slope of line l2 is assumed as the average of the slopes of straight lines C1 and C3:

C2 =
C1 + C3

2
. (98)

It was assumed that in the middle of segment l2 the temperature can be determined as the average
of the calculations using the theory of ordered state as body cooling; it is marked by Tsr. The slope of
the straight line can also be determined from the temperature Tsr and T2 as shown in the Figure 12.

C2 =
Tsr − T2

0.5(l2 − l1)
. (99)
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Range III
Temperature variability Tl3 = a03 + a13x
The slope of the straight line l3 is denoted C3.
For x = l3 = g, T = Tp, Tp = a03 + a13g.
For x = l2, ∂T

∂x = C3, a13 = C3.
The straight line represents the initial steady state with a temperature difference ∆T. The slope C3

was calculated as
C3 =

∆T
g

. (100)

3.2.4. Example of Determining the Slope Coefficient of Straight Lines in Three Intervals

Let us determine the temperature distribution and straight slope coefficients for the selected time
t = 10.000 s after the pulse appears.

l2 = 3.464
√

at. (101)

We assume
l1 =

2
3

l2. (102)

Temperature T2

T2 = −
∆T
g
(l3 − l2) = −

∆T
g

(
g− 3.464

√
at
)
. (103)

Temperature T1

T1 = −δ(1−
x
d
)

2
−

15(g− x)
g

. (104)

Coefficient C1

C1 =
(∆T + δ) − T1

l1
= 54.3. (105)
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Coefficient C2

C2 =
T1 − T2

l2 − l1
= 36.1. (106)

C3 factor steady-state slope

C2 =
Tp − T2

g− l2
= 30. (107)

The calculated temperature distribution in subsequent stages of the process is shown in Figure 13.

Energies 2020, 13, x FOR PEER REVIEW  19 of 21 

 

Let us determine  the  temperature distribution and straight slope coefficients  for  the selected 

time t = 10.000 s after the pulse appears. 

2
3.464l at .  (101) 

We assume 

1 2

2

3
l l .  (102) 

Temperature T2 

   2 3 2
3.464

T T
T l l g at

g g

 
      .  (103) 

Temperature T1 

2

1

15( )
(1 )

g xx
T

d g



    .  (104) 

Coefficient C1 

  1

1

1

54.3
T T

C
l

  
  .  (105) 

Coefficient C2 

1 2
2

2 1

36.1
T T

C
l l


 


.  (106) 

C3 factor steady‐state slope 

2

2

2

30
p
T T

C
g l


 


.  (107) 

The calculated temperature distribution in subsequent stages of the process is shown in Figure 

13. 

 

Figure 13. Calculated temperature distribution.   

Coeffcient C1 (97) is the inclination of the secant in segment l1. 

4. Conclusions 

Figure 13. Calculated temperature distribution.

Coeffcient C1 (97) is the inclination of the secant in segment l1.

4. Conclusions

The task of steady state analysis in a rectangular medium was presented and solved. The analysis
of two cases of solutions with the different boundary conditions of the first kind is shown. These cases
apply in the analysis of heat demand. In the standards, the calculation of heat demand was formulated
as tasks of the steady state. In fact, the transition from one state to another must be resolved in transient
assumptions. The article shows how to solve these three states. In the steady state example, there are
continuous boundary conditions along the edge. Such tasks are useful in all aspects of building physics
in rectangular areas. Additionally, the examples show how to decompose boundary tasks into four
tasks based on symmetry features. In this way, we reduce the number of unknowns in the problem.
The paper should not be viewed from the point of view of only needing to provide a numerical solution
to specific tasks, but as an interpretation of the concepts and methods of solving detailed tasks in
building physics, such as

1. Solution classes (polynomial solutions);
2. Breaking down the task into smaller ones with fewer constants (expressiveness of the task);
3. Forms of description of boundary tasks (number of conditions on the edges);
4. Simplicity of the form of solutions received.
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