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Abstract: A mono tiltrotor (MTR) design which combines concepts of a tiltrotor and coaxial rotor is
presented. The aerodynamic modeling of the MTR based on blade element momentum theory (BEMT)
is conducted, and the method is fully validated with previous experimental data. An automated
optimization approach integrating BEMT modeling and optimization algorithms is developed.
Parameters such as inter-rotor spacing, blade twist, taper ratio and aspect ratio are chosen as design
variables. Single-objective (in hovering or in cruising state) optimizations and multi-objective (both
in hovering and cruising states) optimizations are studied at preset design points; i.e., hovering trim
and cruising trim. Two single-objective optimizations result in different sets of parameter selections
according to the different design objectives. The multi-objective optimization is applied to obtain
an identical and compromised selection of design parameters. An optimal point is chosen from the
Pareto front of the multi-objective optimization. The optimized design has a better performance
in terms of the figure of merit (FM) and propulsive efficiency, which are improved by 7.3% for FM
and 13.4% for propulsive efficiency from the prototype, respectively. Further aerodynamic analysis
confirmed that the optimized rotor has a much more uniform load distribution along the blade span,
and therefore a better aerodynamic performance in both hovering and cruising states is achieved.

Keywords: mono tiltrotor (MTR); multi-objective optimization; BEMT; figure of merit; propulsive
efficiency

1. Introduction

The speed limit of a conventional helicopter is normally below 350 km/h [1] due to its inherent
aerodynamic characteristics; e.g., the tip stall of the retreating blade and compressibility effects of
the advancing blade. New concepts of rotorcraft design compounded with fixed wings have been
put forward to break this speed limit. These conceptual rotorcrafts combine both the capabilities of
conventional helicopters, such as vertical takeoff and hovering, and fixed-wing airplanes, such as the
long range of cruising and large payload performance. An example of these conceptual designs is the
Bell/Boeing V-22 Osprey [2], the first production tiltrotor in the world. The V-22 Osprey is capable of
vertical take-off and landing, and its maximum flight speed is up to 509 km/h. Later, the innovative
design of a mono tiltrotor (MTR) was proposed [3], in which only one rotor is used, combining the
concepts of a tiltrotor and coaxial rotor. The original design of an MTR, which innovatively combines
the concepts of a tiltrotor and coaxial rotor, is presented in Figure 1. In particular, a contra-rotating
coaxial rotor system is employed in this aircraft to achieve high aerodynamic performance with a
compact structure. Compared with traditional helicopters, a coaxial rotor is able to fulfill torque trim
without a separate anti-torque tail system, and it has a relatively high aerodynamic efficiency [4].
Benefiting from these advantages, the coaxial rotor design has been widely applied in shipboard
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helicopters, micro unmanned helicopters [5], advanced high-speed compounded helicopters [6], etc.
The present MTR integrates a coaxial tiltrotor system, two fixed wings, a fuselage and a twin-boom tail
system. It distinguishably uses a coaxial rotor to change from a lifter to a propeller by converting from
the vertical/hovering flight mode to forward/cruising flight mode. When converting between different
modes, the coaxial rotor shaft, wing and fuselage are fixed to each other, tilting through several hinges
with the support of a twin-boom tail system. This convertible wing supplies enough lift and results in
a high lift-to-drag ratio in cruising state. The lift-to-drag ratio is expected to be more than twice the
ratio of a conventional helicopter [7].
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Figure 1. The mono tiltrotor (MTR) and its three flight modes.

The aerodynamic shape designs of a traditional rotor craft are usually based on parametric studies
or physical analysis [8], which rely to a large extent on experience. However, for a new concept rotor
craft such as MTR, there is little relevant experience. The physical analysis method will be complex and
time-consuming with such little experience. In the preliminary design stage of a new layout craft, it is
difficult for designers to decide on the appropriate initial values of parameters. This paper proposes
a high-efficiency automated optimization framework for MTR preliminary design by integrating
aerodynamic modeling and advanced optimization algorithms. It will explore the relationship of the
design parameters and help designers to determine trade-offs in the preliminary design stage.

In the design of MTR, the optimization of a coaxial rotor system plays a crucial role in achieving
high efficiency in both cruising and hovering states. Single-objective optimization was applied in
the design of the traditional coaxial-rotor system [9]; however, it is not able to cover most working
conditions of MTR. In other words, incompatible sets of design parameters are possibly rendered
for MTR in cruising and hovering, respectively [10]. A highly efficient hovering state normally
requires low disk loading, while a highly efficient cruising state corresponds to a minimized drag
profile of the blades and compressibility losses. Therefore, the design targets for the two states are
inconsistent. Recently, few works in coaxial rotor design have focused on multi-objective design (for
both hovering and cruising states), and most of them are based on parametric studies without any
integrated optimization strategies [11,12]. In view of this, it is necessary to develop and validate
comprehensive multi-objective optimization strategies. The goal of the present work is to construct an
automated and efficient design approach for the coaxial rotor design of MTR covering multiple states
in its flight envelope.

To ensure the efficiency and accuracy of the MTR’s optimization framework, two key
factors—aerodynamic modeling and optimization algorithms—should be thoroughly explored. First,
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the blade element momentum theory (BEMT) method for MTR has been applied in the current
aerodynamic modeling, owing to its high efficiency and reasonable accuracy. In detail, several
aerodynamic methods—i.e., momentum theory (MT), blade element momentum theory (BEMT),
free vortex method (FVM), and computational fluid dynamics (CFD)—are compared and discussed.
The BEMT method is much faster than FVM and CFD, and its accuracy has been fully validated through
previous experiments. Second, two optimization algorithms—i.e., adaptive simulated annealing (ASA)
and non-dominated sorting genetic algorithm II (NSGA-II)—are employed, and their feasibilities for
the highly non-linear and discontinuous design spaces of current MTR design have been explored.
Within the selected algorithms, both single-objective and multi-objective optimizations are put forward
in the current design. A corresponding aerodynamic analysis of the optimized design is also presented.

2. Aerodynamic Modeling of MTR

2.1. Numerical Methods

The aerodynamic characteristics of a coaxial rotor are complex due to the interference between
the upper and lower rotors. The lower rotor operates in the slipstream of the upper rotor, while
the upper rotor is affected by the suction effect from the lower rotor. Approaches to investigate
the coaxial rotor aerodynamics include experimental research [13], momentum theory (MT) [14],
blade element momentum theory (BEMT) [7,15], free vortex method (FVM) [9,16] and also unsteady
computational fluid dynamics (CFD) based on the turbulence model [17]. In particular, MT is based
on the classic momentum theory of Glauert [18], in which viscous and compressibility effects are
neglected. Leishman and Syal [14] used MT to analyze a hovering contra-rotating coaxial rotor system.
In FVM, a vorticity transport equation is formed under the assumption that the flow is irrotational and
incompressible [9]. By directly solving unsteady Reynolds-averaged Navier–Stokes (RANS) equations,
CFD is most accurate among these numerical methods. It possesses the ability to provide insight into
the unsteady aerodynamic characteristics of a coaxial rotor. From the viewpoint of computational cost,
CFD is most expensive, which is unrealistic for optimization design [19]. Although the computational
cost of FVM is less than that of CFD, an optimization process based on FVM with a large number of
cases is still intensive.

BEMT combines the blade element method with momentum theory to solve the induced velocity.
It achieves a better modeling accuracy than MT by considering the spanwise distribution of the
induced velocity. BEMT is applied to the investigation of certain parameters, such as the inter-rotor
spacing, blades platform shapes, and blade twist. It can expeditiously and accurately predict different
aerodynamic results of MTR by changing the rotor parameters. Some work was reported which has
used BEMT for the aerodynamic optimization of a coaxial rotor in hovering or axial flight [9–12].
When carrying out an optimization design, the computational cost does not only come from the
aerodynamic method, but also from other factors. For instance, the thrust trim and torque trim
between upper and lower rotors will also require large computational resources, especially in FVM
and CFD modeling. Regardless of the trim, on a desktop computer (a four-core Intel processor
with CPU speeds of 3.2 GHz), a single case requires almost one day for unsteady CFD simulation;
the BEMT model is more efficient, in that one individual case can be solved within several minutes.
Multi-fidelity optimization techniques have always been applied to incorporate high-fidelity models
into the rotor optimization loop while maintaining a moderate computational cost [20,21]. However,
when considering trim, the computational cost will be increased dramatically. In view of these factors,
among all the modeling approaches mentioned above, BEMT might be the most suitable and practical
method for the optimization design of a coaxial rotor with a large number of samples, and it was
chosen as the aerodynamic modeling tool in the current study.

The BEMT method for coaxial rotor modeling, as reported in [15], can be applied in the modeling
of the current MTR. Lock [22] assumed that the wake flow of the upper rotor is affected the flow
field of the lower rotor, while neglecting the lower rotor effect on the upper one. The aerodynamic



Energies 2020, 13, 1155 4 of 20

interference between the upper and lower rotors, and both the upper-to-lower and lower-to-upper
effects, is considered in the current work.

The BEMT modeling approach is introduced in the following section; readers can refer to [15] for
more detail. As mentioned above, the BEMT modeling can be divided into two separate steps: i.e.,
the momentum theory step and the boundary element step.

In the momentum theory step, the flow around the rotor is assumed to be axisymmetric when
the rotor is hovering, climbing vertically and cruising forward. A simplified two-dimensional theory
can be used to predict the nonuniform inflow distributions. Each rotor disk is divided into several
concentric rings, and the segment thrust dCT can be obtained by the non-dimensioned advanced ratio,
λ∞ = V0

ΩR , and the inflow ratio, λ = V0+vi
ΩR , where V0 is the inflow velocity, Ω is the rotating speed, R is

the radius of the rotor and vi is the induced velocity.

dCT = 4λ(λ− λ∞)xdx (1)

where x is the non-dimensional radial location. Then, the non-dimensional power coefficient dCP of
each ring is

dCP = 4λ2(λ− λ∞)xdx (2)

In the boundary element step, for a single blade element, as shown in Figure 2, the incremental
thrust of the rotor disk ring, dT, can be derived by the given lift Cl and drag coefficients Cd of the airfoil.

dT = b cos(φ+ γ)dR =
1
2

bρ(Ωr)2Clc
cos(φ+ γ)

cos2 φ cosγ
dr (3)

where b is the blade number, r is the radial location, ρ is the air density, c is the chord length, γ =
Cd
Cl

and the inflow angle φ = tan−1
(V0+vi

Ωr

)
. The non-dimensional blade element thrust can be written as

dCT =
bc
2π

Cl
cos(φ+ γ)

cos2 φ cosγ
x2dx (4)

where c = c/R. Then, the non-dimensional power coefficient is

dCP =
bc
2π

Cl
sin(φ+ γ)

cos2 φ cosγ
x3dx (5)
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Figure 2. Force analysis of a blade element.

BEMT constructs thrust equivalence between blade element theory and MT to solve the induced
velocity. For a single rotor disk, from Equations (1) and (4), it can be obtained that

4λ(λ− λ∞) =
bc
2π

Cl
cos(φ+ γ)

cos2 φ cosγ
x (6)
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By solving Equation (6), the radial velocity distribution can be obtained. For the MTR, the induced
velocity cannot be directly solved by the separate BEMT equivalent equation of the upper and lower
rotors because of the interference. An interaction model between the upper and lower rotors can be
constructed based on BEMT, and the mode schematic is shown in Figure 3. The Biot–Savart law shows
that the induced velocity vi evolves with the axial spacing d as follows [7]:

v′i (d) =
(
1 +

d
√

R2 + d2

)
· vi ≡ ε(d)vi (7)

where ε is the interference factor. The subscripts “u” and “l” are used to identify the relative parameters
of the upper rotors and lower rotors, respectively. From the mass conservation law, the streamlines
passing at radius ru on the upper rotors to the lower rotors at radius rsu are given by

rsu =

√
V0 + vu(ru) + ε(−d)vl(rsu)

V0 + ε(d)vu(ru) + vl(rsu)
· ru ≡ a(ru) · ru (8)

where a is the interference function. In the same way, the streamlines passing at radius rl on the lower
rotors to the upper rotors at radius rsl are given by

rsl =

√
V0 + vl(rl) + ε(d)vu(rsl)

V0 + ε(−d)vl(rl) + vu(rsl)
· rl ≡ a(rl) · rl (9)

Then, the interference-induced velocity for the upper and lower rotors is expressed asv′l (ru) = ε(−d) · vl(a(ru)ru) f or upper rotor

v′u(rl) = ε(d) · vu(a(rl)rl) f or lower rotor
(10)

The induced velocity at each rotor disk compromises two parts: i.e., its own induced velocity vi
and the interaction induced velocity v′i. For the MTR, the BEMT thrust equivalence of Equation (6)
can be written as  4λu(λu − λ∞ − ε(−d) · λl(xsu)) =

bcu
2π Cl

cos(φu+γu)

cos2 φu cosγu
xu,

4λl(λl − λ∞ − ε(d) · λu(xsl)) =
bcl
2πCl

cos(φl+γl)

cos2 φl cosγl
xl.

(11)

From Equations (4) and (5) of blade element theory, we obtain the radial distribution of the thrust
and power coefficients. The generated total thrust and consumed power by the MTR in axial flight are
obtained by the summation of segment loads on upper and lower rotors, respectively:

CT =

∫ 1

e
dCTu +

∫ 1

e
dCTl , CP =

∫ 1

e
dCpu

+

∫ 1

e
dCPl . (12)

where e is the non-dimensional root cutout.
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In addition, blade tip losses should be also considered properly, which will deteriorate the
aerodynamic performance, since trailing vortices appear near the blade tip, and the strengths greatly
increase, causing a sudden drop of lift. The Prandtl correction factor will be used [1], and it can be
included in the BEMT modeling of the MTR.

The goal function in the hovering state, the figure of merit (FM), is defined as [7]

FM =
CT

3/2
√

2CP
. (13)

The goal function in axial flight, the propulsive efficiency (η), is defined as [7]

η =
CTλ∞

CP
. (14)

2.2. Validation of the BEMT Modeling of MTR in Hovering State

A coaxial rotor in hovering state is simulated based on the BEMT modeling in Section 2.1.
The results are validated by comparing them the experiments of Harrington [4], in which full-scale
wind tunnel investigations of both single and coaxial rotors were conducted. The major rotor parameters
are listed in Table 1.

Table 1. Major information of rotors in the experiments by Harrington [4].

Harrington Rotor 2

Diameter (m), D 7.62
Blade number, b 2 for single /4 for coaxial

Inter rotor spacing (m), d 0.6096
Blade tip velocity (m/s), ΩR 120

Single/coaxial rotor solidity, σ 0.076/0.152
Root chord (m), cr 0.4572

Taper ratio, TR 1
Root cut ratio, e 0.2

The power polars are presented in Figure 4a, which gives the variation of the thrust coefficient
versus the power coefficient. The figure of merit (FM) is demonstrated in Figure 4b, which is the ratio
of the effective thrust power to the total consumed power.
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theory (BEMT), computational fluid dynamics (CFD) [19], and experiments [4] (marked as EXP).

In Figure 4, the current BEMT results are also compared with the CFD simulation of
Lakshminarayan [19], which was based on compressible unsteady RANS equations with the
Spalart–Allmaras turbulence model. The BEMT results agrees well with both the experimental
data and CFD simulation. This confirms that BEMT is a reliable aerodynamic modeling tool for the
investigation of the rotor in hovering performance. Although the FMs predicted by BEMT are a little
optimistic compared to the measurement, they are still within the tolerance of the preliminarily design.

2.3. Validation of the BEMT Modeling of MTR in Axial Flight

A coaxial rotor under different axial inflow is simulated based on the BEMT modeling in Section 2.1.
The results are validated with previous experiments in [23]. Detailed model parameters of this coaxial
rotor are presented in Table 2. Figure 5 presents the results of the thrust coefficient and propulsive
efficiency. The solid lines represent the predictions of BEMT, and the circular symbols are the
experimental data. With the blade pitch angle increasing from 20◦ to 50◦ with an increment of 5◦,
the thrust coefficients (Figure 5a) increase accordingly. With a fixed pitch angle, CT reduces rapidly
along with the inflow ratios. The BEMT results simulated in this paper agree very well with the
measurements at small pitch angles (20◦~50◦). As pitch angle increases (40◦~50◦), the predicted CT

does not match the experimental trend perfectly at a low inflow ratio. This is because the angles of
attack for some blade sections exceed the linear aerodynamic range, where non-linear effects become
more dominant. The nonlinear measurement results caused by deep blade stall at very low inflow
ratios are not presented in Figure 5.

Table 2. Major parameters of coaxial-rotor 3155-6-1.5.

Rotor 3155-6-1.5

Radius (m), R 1.524
Blade number, b 6

Inter rotor spacing(m), d 0.381
Blade tip velocity (m/s), ΩR 87.5

Rotor solidity, σ 0.156
Root cut ratio, e 0.15

Airfoil Clark-Y
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The propulsive efficiencies are demonstrated in Figure 5b, with blade pitches from 20◦ to 50◦ in
a step of 10◦. A linear dependence of η and λ∞ is predicted by BEMT at low inflow ratios, which is
consistent with the experiments. Overall, the BEMT is also a reliable tool for the modeling of a coaxial
rotor in axial flight.

3. Optimization Design of Current MTR in Hovering and Cruising Flights

3.1. Optimization Procedures

A design process coupling BEMT modeling and optimization algorithms was constructed, as shown
in Figure 6. The goal was to find the optimal blade parameters with the highest efficiency for the MTR
system. In this process, a design point—e.g., the thrust coefficient, CT, with a certain magnitude—should
be decided first. The trim of both thrust and inter-rotor torque (i.e., the non-dimensional total power
coefficient of upper rotor and lower rotors, Cpu

and Cpl
) should be fulfilled. In particular, thrust trim

was achieved by adjusting the collective pitch of the upper rotor, and torque trim was satisfied by
adjusting the corresponding lower rotor’s collective pitch. The classic dichotomy method in [24] was
utilized to solve the trim procedure, and the convergence was determined by the tolerances E and E1,
as shown in Figure 7.

Two single-objective optimization cases (for MTR in hovering or in cruising states) and a
multi-objective optimization case (for MTR in both hovering and cruising states) are conducted at
certain design points. The inter rotor spacing, blade twist, taper ratio (TR) and aspect ratio (AR) are
chosen as design variables, while the blade solidity and blade number are fixed. The definitions of TR
and AR are

TR = ct/cr, AR = R/cm, (15)

where ct, cr and cm are the lengths of the tip chord, root chord and mean aerodynamic chord, respectively
(as shown in Figure 8).

A practical design of the MTR has to allow certain constraints, such as the overall rotor weight,
limitation of the blade tip speed, and maximum allowable blade twist. According to previous
experience [8,9], constraints of certain parameters are listed in Table 3, where dθ is the blade twist
from root to tip. Coaxial rotor 2 in [4] is chosen as the baseline design of MTR in this optimization.
The best design of a coaxial rotor may require different blade twists and platforms for each rotor [9].
However, considering the structural symmetry and design consistency of the MTR system, the blade
twist and platform of each rotor are kept the same in the current design. In addition, the ideal blade
twist is hyperbolic or double hyperbolic [25], while only linear blade twists are considered here
for simplification.
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Table 3. Constraint conditions of design variables.

Lower Limit Baseline Upper Limit

d/R 0.14 0.16 0.2
dθ −20 0 0

taper ratio (TR) 0.4 1 1
aspect ratio (AR) 8 (R = 3.3 m) 8.33 (R = 3.81 m) 8.6 (R = 4.4 m)

3.2. Optimization Algorithms

For an optimization project, the key to success is the selection of an appropriate optimization
algorithm. Two core factors, accuracy and efficiency, are considered here when selecting the optimization
methods. The aerodynamic design of MTR is a highly non-linear and discontinuous design problem.
The adaptive simulated annealing (ASA) algorithm with open source code is used for the single-objective
optimization of the MTR in hovering or cruising states. The ASA algorithm is very well suited to
solving non-linear and discontinuous problems. In the current work, the non-dominated sorting
genetic algorithm II (NSGA-II) is applied for the multi-objective optimization design of the MTR in both
hovering and cruising states. NSGA-II is chosen here because of its high efficiency, fast convergence,
good fitness properties and uniformly distributed Pareto front. It is also well suited to the highly
non-linear and discontinuous design spaces in the MTR design.

3.2.1. Adaptive Simulated Annealing Algorithm for Single-Objective Optimization

Adaptive simulated annealing (ASA) is a global optimization algorithm that relies on a random
importance-sampling parameter space, which can be sampled much more efficiently than by using
traditional annealing algorithms. The ASA code released by Ingber [26] is used for the single-objective
optimization of the MTR in hovering or cruising states. The ASA algorithm is very well suited to
solving non-linear and discontinuous problems with short running analysis codes. It has been applied
for aircraft research [27] and is chosen here for MTR design.

The parameters of ASA are selected according to [26]. The maximum number of generated designs
is set as 700. Other parameters, such as relative rate of parameter annealing, cost annealing, parameter
quenching, cost quenching and so forth, use default values in the ASA code.

3.2.2. Non-Dominated Sorting Genetic Algorithm II for Multi-Objective Optimization

Genetic algorithms have been widely used for the multidisciplinary optimization of rotor design
for a long time [28], because of their distinct advantages of using discrete points to search the entire
design space. A Pareto front is always obtained by multi-objective optimization algorithms to make
trade-offs within the set of design parameterizations that are all Pareto-efficient. In the Pareto front,
each design has the “optimal” combination of objective values, and improving one objective is
impossible without sacrificing one or more of the other objectives. The non-dominated sorting genetic
algorithm II (NSGA-II) [29] has been widely applied for rotor design [30–32]. In this project, NSGA-II
is applied for the multi-objective optimization design of the MTR in both hovering and cruising states.
In NSGA-II, each objective parameter is treated separately, and a Pareto front is constructed by selecting
feasible non-dominated designs. The monitoring of convergence to the Pareto-optimal is set in the
NSGA-II program. In the NSGA-II program, A performance metric, γ, has been defined to evaluate
the convergence to the Pareto-optimal.

NSGA-II utilizes fast non-dominated sorting technology to decrease the computational complexity
and is based on an elitist mechanism to improve accuracy. In the current optimization process,
the population size N is set to 40, and 20 generations are created to obtain the last Pareto front.

The main parameters of NSGA-II include the population size N, number of generations, crossover
probability, cross over distribution index, and mutation distribution index. The setting of the last
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three parameters was based on those in [29,33] The crossover probability was 0.9, and the distribution
indexes for crossover and mutation were 20 and 20, respectively.

3.3. Realization of Optimization

The realization of the current method can be described by the following flow chart in Figure 9.
It includes two major modules: i.e., the trim modeling by BEMT and the optimization design.
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For the module of trim modeling, the authors developed the BEMT code based on the theory
as illustrated in Section 2.1 and Figure 7 in the manuscript. For the module of optimization design,
both algorithms (ASA and NSGA-II) were employed from the well-developed theories [24,26] and
open source codes. The detailed procedure is as follows: first, the initial values of shape parameters,
such as d/R, dθ, TR, AR, are input by the designers, which are shared to the design variables space
of the optimization design module. Second, the hovering performance FM and cruising efficiency
η can be solved by BEMT trim modeling, and the results are then sent to the design objective space
of the optimization algorithm module. Third, the optimization algorithm will decide the design
parameters of the next group/generation and feed back to the BEMT trim modeling module. This circle
is actuated by optimization algorithms and does not stop until the preset generation number is finished.
This optimization project can be implemented in existing design optimization platforms such as Isight
software and Artap [34] to validate the results.

The time consumption of a case varies within a certain range, which relies on each set of parameters.
One individual case requires almost 1~2 minutes, and one optimization process can be finished within
one day (with 800 samples, on a computer of a four-core Intel processor with CPU speeds of 3.2 GHz).

3.4. Analysis of 0ptimization Results

3.4.1. Single-Objective Optimization in Hovering or in Cruising States

Two single-objective optimization cases for the current MTR in hovering or in cruising states
are conducted. For the target thrust coefficient, the hovering trim is CT0 = 0.008 and cruising trim is
CT0 = 0.004. The trim tolerances are set as E = 10−5 and E1 = 10−4, respectively. Both single-objective
optimization cases are based on the ASA optimization algorithm with 700 samples.

Figure 10 gives the hovering FM and cruising η in each optimization process. Under the design
constraints (as shown in Table 3), both optimization objectives converge to the optimal goals after a
certain number of samples. The best FM for hovering optimization is 0.6846, and the optimal η for
cruising optimization is 0.6514.

Figures 11 and 12 illustrate the design parameter distribution versus objectives of all the samples.
All the design parameters gather to certain values (marked with a red circle in each figure), which are
given in the third and fourth columns in Table 4. Several points can be observed in the optimization
results: 1) the optimal taper ratios for both hovering and cruising cases reach the lower constraint limit,



Energies 2020, 13, 1155 12 of 20

since smaller TRs contribute to more uniformly induced velocity distributions along each blade; 2) the
optimal radii for both cases are close to the upper constraint limit—obviously, longer and thinner
blades have less inter-blade interference; 3) the best linear blade twists for the hovering case (−11.4)
and cruising case (−18.2) are divergent, which results from their different reset trim thrusts—a suitable
blade twist design can decrease the induced losses on the coaxial rotor, and it can distinctly delay flow
separation at the blade root and stall at the blade tip, which will contribute to a more uniform load
distribution on each blade [10]. However, a large blade twist will be unproductive, since it induces
more serious flow stall along the blade; 4) for inter-rotor spacing, distinct gathering can be seen in the
cruising case, which is at the lower limit 0.14, but no clear trend is found in hovering case. Compared
with the previous three design parameters, the inter-rotor spacing has a relatively weak influence.
According to the intrinsic mechanism, a larger spacing may contribute to less interference losses, but it
also leads to higher profile drag with a higher exposed shaft.

It can be found that the performance in both cases is obviously affected by the design constraints.
The single-objective optimization results give clear indications of the effects of each design parameter
and their correlations. The optimizations of the hovering case and cruising case result in different
selections of design parameters. Trade-offs of design parameters should be carefully considered when
both hovering and cruising performances are concerned. Therefore, a multi-objective optimization is
possibly required.
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Figure 10. Optimization samples in hovering and cruising state based on ASA (N is the population
size).

Table 4. Parameters of original and single/multi-objective optimized rotors.

Original Optimized Hover Optimized Cruise Optimized Hover and Cruise

R (/m) 3.81 4.29 4.40 4.40
d/R 0.16 0.18 0.14 0.18

dθ (/◦) 0 −11.4 −18.2 −17.6
cr (/m) 0.4572 0.7131 0.7298 0.7296

TR 1 0.40 0.40 0.40
AR 8.33 6.01 6.03 8.6
FM 0.6343 0.6846 0.6760 0.6805
η 0.5745 0.6451 0.6514 0.6512
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3.4.2. Multi-Objective Optimization for the MTR in Both Hovering and Cruising States

In the multi-objective optimization process, the figure of merit (FM) in the hovering sate and the
propulsive efficiency (η) in the cruising state are chosen as objective functions. Sensitivity analysis
under different sets of generation numbers was implemented for the multi-objective optimization.
Two optimization cases with 20 and 30 generations (both with population size N = 40) have been
carried out, respectively. The results in Figure 13 show that the 30-generations case shares a similar
Pareto Front to the 20-generation results, which indicates that 20 generations are sufficient in the
current optimization. The following analysis will focus on the case with 20 generations.
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Figure 13. Sensitivity analysis results under different generation numbers in multi-objective
optimization (the Pareto front in the red circle is from the 20 generations case.).

Figure 14a shows the detailed multi-objective optimization results which are obtained by the
NSGA-II algorithm, where a total number of 800 samples is utilized to obtain the last Pareto Front
(Figure 14b). Among all these samples, the maximum FM for the hovering case is 0.6845 and the
maximum η for the cruising case is 0.6513. They appear in different design samples, and both of
them are smaller than those in the single-objective optimization cases. Designers can make trade-offs
among the design points on the Pareto front. For example, if the cruising performance is investigated,
an optimal design from the optimized cruising side of the Pareto front can be selected, as marked in
Figure 14b. This optimal design has almost the highest cruising efficiency with a moderate hovering
FM. This specific example design has been used as a case study and in the parameter analysis in the
following sections. The parameter comparison of the original and optimized rotor (optimal choice in
Figure 14b) is listed in the second and fifth columns of Table 4.
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Figure 15 demonstrates the design parameters along the Pareto front in the current multi-objective
optimization. TR is around 0.4 along the entire Pareto front (Figure 15a), which is consistent
with the single-objective optimization results. In Figure 15b, when the Pareto front inclines to the
cruising-optimized side, the distribution of the inter-rotor spacing is relatively scattered, and it
converges to 0.18 when it moves towards the optimized hovering side. Figure 15c indicates that
larger blade twists (a larger absolute value of dθ) are more suitable for cruising, whereas relatively
smaller twists are better for hovering. The last sub-figure shows that most of the optimal blade radii
along the Pareto front are close to 4.40. Besides, radii within the range of 4.25 to 4.40 are also suitable
for hovering.
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The aerodynamic mechanism analysis and discussion of results will focus on the multi-objective
optimization design (the optimal choice in Figure 14b). As shown in the last column of Table 4,
the optimized blades of MTR are thinner and longer than the original one under the same blade solidity
and blade number. Unlike the original rectangular blade platform, the optimized rotor platform is
trapezoidal. Its AR reaches the upper limit of 8.6, while its TR reaches the lower limit of 0.4. The other
two design variables—i.e., the inter rotor spacing and blade twist—are determined by the trade-offs
between the hovering FM and cruising η. For the chosen optimized rotor, the inter rotor spacing is 0.18
and the linear blade twist is −17.6◦.

Under the presupposed design point—i.e., hovering trim CT0 = 0.008 and cruising trim
CT0 = 0.004—the optimized MTR has a performance of FM = 0.6805 and η = 0.6512. Compared with
the original rotor (FM = 0.6343, η = 0.5745, for coaxial rotor 2 in [4]), FM and η have been improved by
7.3% and 13.4%, respectively. It is also worth mentioning that a compromise design is directly obtained
from the multi-objective optimization, while the single-objective optimizations always present biased
designs (as shown in the last two rows in Table 4) with either a worse FM or a worse efficiency.

The hovering FM and cruising η under a series of trim thrust coefficients are investigated to
compare the global performance of the optimized MTR with the original one. As shown in Figure 16,
the effects of optimization are obvious in both hovering and cruising states, During the entire calculated
range, the maximum performance increments for hovering are ∆FM = 14.1% and those for cruising are
∆η = 25.0%.
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Figures 17 and 18 illustrate the span-wise load distributions—i.e., the thrust coefficient, dCT,
and torque coefficient, dCQ—on the upper and lower rotors of the original and the multi-objective
optimized MTR, respectively. In these figures, solid lines with solid symbols are the results of the
optimized MTR, and dashed lines with hollow symbols are those of the original rotor. In addition,
the triangle symbols correspond to the upper rotor and circular symbols correspond to the lower
rotor. Figure 17a shows that most of the upper rotor thrusts are larger than the lower ones, which
results from the effects of induced speed in the hovering state, while in the cruising state, as shown
in Figure 18a, the upper rotor thrust distribution is very close to the lower one because, at that time,
the inflow caused by forward speed plays a dominant role. For the torque distribution in the hovering
state, as shown in Figure 17b, distributions on the upper and lower rotors remain consistent with each
other due to the torque trim in the optimization process. The same phenomenon is seen in Figure 18b
for cruising flight. In conclusion, compared with the original MTR, the optimized MTR has a much
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more uniform load distribution along the blade span, which contributes to much better performance
both in hovering and cruising states.
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4. Conclusions

In this paper, the BEMT method was applied in the aerodynamic modeling of an MTR coaxial
rotor system. As part of this analysis, the interference between the upper and lower rotors was
accounted for. The accuracy of the current BEMT modeling is fully validated by a comparison
with previous experimental data and CFD simulation, confirming that BEMT is a reliable tool for
aerodynamic modeling and the optimization design of MTR. A high-efficiency automated optimization
framework was then built by integrating the BEMT modeling and advanced optimization algorithms;
i.e., single-objective optimization and multi-objective optimization. The trim of both thrust and torque
was fulfilled during the optimization process.

The single-objective optimizations of the rotor in either hovering or cruising states were
independently studied. Both cases led to better aerodynamic performances of the rotor with their
specific working conditions; i.e., the figure of merit (FM) was improved from 0.6343 to 0.6846 in the
hovering state, or the propulsive efficiency (η) was improved from 0.5745 to 0.6514 in the cruising
state. The single-objective optimization results clearly show the effects of each parameter and their



Energies 2020, 13, 1155 18 of 20

inter-relationships on design objectives. It was found that the optimal design parameters of these two
cases deviate from each other, which is not applicable in the realization of aircraft design.

The multi-objective optimization, considering both hovering and cruising performance, is studied.
A Pareto front is obtained from this project. The design parameter analysis along the Pareto front
shows that AR reaches the upper limit of 8.6, while TR reaches the lower limit of 0.4. The other
two design variables—i.e., the inter-rotor spacing and blade twist—are determined by the trade-offs
between the hovering FM and cruising η. When the Pareto front inclines to the cruising-optimized side,
the distribution of the inter-rotor spacing is relatively scattered, and it converges to 0.18 when moving
towards the hovering-optimized side. Larger blade twists are more suitable for cruising, whereas
relatively smaller twists are better for hovering. An example design point has been chosen from the
Pareto front samples. Further analysis showed that the optimized design possessed a performance
of FM = 0.6805 and η = 0.6512, which was improved by 7.3% and 13.4% from that of the prototype,
respectively. A comprehensive performance in both hovering and cruising states is achieved in
multi-objective optimization, in which the single-objective optimization cases only render a biased
optimization design. The multi-objective optimized rotor platform is trapezoidal; its AR arrives to
the upper limit, while its TR reaches to the lower limit. The optimized rotor has a uniform load
distribution along the blade span, and therefore it contributes to a better performance in both hovering
and cruising states.

The optimized design has increased the hovering performance, FM, by 7.3% and the cruising
performance η by 13.4% when compared with the prototype, respectively. The payload capability is in
direct proportion to the hovering FM. On the other hand, the rate of climb will also be increased with the
FM. Cruising η is the ratio of effective power and total power; a higher η means more fuel savings. The
endurance of cruising will be increased by almost 10% after optimization. In addition, the maximum
fight speed will be distinctly improved by the increase of η. In summary, the optimization project in
the current work can achieve the original goal of MTR, which is to expand the overall flight envelope
for a rotor craft.

In general, there are three flight modes of the MTR: i.e., forward flight, vertical flight and converting
flight. The current work mainly focuses on the BEMT aerodynamic modeling in the hovering state
and axial flight, corresponding to the vertical flight and forward flight modes. The flow around the
coaxial rotor is axisymmetric in the hovering state and axial flight, while for converting flight, an
oblique flow acts on the coaxial rotor. The flow around the coaxial rotor is not axisymmetric. Several
changes should be made to apply the BEMT model to inclined flow. First of all, three-dimensional
rather than two-dimensional theory should be applied in the momentum theory of BEMT. Secondly,
the aerodynamic interference areas both in the upper rotor and lower rotor are not circular, as with
those in Figure 3. Both shapes of interference from the upper rotor and the lower rotor are irregular.
Therefore, the calculation method of interference areas in axial flight should be changed when applied
to converting flight. Improved aerodynamic modeling should be explored for the converting flight
mode in future work.
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