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Abstract: Harmonic overvoltage in electric railway traction networks can pose a serious threat to
the safe and stable operation of the traction power supply system (TPSS). Existing studies aim at
improving the control damping of grid-connected converters, neglecting the impedance frequency
characteristics (IFCs) of the actual TPSS. The applicable frequency range of these studies is relatively
low, usually no more than half of the switching frequency, and there is a large gap with the actual
traction network harmonic overvoltage frequency range of 750 Hz–3750 Hz. In this paper, first,
the IFCs of the actual TPSS in the wide frequency range of 150 Hz–5000 Hz are obtained through
field tests, and the resonant frequency distribution characteristics of TPSS are analyzed. After that,
the aliasing effect of the sampling process and the sideband effect of the modulation process of the
digital control of the grid-connected converter are considered. Based on the relative relationships
among the inherent resonant frequency of the TPSS, sampling frequency and switching frequency,
an impedance matching analysis method is proposed for the wide frequency range of the vehicle–grid
coupling system. By this method, the sampling frequency and switching frequency can be decoupled,
and the harmonic overvoltage of traction network in the frequency range of two times switching
frequency and above can be directly estimated. Finally, the method proposed in this paper is validated
by the comparative simulation analysis of seven different cases.

Keywords: electric railway; harmonic resonance; harmonic overvoltage; stability analysis; resonant
frequency; traction power supply system

1. Introduction

Since alternating current-direct current-alternating current (AC-DC-AC) Electric Multiple Units
(EMUs) and electric locomotives have been adopted widely in China, the traction power supply
system (TPSS) and electric locomotives’ electrical matching instability caused by high-order harmonic
overvoltage traction network problems occur from time to time. Harmonic overvoltage of traction
networks can cause the substation feeder to trip. In severe cases, it will cause damage to the high-voltage
equipment of the catenary, the on-board high-voltage equipment, and the electrical equipment in the
substation. In addition, it can even result in the disruption of the locomotive operation [1]. A widely
applied method is that the harmonic overvoltage problem of traction networks is mostly regarded as
a harmonic instability problem of the vehicle–grid coupling control system. The method utilizes Re
{Zin(jω)} > 0 as stability criterion, where Re {Zin(jω)} > 0 denotes the real part of input impedance
of grid-connected converters port. When Zin(jω) does not satisfy the condition that the real part
is greater than 0 at a certain frequency, the risk of harmonic instability is considered to exist [2–6].

Energies 2020, 13, 6672; doi:10.3390/en13246672 www.mdpi.com/journal/energies

http://www.mdpi.com/journal/energies
http://www.mdpi.com
https://orcid.org/0000-0002-5677-2718
http://dx.doi.org/10.3390/en13246672
http://www.mdpi.com/journal/energies
https://www.mdpi.com/1996-1073/13/24/6672?type=check_update&version=2


Energies 2020, 13, 6672 2 of 16

The European Norm EN 50388, which is enforced by railway administrations in several countries,
requires all new elements added to the system checked for compatibility [7]. The standard also
specifies that harmonic overvoltage is classified into three main categories: overvoltage caused by
system instability, harmonics and other phenomena. However, the standard only requires that in a
25,000 V, 50 Hz network, the peak voltage is always below 50,000 V, which is a lax standard with
regard to harmonics. There are two deficiencies in the method that the harmonic overvoltage problem
is completely regarded as an equivalent control stability analysis of the grid-connected converter,
which makes it difficult to solve practical cases.

The impedance frequency characteristics (IFCs) of the TPSS are deliberately simplified. In the
existing literatures, input impedance of traction network is usually represented by a parallel LC circuit.
This simple circuit can introduce a parallel resonance. However, the IFCs of the actual TPSS may exhibit
multiple parallel resonances, and the resonant frequency is affected by power supply mode, the length
of railway, location of the locomotive and other factors. This implies a wide range of resonance
frequencies. The discrepancy between the simplified circuit model in a laboratory setting and actual
system requires more detailed consideration when analyzing real problems with existing methods.
Researchers reckoned that their proposed method may become invalid if there are two resonances on a
TPSS with an approximately symmetrical distribution of Nyquist frequency [8]. The current research
on this issue is still insufficient, mainly because of the lack of field test data and effective techniques
that can test the IFCs of a 25 kV electric railway over a wide frequency range.

The applicable frequency range of the existing research is lower than the switching frequency.
Although the influence of complex factors, such as time delay and LCL filters, is taken into consideration,
most of the current research has focused on the relatively low frequency range, that is, below the
Nyquist sampling frequency or half of the switching frequency. These studies do not apply to real
on-board grid-connected converters switching frequency of only a few hundred hertz, while harmonic
overvoltage frequency can reach thousands of hertz (several times the switching frequency). Though the
published papers [8–10] attempt to broaden the frequency range applicable to the study by considering
the aliasing effect of the converter-controlled sampling processes, these studies are mostly limited by
the premise assumptions fsam = fsw or fsam = 2 fsw. The pulse-width modulation (PWM) element can
be simplified into a proportional element. However, in practice, due to the multiplexed or modular
cascade structure of the grid-connected converter, the multiplicative relationship between fsam and fsw

can be 0.5-fold, 1-fold, 2-fold, 4-fold or even any frequency multiplicity [11]. Therefore, the current
study is limited in terms of its applicable frequency range.

In the simulation or experiment of previous studies, the switching frequency of the converter or
the sampling frequency of the controller is much higher than the resonant frequency of the impedance
network. In most studies, the resonant frequency of the impedance network is less than half of the
sampling frequency and switching frequency (see Table 1). That is, the sampling frequency and
switching frequency are much larger than the Nyquist frequency. In addition, in almost all previous
studies, the ratio of the switching frequency of the converter to the sampling frequency of the controller
is fixed at 2:1, 1:1 or 1:2 and there is a lack of research on other ratios. Furthermore, the switching
frequency of the converter often ranges from 2 kHz to higher than 10 kHz in previous studies, while in
actual railway systems, the switching frequency of the train converter is usually in the range of
250–1250 Hz. There is a large difference between the two frequency ranges. In our earlier research,
the resonance frequency of TPSS under different operation conditions is distributed in a wide frequency
range of hundreds to more than 3000 Hz.

All in all, it can be deduced that, in reality, the resonant frequency of the traction network may be:
1. above the sampling frequency of the train converter; 2. below the sampling frequency and within
the range of Nyquist frequency (0—half of the sampling frequency); 3. below the sampling frequency
but between the Nyquist frequency and the sampling frequency.
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Table 1. Comparison among different frequencies.

References f sw/kHz f sam/kHz f resonant/kHz Comments

[1] 10 10 1 or 2 f resonant < 0.5 f sw = 0.5 f sam

[2] 15 15 3.08, 2.03 f resonant < 0.5 f sw = 0.5 f sam

[3] 20 10 1.4 f resonant < 0.5 f sam < 0.5 f sw

[4,8] 0.8 1.6 0.95 or 1.45 f sw < f resonant < f sam Only the
aliasing effect is considered.

[9] 4 4 0.476 f resonant < 0.5 f sw = 0.5 f sam

[11] 10 10 1.6 f resonant < 0.5 f sw = 0.5 f sam

[12] 20 20 5 f resonant < 0.5 f sw = 0.5 f sam

[13,14] 6 12 2.7 f resonant < 0.5 f sw = 0.25 f sam

[15] 15 10 4.4 f resonant < 0.5 f sw < f sam

[16] 10 10 0.4 f resonant < 0.5 f sw = 0.5 f sam

[17] 10 10 1 f resonant < 0.5 f sw = 0.5 f sam

Our work is more effective than previous research. This paper investigates the mechanism of
resonant overvoltage in a wider frequency range, that is, all of the above three cases. In addition,
this paper also considers more combinations of the ratio of the sampling frequency (fsam) to the
switching frequency (fsw), which can be categorized into four situations: (a.) 2 fsam ≤ fsw; (b.) fsw ≤

fsam < 2 fsw; (c.) 2 fsw ≤ fsam < 4 fsw; (d.) 4 fsw ≤ fsam. Taking the above mentioned three cases and four
situations into account, this paper provides a wider vision to the TPSS resonant overvoltage problem.

To address the above research deficiencies, this paper mainly focuses on harmonic overvoltage of
the traction network with a wide frequency range. First of all, this paper presents the results of the
impedance frequency characteristics test and analyzes the inherent resonant frequency distribution
characteristics of the traction network. Moreover, the aliasing effect of the converter control processes
and the PWM sideband effect are taken into consideration in this paper. The relative magnitude
relationship of the traction network impedance resonant frequency, sampling frequency and PWM
switching frequency is considered. The obtained model is suitable for any multiple relationship
between fsw and fsam, and can suppress harmonic overvoltage of the traction network by changing fsw

and fsam. This paper presents the link between the steady-state waveform of traction network harmonic
overvoltage and the control stability of the vehicle–grid coupling system, and proposes a formula for
the harmonic overvoltage of the traction network, which makes a comprehensive description of the
harmonic overvoltage of the traction network of the network coupling system.

sup
ω
|Vhv(jω)| = ||ZhvHhvIhv||∞

≤ ||Zhv||∞ ||Hhv||∞ ||Ihv||∞
(1)

where Vhv represents the harmonic overvoltage, Zhv is the impedance matrix of vehicle–grid coupling
system, Hhv is the control coupling coefficient matrix, Ihv is the harmonic source matrix. Equation (1)
has the form and dimension of Ohm’s law, which can take all the variables and parameters of the
vehicle–grid coupling system into account. Equation (1) will be elaborated on below.

2. Vehicle–Grid Coupling System

Vehicle–Grid Coupling System Model

In Figure 1, it is shown that the electrified railway vehicle–grid coupling system is mainly
composed of TPSS and on-board converter.
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Figure 1. Model of the vehicle–grid coupling system. (a) Actual railways; (b) the converter model.

The TPSS is made up of multiple subsystems: substation (SS), auto-transformer post (ATP),
section post (SP), rail, over contact line (OLC), positive feeder (PF), and multi-conductor transmission
line traction network with complex structure and parameters. The model of the on-board converter
is shown in Figure 1b. The design of the converter digital control system on control logic includes
digital signal processor (DSP) and field-programmable gate array (FPGA). The control algorithm is
implemented on DSP. FPGA is used to execute modulation algorithms. The actual power supply
operation mode is AT/double traction/parallel lines/overhead contact line–classic–hanging. The railroad
section researched was not covered by a tunnel.

The Root Mean Square (RMS) and instantaneous value waveforms of voltage, before and after
the tripping of the T-bus of a traction substation, are depicted in Figure 2. The measuring data of the
traction substation are from one case of [1]. The general procedure for evaluating harmonic overvoltage
based on measured waveforms is: Fourier analysis is performed on the measured instantaneous
waveforms to obtain the magnitude and frequency of each order harmonics of traction network voltage,
and then the frequency of the harmonic component with the largest amplitude is taken as the traction
network voltage resonant frequency [1,12,13]. According to this procedure, the resonant frequency of
the traction network voltage shown in Figure 2 is 950 Hz. In order to distinguish the terms’ resonant
frequency in the control system from the inherent resonant frequency of the TPSS, this paper refers to
the frequency of the harmonic component with the largest amplitude in the traction network voltage
as the traction network resonant overvoltage frequency fhv.

Figure 2. Harmonic overvoltage waveforms of the traction network in actual railways.
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3. IFCs of TPSSs

The authors’ previous research has proposed a harmonic impedance testing method based on a
harmonic generator (HG) constructed with cascaded H-bridge converters, which can directly measure
the input harmonic impedance of the 25 kV electric railway traction network port in the range of 5000 Hz.
The test method and implementation process have been presented in detail in the literature [14,15].
Operation of the telecontrol switches 1–28 in Figure 1a to switch the different power supply modes,
during the test, is shown in Table 2. Here, we inject the harmonic current with a harmonic source
and obtain harmonic impedance by the method of harmonic voltage and current test [1]. Eventually,
the IFCs of the TPSSs are obtained at SP1 under different operating modes. The test results are depicted
in Figure 3.

Table 2. Switch operation table during the impedance frequency characteristic (IFC) tests.

No. Switch Connected Switch Disconnected Power Supply Operation Mode

1 1~12 13~28 Autotransformer (AT)/Double
track/Non-over-zone

2 1~24 25~28 AT/Double track/Over-zone
3 1~5,7,9,11 6,8,10,12~28 AT/Single track/Non-over-zone

4 1~5,7,9,11,13,
14,17,19,21,23

6,8,10,12,15,
16,18,20,22,24~28 AT/Single track/Over-zone

5 1~4 5~28 Direct supply/Double track/Non-over-zone

6 2,4 1,3,5~28 Direct supply/Double
track/Non-over-zone/Without PF

7 4 1~3,5~28 Direct supply/Single
track/Non-over-zone/Without PF

Figure 3. Impedance frequency characteristics of the actual railway by field tests.

The test results shown in Figure 3 indicate that the inherent resonant frequency of the TPSS
itself is affected by factors such as length of the traction network (over-zone vs. non-over-zone test),
auto-transformer (AT vs. direct supply test), line type (single track vs. double track railway test),
and the structure of the traction network (with or without a PF comparison test), which are subject to
complex variations. In addition, the existence of more than two resonances for the over-zone feeding
with a long power supply section provides measured data and supporting evidence for the potential
problems identified in [8]. The above results indicate that the complex IFCs of the actual traction
network and its own inherent resonance bring great challenges to the analysis of the vehicle–grid
coupling system and the control design and parameter setting of the grid-connected converter.
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4. Control Modeling of Converters

4.1. Sampling Process and Aliasing Effect

Consider the sampling process of voltage Vg, and current i, as shown in the Figure 4. When the
original signal frequency X(jω) is less than the Nyquist sampling frequency, the sampling output R(jω)
will be attached to generate a high-frequency interference signal. If the frequency distance between the
signals is large, the low-pass filter can be used to recover the original signal from the sampled signal,
that is V(jω). If the frequency of X(jω) is greater than or equal to the Nyquist sampling frequency,
the original signal will additionally generate a low-frequency sampling signal. Low-pass filter will
not be used to recover the original signal from the sampled signal. In Figure 4, it leads to the effect of
spectrum aliasing.

Figure 4. Diagram of the aliasing effect.

Considering the effect of the aliasing effect, there are multiple frequency signals in the sampling
element at the same time, and signals of various frequencies couple each other. The sampling element
can be equivalent to a multi-input multi-output system. The relationship of the input and output
system can be described as Equation (2) by matrix. Assuming that the input signal is composed of n
frequency components, the output signal will also be composed of n components.


r(ωx)

r(ωsam −ωx)

r(ωsam +ωx)

r(2ωsam −ωx)

. . .


=


a11

a21

a31

a41

. . .

a12

a22

a32

a42

. . .

a13

a23

a33

a43

. . .

a14

a24

a34

a44

. . .

. . .

. . .

. . .

. . .

. . .




x(ωx)

x(ωsam −ωx)

x(ωsam +ωx)

x(2ωsam −ωx)

. . .


(2)

The elements on the main diagonal in (2) are the self-coupling conductivity coefficients,
which characterize the input–output relationship of the same frequency signal. The elements on the
non-diagonal are the mutual coupling conductivity coefficients, which characterize the input–output
relationship of signals of different frequencies.

As shown in Figure 5, in order to obtain the coefficients of A = (aij)n×n by the superposition
theorem, let the input signal have only one non-zero element at a time, implying:

akl =
xl
rk
|xi = 0, ∀i , l (3)

where xl(ωl) = δ(ω−ωl). Take the solution of the conduction coefficients of the first component as
an example. As shown in Figure 5, at first, set the amplitude of frequency ωξ of the input signal as
1, and the other components are 0, that is, δ(ω − ωξ). According to the signal equation xp(t) affected
after the impulse train and the transfer function of the zero-order holder (ZOH), the amplitude and
phase angle curves of each component of the output signal r(t) can be depicted in Figure 5 | r(ω)
| and ∠ r(ω), respectively. According to the component represented by the red curves in Figure 5,
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the self-coupling conductivity coefficient a11, as well as the mutual coupling conductivity coefficients
a12, a13, etc., can be obtained. Therefore, the first column element of the conduction matrix in (2) can
be obtained.

Figure 5. Derivation of the sampling transfer function at multiple frequencies.

Repeat the above steps until all the elements of the entire matrix are found. It can be written as (4):

A(ωx) =


G(ωx) G(ωx)e jπ G(ωx) . . .

G(ωsam −ωx)e jπ G(ωsam −ωx) G(ωsam −ωx)e jπ . . .
G(ωsam +ωx) G(ωsam +ωx)e jπ G(ωsam +ωx) . . .

. . . . . . . . . . . .

 (4)

where G(ω) is defined as the transfer function of ZOH.

4.2. Modulation Process and Aliasing Effect

4.2.1. Natural Sampling PWM (NSPWM)

According to the analytical expression [16,18] for the output voltage of a single H-bridge converter
NSPWM, the frequency spectrum of the bridge port output voltage varies as the frequency of the
modulation waveform gradually increases, and its trajectory is depicted in Figure 6, where the y-axis
represents the frequency of the modulation waveform signal and the x–axis represents the frequency
spectrum of uc(t). Taking Figure 6 as an example, make tangent 1 parallel to the x–axis at y = 2250 Hz.
The tangent plane and trajectory intersect at two points. The value of the x–axis corresponding to the
intersection point represents the frequency of the main component of the output voltage. As shown in
Figure 6, the pair of natural numbers (m,k) indicates the kth harmonic component of the mth group of
sideband harmonics. The baseband trace in Figure 6 represents the component change of the uc(t) at
the same frequency as the modulation waveform and is the most dominant component of the PWM
modulation process.

Through the analysis in Figure 6, it can be found that the NSPWM input and output segments are
also similar to the sampling process with the aliasing effect. If the frequency of the input modulation
wave signal is less than the switching frequency, the output signal will additionally generate a
high-frequency interference signal, then the input modulation wave signal can be recovered with
a low-pass filter. On the contrary, if the frequency of the input modulation wave signal is greater
than the switching frequency, the output signal will additionally produce low-frequency interference.
The frequency of the uppermost low-frequency interference component is ωσ − ωo, and the input
modulation wave signal cannot be fully recovered by the low-pass filter, as shown in Figure 7. The above
NSPWM process can be intuitively understood from the perspective of signal transmission, compared
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with the switching frequency, the low-frequency original signal will produce additional high-frequency
interference, and the high-frequency original signal will produce additional low-frequency interference.

Figure 6. Locus of the spectral distribution (f s = 2000 Hz, dr = 0.25).

Figure 7. Diagram of the natural sampling pulse-width modulation (NSPWM) sideband effect.

According to the above analysis, the relationship between the input and output signal of the
NSPWM segment can be approximated by (5). ∂k

m represents the relationship between the kth harmonic
component of the mth group of sideband harmonics in the output voltage spectrum and the modulation
waveform signal. In order to simplify the analysis, only the main 0th and 1st sideband harmonics are
considered in Equation (5).


u(ωz)

u(2ωs −ωz)

u(2ωs +ωz)

u(4ωs −ωz)

. . .


=


1
∂0

1
∂1

1
∂0

2
. . .

∂0
1

1
∂0

2
∂1

1
. . .

∂0
1
∂0

2
1
∂0

3
. . .

∂0
2
∂0

1
∂0

3
1
. . .

. . .

. . .

. . .

. . .

. . .




r(ωz)

r(2ωs −ωz)

r(2ωs +ωz)

r(4ωs −ωz)

. . .


(5)

4.2.2. Regular Sampling PWM (RSPWM)

In the method of NSPWM, sinusoidal modulation wave and triangular carrier are compared in
real time. Their intersection points are defined by the transcendental equation, which is complicated to
solve. In order to facilitate the application in digital control system, the modulation wave is usually
sampled and kept constant for a certain period of time; this modulation method is called RSPWM,
which can be equated with a sampling segment in series with NSPWM segment. As shown in Figure 8,
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a simulation is built in the software PSCAD to test the RSPWM input/output signal description function,
set f sam = f sw = 2000 Hz, and the cutoff frequency is 5500 Hz.

Figure 8. Test about the signal input–output relation of regular sampling (RSPWM).

Figure 9 shows the results of the test. Spikes within the switching frequency range are due to
the aliasing effect of the sampling process. Above the switching frequency range, the aliasing effect
and the sideband effect are combined. Figure 9 also shows that the existing research mostly treats the
modulation segment as a ZOH segment [9,17], which only performs well in the low-frequency range.
However, there are large errors in the high-frequency range.

Figure 9. Amplitude cure of RSPWM in a wide frequency.

5. Harmonic Overvoltage Analysis of Traction Network in a Wide Frequency Range

5.1. Relative Relationship among TPSS Subsection Inherent Resonant Frequency, Sampling Frequency and
Switching Frequency

The relative relationship among the inherent resonant frequency (IRF), sampling frequency and
switching frequency of the TPSS is shown in Figure 10. As presented in the existing research [11],
the switching frequency and sampling frequency can take different ratios. Moreover, inherent
resonant frequency of the actual TPSSs is distributed over a wide frequency range, there are different
ways of combining the relative value of the three frequency types. According to the analysis in
Sections 4.1 and 4.2, the low-pass filter can be used to recover the original signal at half of fsam and
fsw. Therefore, when the IRF of the TPSSs exists in the range of 0.5 fsam ∩ fsw, the low-frequency
single-component model can be used for analysis. When IRF2 ε (0.5 fsam, fsw), the aliasing effect of
sampling should be considered. When IRF3 ε (fsw,∞), the aliasing effect of sampling and sideband
effect should be considered simultaneously. By decomposing the relative relationship of IRF, fsam and
fsw, the frequency range of harmonic overvoltage in the traction network can be greatly expanded
for research.
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Figure 10. Relative relations among the IRF, sampling frequency, and switching frequency.

Figure 11 shows a block diagram of a wide frequency range control system considering sampling
aliasing effects and modulation sideband effects, where Hcv(s) represents the capacitor voltage controller,
Hci(s) represents the current loop controller, Hsam(s) represents the transfer function of the sampling
segment, Hffv(s) represents the transfer function of the network voltage feed-forward shown in (4),
Gd(s) represents the total delay of the system, Hpwm(s) represents the transfer function of the NSPWM
segment shown in (5), Hfbi(s) represents correcting the transfer function of the current sampling sensor.

Figure 11. Control block diagram of the vehicle–grid coupling system at wide frequencies.

5.2. Low-Frequency Range Analysis

In the range of low frequency, the system closed-loop transfer function matrix Hc(s) shown in
Figure 11 can be described as:


I

Vg

Vc

 =


Gre f
1+ZeYg

Yg
1+ZeYg

Yh
1+ZeYg

−ZeGre f
1+ZeYg

1
1+ZeYg

−ZeYh
1+ZeYg

−(Zc+Ze)Gre f
1+ZeYg

1−YgZc
1+ZeYg

−(Zc+Ze)Yh
1+ZeYg




Iref

Ve

Vh

 (6)
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where Yg is the input admittance of the converter port, Gref is the current control equivalent gain, Yh is
the equivalent admittance of voltage fluctuation. According to (6), these three parameters can be
measured by small signal frequency scanning for amplitude frequency and phase frequency curves.

I = YgVg + Gre f Iref + YhVh (7)

Yg, Gref, Yh can be described as: 
Yg =

1−HdigHsv
Zc+HdigHciHsi

Gre f =
HdigHci

Zc+HdigHciHsi

Yh =
−Hdig

Zc+HdigHciHsi

(8)

The traction network voltage Vhv of the vehicle–grid coupling system can be obtained by (6),
which can be described as (9):

Vhv =


−Ze

Zg

−Ze


T

Hc11 0 0
0 Hc12 0
0 0 Hc13




Iref

Ve

Vh


= ZhvHhvIhv

(9)

where Hc11, Hc12, Hc13 are the elements in the corresponding position in Hc(s). The harmonic
overvoltage of the traction network can be described as (1).

In (1), it is illustrated that the value of harmonic voltage is closely related to the harmonic
impedance matrix Zhv, harmonic gain matrix Hhv, and harmonic noise Ihv: (1) When ||Hhv|| gets
the maximum value at a certain frequency, it means (represents) that this frequency is the resonant
frequency of Hhv. In this case, the control of vehicle–grid coupling system will be unstable. With the
excitation of limited harmonics, a harmonic overvoltage of the traction network can be generated.
(2) When ||Zhv|| gets the maximum value at a certain frequency, it means that this frequency is the
inherent resonant frequency of the TPSSs. Due to the extremely large input impedance amplitude of
the TPSS port, even if the grid-connected converter satisfies Re{Y(jω)} > 0, the problem of traction
network harmonic overvoltage may have occurred under the excitation of limited harmonics. In this
case, the grid-connected converter can be treated as a harmonic current source. (3) ||Ihv|| stands for
harmonic excitation. The larger its value, the more serious the harmonic overvoltage accident of the
traction network will occur. Theoretically, after reducing Ihv to 0 with effective measures, harmonic
overvoltage of the traction network will not occur, even if ||ZhvHhv|| is large.

5.3. High-Frequency Range Analysis

In the range of high-frequency, each signal in Figure 11 no longer has single frequency, but becomes
matrix or vector multi-frequency form. In order to simplify the analysis, the sampling process in Hsv(s)
and Hsi(s) is not considered for the time being. The signals of each node can be described as (10):

→

i (ω) = [i(ω) i(ωs −ω) i(ωs +ω) . . .]T
→

i ref(ω) = [iref(ω) iref(ωs −ω) iref(ωs +ω) . . .]T
→
v e(ω) = [ve(ω) ve(ωs −ω) ve(ωs +ω) . . .]T
→
v g(ω) = [vg(ω) vg(ωs −ω) vg(ωs +ω) . . .]T
→
v h(ω) = [vh(ω) vh(ωs −ω) vh(ωs +ω) . . .]T
→
v c(ω) = [vc(ω) vc(ωs −ω) vc(ωs +ω) . . .]T

(10)
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The high-frequency form of (8) can be described as:
Yg = (Zc + HdigHciHsi)

−1(I−HdigHsv)

Gref = (Zc + HdigHciHsi)
−1HdigHci

Yh = −(Zc + HdigHciHsi)
−1Hdig

(11)

where: 

Zc = diag(Zc(ω) Zc(ωs −ω) Zc(ωs −ω) Zc(2ωs −ω) . . .)

Ze = diag(Ze(ω) Ze(ωs −ω) Ze(ωs +ω) Ze(2ωs −ω) . . .)

Zce = Zc + Ze

Yc = Z−1
c

Ye = Z−1
e

Yce = Z−1
ce

(12)

The high-frequency form of (6) can be described as:

Hc =


(I + YgZe)

−1Gref (I + YgZe)
−1Yg (I + YgZe)

−1Yh

−Ze(I + YgZe)
−1Gref Yg

−1(I + YgZe)
−1Yg −Ze(I + YgZe)

−1Yh

−Zec(I + YgZe)
−1Gref (I−Zc)Yg

−1(I + YgZe)
−1Yg −Zec(I + YgZe)

−1Y

 (13)

The high-frequency solution of (1) can be obtained by bringing (10)–(13) into (9). So far, the harmonic
overvoltage analysis of the wide frequency range traction network is integrated by (1).

6. Discussions

Build the simulation model in PSCAD as shown in Figure 1b. The key parameters used in the model
are given in Table 3. There are two inherent parallel resonance points (21st- and 36th-order harmonic
resonance) in TPSS. The current controller only uses the proportional controller Kci. Analogous to
Figure 10, it is necessary to consider the case where the switching frequency and sampling frequency
take different ratios. In case 7, only the ninth-order harmonic current is applied as a reference to
simulate the low-order harmonic interference of the voltage outer loop output in Figure 11.

Table 3. List of simulating cases.

Case Kci f sam/Hz f s/Hz Low-Order Harmonic f sam:f s Stability Overvoltage

1 40 1500 6000 N 1:4 N Y
2 5 1500 3000 N 1:2 Y N
3 40 1500 1500 N 1:1 N Y
4 5 1500 1500 N 1:1 Y N
5 40 1500 750 N 2:1 N Y
6 40 3000 1500 N 2:1 Y N
7 40 3000 750 9th 4:1 Y Y

Simulation results are shown in the last two columns of Table 3. It can be observed that when
there is no passive filter on the traction network side, the control of cases 1, 3 and 5 is unstable and the
harmonic overvoltage of the traction network occurs at the same time. However, the control of cases 2,
4 and 6 is stable, and no harmonic overvoltage of the traction network occurs. In particular, the system
of case 7 is stable, but still produces harmonic overvoltage. When the passive filter on the traction
network side is put into operation, all cases have no stability and no harmonic overvoltage problems.

The impedance–frequency curves of Cases 1–4 are depicted in Figure 12. Assuming that f sw ≥

f sam in these four cases, the first inherent resonant frequency fr1 of the TPSSs satisfies 0.5 f sam < f r1

< f sam, the second one f r2 satisfies f sam < f r1. These frequencies are outside the frequency range of
most existing studies. The simulation results of Figure 12 and Table 3 illustrate that (Case 1 vs. 3,
Case 2 vs. 4) increasing the switching frequency has no effect on the input impedance of the converter
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in the low frequency range, however, this can improve the input impedance characteristics in the high
frequency range. The vehicle–grid coupling system will be unstable when the input impedance of the
TPSSs port and the input impedance of the grid-connected converter meet the conditions shown in (14).

Figure 12. Impedance–frequency curves of Cases 1–4.

After the passive filter is put into use in the traction network, the amplitude of Ze is reduced sharply,
the phase change becomes flat at the same time, and the amplitude and phase conditions required for
instability in (14) are destroyed, thus suppressing the harmonic overvoltage of the traction network.{

|Ze| = |Zg|

agr(Ze) − agr(Zg) + 180◦ < 0
(14)

The simulation result of Case 4 is shown in Figure 13. Before 0.22 s, Kci = 5. In this case,
the condition of (14) is not satisfied, and there is no overvoltage in the traction network. Kci is increased
to 40 at 0.22 s. According to the vehicle–grid impedance frequency characteristics shown in Figure 12,
the condition of (14) is satisfied. Control instability occurs in the system, and the harmonic voltage of the
traction network is continuously amplified as a divergent waveform. After 0.44 s, when the harmonic
voltage of the traction network is amplified to a certain degree, it will not continue to be amplified,
showing a steady-state waveform. The reason is that the amplitude limiting nonlinear segment of
the control loop reduces the equivalent open-loop gain and forms a nonlinear self-excited oscillation
process. In actual cases, nonlinear factors are more complicated. When the passive filter on the traction
network side is put into operation after 0.6 s, the harmonic overvoltage disappears instantaneously.

The impedance–frequency curves of Cases 5–7 are depicted in Figure 14 and the simulation result
of Case 7 is shown in Figure 15. After applying the 9th-order harmonic disturbance of the current loop
at 0.4 s, where analog is the output interference of the outer voltage loop. The high-order harmonic
overvoltage appears in the voltage of the traction network, and the frequency of it is the same as the
traction network inherent resonant frequency 1050 Hz. According to the impedance curve depicted in
Figure 14, this system does not satisfy (14), hence, it is a stable system. However, harmonic overvoltage
still occurs because at this time, f sam = 3000 Hz, whereas f sw = 750 Hz. Based on the sideband effect
of modulation process mentioned in Section 4.2, the 9th-order low-harmonic will generate a high
harmonic interference of 2 × 750 − 450 = 1050 Hz, which exactly coincides with the inherent resonant
frequency of the TPSS (see curve Ze1 in Figure 12). Therefore, a traction network overvoltage occurs
when the current is multiplied by extremely large impedance. The situation that controlled the stable
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vehicle–grid coupling system generates harmonic overvoltage in the traction network belonging to
the second case discussed in (1). In this case, the grid-connected converter can be substituted by a
harmonic current source model in the vehicle–grid coupling system.

The limiting link of the control loop, as a nonlinear link, is equivalent to a gain reduction when
the modulating wave is overmodulated. In future studies, we should consider the nonlinearity of the
transformer hysteresis loop in the actual traction power system, which also has the effect of reducing
the gain. In addition, we should consider other nonlinear conditions that occur in the actual line,
which is our approach to be carried out in the future in this area.

Figure 13. Simulating waveforms of Case 4.

Figure 14. Impedance–frequency curves of Cases 5–7.
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Figure 15. Simulating waveforms of Case 7.

7. Conclusions

In this paper, by studying the IFCs, sampling aliasing effect and modulation of the sideband effect
model of the actual TPSSs, as well as considering the relative relationship of the inherent resonant
frequency, sampling frequency and switching frequency of the TPSSs, harmonic overvoltage of traction
network can be analyzed in a wide frequency range. Equation (1) is proposed to comprehensively
elucidate the harmonic overvoltage mechanism of the traction network. The vehicle–grid coupling
system instability model and the converter harmonic source model are unified and described in (1).
Meanwhile, the application scope, distinction, and connection of these two models are discussed
in detail.
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