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Abstract: Sonic log compressional and shear-wave velocities combined with logged bulk density
can be used to calculate dynamic elastic moduli in organic shale reservoirs. We use linear
multivariate regression to investigate modulus prediction when shear-wave velocities are not
available in seven unconventional shale reservoirs. Using only P-wave modulus derived from
logged compressional-wave velocity and density as a predictor of dynamic shear modulus in a single
bivariate regression equation for all seven shale reservoirs results in prediction standard error of
less than 1 GPa. By incorporating compositional variables in addition to P-wave modulus in the
regression, the prediction standard error is reduced to less than 0.8 GPa with a single equation for all
formations. Relationships between formation bulk and shear moduli are less well defined. Regressing
against formation composition only, we find the two most important variables in predicting average
formation moduli to be fractional volume of organic matter and volume of clay in that order. While
average formation bulk modulus is found to be linearly related to volume fraction of total organic
carbon, shear modulus is better predicted using the square of the volume fraction of total organic
carbon. Both Young’s modulus and Poisson’s ratio decrease with increasing TOC while increasing
clay volume decreases Young’s modulus and increases Poisson’s ratio.
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1. Introduction

Sonic velocity and density logs provide direct in situ measurement of formation dynamic moduli
and derived quantities. Given compressional-wave velocity, density, and measured or estimated
shear-wave velocity, dynamic bulk, P-wave, Young’s and shear moduli and Poisson’s ratio can be
directly calculated [1]. With sufficient calibration, these dynamic moduli can potentially be used to
estimate static moduli and, especially if anisotropy can also be quantified, they may be useful for
hydraulic fracturing design in shale reservoirs [2].

Dynamic bulk (k) and shear (µ) moduli are determined directly from acoustic velocities and
density by

µ = ρVs
2, (1)

and
k = ρVp

2
− 4µ/3, (2)

while the P-wave modulus (M) is simply

M = ρVp
2 = k + 4µ/3, (3)
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where Vp is compressional-wave velocity, Vs is shear-wave velocity, and ρ is rock bulk density. Of more
direct interest in engineering applications are Poisson’s ratio, ν, and Young’s modulus, E, given by

ν = (k/µ − 2/3)/(2k/µ + 2/3) = (Vp/Vs
2
− 2)/(2Vp/Vs

2
− 2), (4)

and
E = 2µ (1 + ν). (5)

The ratio k/µ is related to the Vp/Vs ratio by

k/µ = (Vp/Vs)2
− 4/3. (6)

There is a one-to-one relationship between Poisson’s ratio, the velocity ratio, and the bulk-to-shear
moduli ratio. We can expect these ratios to be dependent on rock and fluid properties, such as porosity,
mineralogy, total solid organic carbon (TOC), fluid compressibility, and effective pressure as well as
factors less readily quantifiable from logs such as texture, pore, and inclusion shape, organic matter
maturity, and degree of lithification/cementation.

As the velocities are measured at sonic frequencies with acoustic signals exhibiting small strain
amplitudes, dynamic moduli are generally not equal to static (zero-frequency) elastic moduli [3] but
may provide useful indication of Young’s modulus and Poisson’s ratio variations along a borehole [4]
as well as estimation of formation brittleness [5]. Empirical relations can be used to convert dynamic
to static moduli [6] but care must be taken to consider anisotropic and pressure effects when doing
so [7]. Deviations of these moduli from expectations, as evidenced on sonic compressional-wave and
shear-wave sonic logs, may provide useful lithologic insights in formation evaluation [8–10].

There are numerous other studies relating velocities and/or elastic moduli to rock properties
in shale reservoirs (for example [11–25]). Factors affecting velocities and moduli include, but are
not limited to, mineral composition, porosity, solid organic volume, pore fluid content, properties
and saturation, effective pressure, degree of lithification/cementation and organic maturity, structural
arrangement and distribution of constituents, and pore and grain shape spectra. As a practical matter,
there are generally too many unknowns to reliably predict velocities directly from rock properties
and environmental conditions without local calibration. However, in conventional reservoirs and
inorganic shales, it is well established that many rock properties and environmental factors, though
directly having a strong effect on velocities and moduli, may have a reduced effect on relationships
between velocities or moduli (see for example [8,26]). This enables shear-wave velocity prediction
from given compressional-wave velocity and compositional volumetrics with good precision and
accuracy without explicit consideration of all the factors affecting velocities listed above [27]. In this
paper, we have selected seven different shale reservoirs to empirically study, and generalize across
a variety of formations, the factors controlling velocity and moduli relationships and to determine
the most significant factors that cause variation in these relationships within and between formations.
The objective is to arrive at more universal relationships that can be applied with good accuracy and
precision without calibration by locality, formation, or degree of maturity.

2. Materials and Methods

As unconventional shale reservoirs are generally highly anisotropic [28,29] we here restrict our
analysis to bedding normal velocities measured by sonic logs in vertical wells in formations with
nearly horizontal dip. For wells or formations with different orientations, correction for anisotropy
may be necessary.

Our objective is to develop an interpretive framework based on the relationships between dynamic
moduli using empirical observation and regression analysis. We utilized a database consisting of
full well-logging suites in single vertical pilot wells in seven different shale reservoirs including the
Spraberry, Wolfcamp, Avalon, Woodford, Eagle Ford, Cline, and Bakken formations. The well logs
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included reliable compressional and shear-wave sonic logs and core-calibrated volumetric well log
analyses (for further description of the quantitative well log analysis performed, see [9]). These
reservoirs have a wide range of rock and fluid properties as determined by volumetric well log
analysis (summarized in Figure 1, Tables 1 and 2 for our dataset) yet similar relationships between
compressional-wave velocity and shear-wave velocity (see Figure 2 and Table 3). The spread of
the compositional variation by formation is indicated by the standard deviations around the mean
compositions (Table 1). Comparisons of well log volumetric analyses to core measurements for these
formations are provided in prior papers [9] and [27] and in Figure 3 for an interval in the Wolfcamp
shale. Table 4 shows that the Vp-Vs relationship (see Figure 2) derived here from logs in organic shale
reservoirs is close to trends from laboratory measurements for both dry organic and dry inorganic
shales with low total organic content (TOC) reported in [9]. Our dataset only samples these formations
at one locality for each formation so is not meant to be representative of these formations over a wide
geographic area. For our dataset, the Spraberry, Wolfcamp, Woodford, and Cline formations have
similar composition and pore fluid (volatile oil). The Woodford is somewhat different in that it has no
carbonate content and the lowest average porosity of all the formations. The dominant constituent of
the Eagle Ford is calcite, and it is the only log in our dataset over a producing gas reservoir. The Bakken
has the highest TOC and produces black oil. The Avalon has the highest average quartz content in
the dataset.

Figure 1. Ternary volume fraction composition diagram for average formation properties in our dataset
for shale reservoirs in the quartz–clay–calcite system with the volume fractions normalized to sum
to unity. Other constituents are neglected on this diagram. The Eagle Ford is compositionally a dirty
limestone. The Avalon is abnormally quartz rich. The Woodford has zero calculated calcite. The Bakken
has no computed calcite but has significant dolomite content and high TOC.
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Table 1. Average rock properties from well logs for shale reservoirs studied here. Each formation is represented by only single wells, so these values are not meant to
be representative of the entire geographic extent of the formations. High water saturations (greater than 70%) and low TOC volume fractions (less than 1%) are
excluded. Reported quantities are mean values for included depths. Depth is mean depth for included datapoints in each formation. Density is mean logged density.
Vp and Vs are mean sonic compressional and shear-wave velocities. Ro is percent vitrinite reflectance determined from cuttings and Sw is mean decimal water
saturation from log analysis. The Xi are mineral solid volume fractions from volumetric log analysis such that

∑
Xi = 1 for organic matter (XTOC) pyrite (XPyrite), calcite

(XCalcite), dolomite (XDolomite), clay (XClay), and quartz plus feldspars (XQuartz). TOC is weight percent of total solid organic carbon. XTOC is the volume fraction of
solid organic carbon derived from TOC using the Vernik relation [30] which is Equation (6) in [27]. The depth range is the top and base of the logged interval. φTotal is
total porosity using measured log density and grain density from solid volume fractions. Standard deviations for volumetric well log calculations of shale reservoirs
studied here. Standard deviations corresponding to mean values given above for decimal volume fractions of solid organic matter (XTOC), pyrite (XPyrite), calcite
(XCalcite), dolomite (XDolomite), clay (XClay) and quartz plus feldspars (XQuartz), total porosity (φTotal), and water saturation (Sw).

Formation Depth Density Vp Vs Vp/Vs µ κ TOC Depth Range

m gm/cc km/s km/s ratio GPa GPa wt. % m
Spraberry 2007 2.54 3.74 2.17 1.72 12.04 19.68 2.88 1962-2046
Wolfcamp 2350 2.54 3.73 2.16 1.73 11.84 19.74 3.71 2326-2374

Avalon 2380 2.46 3.77 2.34 1.61 13.60 17.24 7.61 2337-2423
Woodford 3193 2.52 3.51 2.11 1.66 11.25 16.02 5.58 3188-3200
Eagle Ford 3886 2.55 4.06 2.39 1.70 14.60 22.67 2.88 3838-3928

Cline 2807 2.52 3.70 2.24 1.66 12.64 17.82 6.07 2772-2831
Bakken 3381 2.28 3.05 1.84 1.66 7.75 11.01 14.44 3371-3391

Formation XTOC XPyrite XCalcite XDolomite XClay XQuartz φTotal SW R0
decimal decimal decimal decimal decimal decimal decimal decimal percent

Spraberry 0.05 0.03 0.09 0.00 0.33 0.49 0.10 0.54 0.80
Wolfcamp 0.07 0.03 0.11 0.00 0.27 0.51 0.08 0.44 0.80

Avalon 0.14 0.03 0.02 0.02 0.20 0.60 0.07 0.30 0.94
Woodford 0.11 0.03 0.00 0.00 0.35 0.53 0.04 0.47 0.98
Eagle Ford 0.06 0.01 0.60 0.00 0.18 0.15 0.08 0.49 1.80

Cline 0.12 0.03 0.03 0.01 0.32 0.48 0.06 0.55 0.98
Bakken 0.26 0.03 0.00 0.12 0.21 0.38 0.07 0.24 1.30

Formation XTOC XPyrite XCalcite XDolomite XClay XQuartz φTotal SW
decimal decimal decimal decimal decimal decimal decimal decimal

Spraberry 0.010 0.008 0.085 0.000 0.071 0.087 0.013 0.077
Wolfcamp 0.012 0.006 0.126 0.000 0.060 0.077 0.016 0.094

Avalon 0.032 0.007 0.070 0.048 0.065 0.073 0.017 0.083
Woodford 0.016 0.009 0.000 0.000 0.077 0.083 0.008 0.148
Eagle Ford 0.016 0.009 0.092 0.000 0.061 0.064 0.014 0.098

Cline 0.033 0.007 0.066 0.045 0.077 0.076 0.008 0.177
Bakken 0.033 0.009 0.000 0.091 0.053 0.069 0.024 0.073
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Table 2. Average fluid properties for the shale reservoirs studied here. Moduli are based on the Batzle
and Wang [31] equations ((8) to (10)) for gas and ((20) to (24)) for oil and adjusted for composition and
in situ pressure and temperature. By volatile oil we mean gas/oil ratios above 1000 standard cubic feet
per barrel and an API gravity of 40◦ or greater.

Formation Hydrocarbon Hydrocarbon Hydrocarbon Brine Brine Mean Pore

Type Bulk
Modulus Density Bulk

Modulus Density Temperature Pressure

GPa gm/cc GPa gm/cc ◦F MPa
Spraberry Volatile Oil 0.375 0.675 2.750 1.050 113 21
Wolfcamp Volatile Oil 0.434 0.677 2.730 1.050 121 28

Avalon Volatile Oil 0.366 0.670 2.750 1.050 121 30
Woodford Volatile Oil 0.430 0.675 2.750 1.050 155 36
Eagle Ford Gas 0.130 0.250 2.800 1.050 199 53

Cline Volatile Oil 0.430 0.675 2.750 1.050 130 35
Bakken Oil 0.750 0.800 3.350 1.120 176 46

Figure 2. Shear-wave velocity (Vs)versus compressional-wave velocity (Vp) cross plot for sonic
log measurements in seven organic-rich shale reservoirs containing fluid hydrocarbons with water
saturations below 70%. The red solid line is the least mean-squared error (LMSE) fit to the data
(Vs = 0.520 Vp + 0.287 km/s). The correlation coefficient is 0.9 and the mean absolute error is 2.9%.
The regression is highly statistically significant with an F-test (ratio of explained to unexplained
variance) of over 8000 and sig F (the probability that the calculated correlation is fortuitous) of zero.
The dashed black line is the LMSE trend for dry organic shale laboratory measurements reported in [9].
The point cloud contains multiple closely spaced nearly parallel trends that are slightly offset from the
general trend in different formations (see Table 3).
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Table 3. Shear-wave velocity (Vs) versus compressional-wave velocity (Vp) relationships by formation.
Velocities are in km/s. R is the correlation coefficient and std error is the standard deviation of the
prediction residual. The F-test was greater than 100 and the sig F statistic was virtually zero in all cases.
The trends are similar excepting the Woodford shale which can be explained as a binary sequence of
layers alternating between siliceous and organic mudrock. Velocities are in units of km/s.

Formation Regression Equation R std Error (km/s)

Spraberry Vs = 0.497 Vp + 0.313 0.91 0.042
Wolfcamp Vs = 0.518 Vp + 0.222 0.92 0.044

Avalon Vs = 0.514 Vp + 0.402 0.94 0.076
EagleFord Vs = 0.489 Vp + 0.403 0.94 0.042
Woodford Vs = 0.898 Vp – 1.04 0.98 0.024

Cline Vs = 0.453 Vp + 0.563 0.90 0.044
Bakken Vs = 0.497 Vp + 0.313 0.86 0.040

Figure 3. Well log volumetric analysis in the Wolfcamp Formation compared to core X-ray diffraction,
fluid volume, and pyrolysis results showing good average agreement in prediction of porosity, water
saturation, clay volume, and TOC weight%. The log analysis procedure is described in (9). The carbonate
volume fraction log versus core comparison is misleading due to differences in vertical resolution
between the core and well logs, however, the directions of the changes are consistent between logs
and core. The vertical depth interval displayed is 200 feet (61 m). Track numbers are from left to right.
Track 1: Gamma-ray (GR—solid green curve)) in API units and Caliper (CAL—dashed gray curve)
in inches. Track 2: Formation name differentiating Upper Wolfcamp Shale (Upper WFMP Shale) and
Middle Wolfcamp Shale (Mid WFMP). Track 3: Blank track. Track 4: Deep resistivity (RILD) in ohm-m.
Track 5: Neutron porosity in decimal limestone units (NPHIL—green curve), formation bulk density in
gm/cc (RHOB—red curve), and photoelectric effect on barns/e (PE—orange curve). Track 6: Volumetric
well-log analysis in fractional decimal units. Volume clay (VClay) in gray, volume of quartz (VQuartz)
is dotted yellow, volume of calcite (VLime) is blue bricked, volume of dolomite (VDol) is green bricked,
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volume of kerogen (VKerogen) is black, volume pyrite (VPyrite) is maroon, volume of oil (Voil) is green,
and volume of water (porosity) is blue. Track 7: Calculated decimal total porosity (Msol:PhiT, blue
curve) in decimal fraction and GRI core total porosity (Core_GRI: PhiT, black dots) in porosity units
(PU). Track 8: Calculated decimal volume fraction of water saturation from logs (Msol:SWT, blue curve)
and percentage water volume extracted from cores (SWT, black dots). Track 9: Calculated decimal
volume fraction of clay (Msol:VCL, green curve) from logs and core X-ray diffraction volume of clay
(XRD_Vol:Clays, black dots). Track 10: Calculated decimal volume fraction of quartz (Msol:Vquartz),
blue curve and core X-ray diffraction decimal volume of quartz (XRD_VQuartz). Track 11: Calculated
decimal sum of calcite and dolomite fractions (Msol:VCarb, blue curve) and core X-ray diffraction
decimal volume of carbonate (XRD_Vcarb, black dots). Track 12: Calculated weight percent total
organic carbon from logs (TOC, green curve) and core pyrolysis weight percent (Core_pyrolysis:TOC,
black dots.).

Table 4. Shear-wave velocity (Vs) versus compressional-wave velocity (Vp) relationships. From
(a) measured velocity logs in organic shale reservoirs, (b) bedding normal laboratory measurements in
dry organic shales, and (c) bedding normal laboratory measurements on dry inorganic shales from the
offshore Gulf of Mexico. The laboratory measurements are from [9]. Velocities are in units of km/s.

Description Regression Equation

(a) in situ shale reservoirs from logs Vs = 0.520 Vp + 0.287
(b) dry organic shales Vs = 0.544 Vp + 0.263
(c) dry inorganic marine shales Vs = 0.527 Vp + 0.282

We studied how variable composition impacts relationships between dynamic moduli by
performing multivariate linear regression analysis and related statistical tests using the Microsoft™
EXCEL software product. The equations for statistical quantities used in this paper are provided in
Appendix A. Regressions were performed on various subsets including all wells combined, specific
formations, and averages for each formation. To isolate controlling variables strictly within the shale
reservoir rock while considering uncertainty in water saturation calculations, we excluded from our
analysis datapoints with water saturations greater than 70% as well as low TOC intervals with weight
percent of total organic content less than 1%. We also excluded datapoints within the logging tool
spatial resolution of boundaries with non-reservoir layers. The resulting data spreadsheet we used to
perform regressions is included in supplementary materials Table S1.

3. Results

Given that density and compressional-wave velocity are often highly correlated [32] the
well-defined Vs − Vp relationships in Figure 2 and Table 3 suggest that, as Vp is a good predictor of Vs

when shear sonic logs are not available [27], dynamic elastic moduli should also be correlated. This
correlation can be seen in Figures 4 and 5 and Table 5, where individual formations show similar
but distinct relationships between dynamic bulk and shear moduli. In comparison to the velocity
trends, which are for the most part similar and well defined, the dynamic elastic moduli trends exhibit
more variation in slope and intercept, lower correlation coefficients, and greater prediction error. This
may be due to the less well-defined relationship between velocities and densities that may introduce
variability into the modulus trends.



Energies 2020, 13, 6001 8 of 22

Figure 4. Overall bulk modulus (k) versus shear modulus (µ) trend for well log measurements
from all reservoirs studied. Vp, Vs, and ρ logs were used to calculate dynamic moduli using
Equations (1)–(3). As there are over 2000 closely spaced datapoints following the predominant trend,
the points primarily overlay. The difference in behavior for different formations is better seen in Figure 5.
The least-mean-square regression fit for all formations combined is k = 1.45 u + 0.52 for moduli in GPa.
The correlation coefficient is 0.78, the F-test is over 3000, sig F is zero, and the standard error is 2.79 GPa.
Improved standard error requires local calibration or correction for lithologic and pore fluid effects.

Figure 5. Formation specific dynamic bulk modulus (k) versus shear modulus (µ) trends for the seven
shale reservoirs compared to the composite overall trend (dashed line) from Figure 4. The different
formations have specific k versus µ trends displayed here (and given in Table 5) related to differing
lithological factors discussed below. All trends are statistically significant. The Woodford trend has
an anomalous slope due to interbedding between organic shales (which have smaller moduli) and
siliceous low TOC layers (which have greater moduli and a smaller k/µ ratio). The Avalon trend has an
anomalously low intercept and k/µ ratio consistent with its anomalously high quartz content.
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Table 5. Bulk modulus (k) versus shear modulus (µ) relationships by formation’. Moduli are given in
GPa. R is the correlation coefficient and std error is the standard deviation of the prediction residual.
The F-test was greater than 100 and the sig F statistic was virtually zero in all cases. The trends are
similar excepting the Woodford shale. The mean absolute error for all datapoints using these individual
relationships is 1.7%. The anomalous Woodford Shale relationship can be explained as being due to
interbedding of siliceous and non-siliceous thin layers. Moduli are in GPa.

Formation Regression Equation R std Error (km/s)

Spraberry k = 1.51µ + 1.42 0.78 1.49
Wolfcamp k = 1.52µ + 1.72 0.80 1.49

Avalon k = 1.58µ – 4.10 0.86 2.72
Woodford k = 0.50µ + 10.3 0.67 0.58
Eagle Ford k = 1.81 µ – 3.63 0.87 1.69

Cline k = 1.95µ – 6.79 0.84 1.78
Bakken k = 1.46µ – 0.03 0.77 0.75

To predict shear modulus when only compressional wave-velocity and density are logged,
bivariate regression for shear modulus (see Figure 6) gives

µ = 0.306 ρVp
2 + 1.76, (7)

where velocity is given in km/s, density is in gm/cc, shear modulus is in GPa, and ρVp
2 is the P-wave

modulus M. The tighter fit and higher correlation than that obtained for the bulk modulus relation can
be attributed in part to the greater range of P-wave modulus values.

Figure 6. Dynamic shear modulus versus dynamic P-wave modulus for all formations combined
from sonic and density log measurements. The least-mean-square error trendline is µ = 0.306 M +

1.76 for units in GPa. The correlation coefficient is 0.92 and the std error of the prediction is 0.92 GPa.
The F-statistic is over 11,000 and sig F is 0. This trend provides a useful estimation of dynamic shear
modulus given only Vp and ρ but can be refined with correction for composition (see below).

A dominant factor determining the k-µ or M-µ relationships (and perhaps more importantly
deviations from a single relationship for a formation in a specific locality) is the mineralogical
composition. The relationships in Table 5 are dependent to a large extent on the average composition
of the formation at the well location.
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The compositional dependence can be summarized statistically for the entire dataset via linear
multiple regression. We regressed moduli against all lithologic parameters including mineral
composition, TOC (total organic carbon), porosity, and fluid modulus, saturations, and bulk volumes.
Of note, in our dataset we found no statistically significant relationship between observed bulk
modulus or P-wave modulus and fluid properties. This can be explained by the exclusion of water
saturations above 70%, as within reservoir rock containing hydrocarbons the variation of moduli with
water saturation is small compared to the difference in moduli between fully-water saturated and
partially water-saturated shales [9].

A small improvement over Equation (7) in prediction of shear-modulus can be achieved by
accounting for the compositional dependence. Multiple regression in units of GPa and decimal volume
fraction yields

µ = 0.34 M + 8.77 XTOC − 2.95 XCLAY − 0.97 XCARB + 0.56, (8)

where, XTOC is the volume fraction of organic matter converted from weight percent TOC using the
Vernik [30] method, XCLAY is the volume fraction of clay minerals from log analysis as described in [9],
and XCARB is also derived from volumetric log analysis and taken as the sum of carbonate volume
fractions (calcite and dolomite) plus the volume fraction of pyrite which was too small in number or
range to stand alone as a regression variable and therefore lumped with carbonates due to its high
density. The correlation coefficient for the regression is 0.95 and the standard error of the predicted
shear modulus is 0.77. The regression is highly significant with an F of 4424 and a sig F of 0.

Equation (8) indicates that for a given P-wave modulus, increasing TOC increases the shear
modulus (corresponding to a reduced M/µ and thus reduced Vp/Vs ratio) and the shear modulus
decreases with increasing clay or carbonate content at a given P-wave modulus (corresponding to in
increased M/µ and Vp/Vs ratio). As discussed in [9], the effects of fluid hydrocarbons and TOC are
intimately intertwined and difficult to separate. To first order, those effects are apparently combined in
the TOC effect evident in Equation (8).

Predicting moduli from volumetric analysis alone (without dynamic P-wave modulus as input)
as a function of depth is more challenging as the P-wave modulus implicitly contains and accounts for
local variation in factors such as porosity, pore shape, effective pressure, and degree of lithification.
The best statistically significant correlations we could find were on the order of 0.8 for shear modulus
and 0.85 for bulk modulus. We do not report those relationships here as they can be easily misapplied
as they would be highly locality and formation dependent. We did, however, wish to investigate the
compositional dependence of average formation properties. Perhaps surprisingly, when weighting all
shale reservoir formations equally, we found excellent (and the most statistically significant) results
for average formation properties using only TOC and clay volume fractions. For bulk modulus, the
regression fit for average formation properties and weighting all formations equally in units of GPa
and decimal volume fraction is

k = 28.2 − 52.0 XTOC − 17.0 XCLAY. (9)

The correlation coefficient is a remarkable 0.99 with an F statistic (ratio of explained to unexplained
variance) of 68.7, and the significance of F (probability that the correlation is spurious by random
chance) being less than 0.001. The standard error in the predicted average bulk modulus is 0.75 GPa.
Increasing organic content or volume of clay both decrease the bulk modulus with the dependence on
TOC being about 3 times stronger. Neither porosity, carbonate content, nor fluid properties improved
the regression, which is surprising given that these factors have a clear effect on compressibility. We
hypothesize that this is due to the non-independence of variables such that the effects of mineral
composition, porosity, and fluid properties are intertwined with average volume fractions of TOC and
clay; these two compositional variables are consequently sufficient to establish a correlation between
average observations and predictions that would be difficult to improve upon. The insensitivity
to fluids is not contrary to the findings in [9] which noted the difference in bulk modulus between
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fully-brine saturated shales and reservoir shales with appreciable fluid hydrocarbons; the difference
being that in the data presented here we have excluded all water saturations above 70%. The lack of
dependence on carbonate content may be in part fortuitous, as in our dataset the single formation with
anomalously large volume fraction of carbonate is also the only formation that produces gas, and these
factors may cancel out. However, we would not expect such cancellation to occur for average formation
shear modulus (which should be insensitive to pore fluid modulus) where, the same compositional
variables are dominant (in units of GPa and decimal volume fraction)

µ =17.2 − 91.1 X2
TOC − 13.8 XCLAY. (10)

The regression yields a dependence of shear modulus with XTOC that is no longer linear but
rather varies with the square of TOC volume fraction. The regression prediction for average formation
properties has a correlation coefficient of 0.93 with an F of 12 and a significance of F of 0.02. The standard
error is 1 GPa. The correlation is not quite as good as in predicting bulk modulus from these same
variables and there is a 2% probability that the correlation can be caused by random chance. Nevertheless,
this is an acceptable result in relating shear modulus to compositional variables with the error being
tolerable for many applications (see for example [30] and [33]) and Equations (9) and (10) are best used
as an indication of the systematics of variation of moduli with composition, rather than for prediction
of absolute moduli.

The cross-plot of measured versus predicted average formation moduli (Figure 7) using
Equations (9) and (10) shows some slight bias in some of the formations; suggesting that local
recalibration is likely to be helpful, especially for different localities or formations. Given the other
factors mentioned previously affecting moduli that are not accounted for in Equations (9) and (10)
it is highly unlikely that these relations will hold far beyond the points of calibration or with very
different rock properties or environmental conditions. We must emphasize that Equations (9) and (10)
are intended to show relative changes in modulus that might be expected with a given change in
composition rather than for the purpose of predicting moduli in absolute terms without local calibration.
These trends are not expected to be universal; rather Equations (7) and (8) using the P-wave modulus
should be used for predictive purposes.

Given that compressional-wave velocity is an excellent predictor of shear-wave velocity one might
find it surprising that using the bulk modulus to predict shear modulus does not improve prediction
of average reservoir properties. This is explained by the fact that, being so well related to volumes of
organic carbon and clay via Equation (9), negligible additional information is provided by explicitly
including the average bulk modulus. Consequently, including average bulk modulus as a regression
variable reduces the statistical significance of the prediction of average shear modulus. As average
bulk modulus is linear with XTOC and average shear modulus is non-linear, we expect the ratio of
average bulk and shear moduli (and the derived Poisson’s ratio) to also vary non-linearly with total
organic content.

The other dynamic elastic moduli of interest (assuming first order isotropy) can be computed
directly from bulk and shear moduli using

E = 9kµ/(3k + µ), (11)

for Young’s modulus (E), and
ν = E/(2µ) − 1, (12)

for Poisson’s ratio (ν). Error propagation through Equations (11) and (12) was tested by adding 10%
zero-mean random white noise to all the measured dynamic bulk and shear moduli in our dataset,
resulting in less than 3% standard error for Young’s modulus and 5% standard error for Poisson’s ratio.

Combining Equations (9) and (10) with (11) and (12) allows computation of Young’s modulus and
Poisson’s ratio as a function of fractional organic and clay volumes (Figures 8 and 9) as an indication of
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relative changes. In these plots, we have restricted the maximum XTOC to 0.2 so as not to extrapolate
the results far from the average formation properties of the entire dataset.

Figure 7. Measured versus predicted average formation dynamic bulk and shear moduli using
Equations (9) and (10) and the data from Table 1. These equations indicate that average moduli are
primarily dependent on volume fractions of clay and TOC. Despite ignoring other variables, they
still match the observed average moduli with high correlation and a standard error within 1 GPa.
All other variables surprisingly do not improve the fit or significance of the regressions. We suspect
that geological correlations reduce the additional prediction error reduction that can be achieved by
including factors such as porosity, fluid content, or effective pressure.

Figure 8. Relationship between Young’s modulus and volume fraction of TOC for lines of constant
clay content. Equations (9)–(11) are used to show the compositional dependence of Young’s modulus.
Lines are for different constant volume fractions of clay (XCLAY) of 0.7 (dashed line), 0.5 (solid line), 0.3
(dotted line), and 0 (long dashed line) from the regression Equations (9) and (10) and elastic moduli
relationships (11) and (12). These trends represent average shale reservoir properties in our dataset and
may vary somewhat in different localities.
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Figure 9. Relationship between Poisson’s ratio and volume fraction of TOC for lines of constant clay
content. Equations (9), (10) and (12) are used to show the compositional dependence of Poisson’s ratio.
Lines are for different constant volume fractions of clay (XCLAY) of 0.7 (dashed line), 0.5 (solid line), 0.3
(dotted line), and 0 (long dashed line) from the regression Equations (9) and (10) and elastic moduli
relationships (11) and (12). These trends represent average shale reservoir properties in our dataset and
may vary somewhat in different localities.

In agreement with laboratory measurements [7], Young’s modulus decreases monotonically with
increasing volume fractions of clay or organic matter (Figure 8). At a given organic volume fraction,
increasing the clay volume fraction from 0% to 50%, drops the Young’s modulus almost in half. The
absolute change in Young’s modulus with organic matter volume is virtually independent of clay
volume. As a result, for higher clay volumes the percent change in Young’s modulus with organic
matter is much greater than for low clay volumes. Poisson’s ratio increases with clay volume fraction
and decreases with TOC (Figure 9) although the percent change is much smaller for Poisson’s ratio
than for Young’s modulus. The magnitude of the increase in Poisson’s ratio with clay volume fraction
is reduced at higher TOC where Poisson’s ratio becomes relatively insensitive to changing TOC as the
curves flatten out.

Using these same equations and varying clay volume fraction from 0 to 0.7, the cross-plot of
Poisson’s ratio versus Young’s modulus for lines of constant TOC volume (Figure 10) shows that (1) the
variation in Young’s modulus is much greater than that for Poisson’s ratio and (2) Young’s modulus
and Poisson’s ratio both decrease with increasing TOC. For reservoir rocks with high Young’s modulus
and low clay content, the relationship between Young’s modulus and Poisson’s ratio at a given TOC is
almost linear.
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Figure 10. Relationships between Poisson’s ratio and Young’s modulus. Equations (9)–(12) are used to
show the dependence of the relationship between these moduli on the volume fraction of TOC. Lines
are for constant TOC volume fractions (XTOC) of 0.25 (dashed line), 0.15 (solid line), and 0.05 (dot-dash
line) from the regression Equations (9) and (10) and elastic moduli relationships (11) and (12). These
trends represent average shale reservoir properties in our dataset and may vary somewhat in any
given locality.

4. Discussion

The effect of fluids (or lack thereof) is conceptually easy to understand and, to first order at least,
behaves in the way physical equations suggest in shale reservoirs [9]. Ignoring geological diagenesis
and geochemical effects, the mechanics of Biot-Gassman theory [34,35] tells us that for a given rock
frame compressibility, the more compressible the fluid, the more compressible the fluid saturated rock.
Thus, all else being equal, a gas-saturated rock should have a lower k/µ ratio than a light oil-saturated
rock with high gas–oil-ratio (GOR), which in turn should have a lower k/µ ratio than a black oil
reservoir with low GOR. It is also generally accepted [36] that Gassmann’s equations are applicable
at sonic frequencies in permeable sandstones. Within the context of his assumptions, Gassmann [35]
proves that shear modulus should be unaffected by the pore fluid compressibility. This may not be
entirely true if non-spherical pores are acoustically disconnected and pressures cannot equilibrate, but
we will accept this as a working hypothesis with the assumption that, if the hydrocarbons are indeed
flowable, then there is pressure communication between pores and Gassmann’s equations apply. It
has also been shown [37] that if similar low-aspect ratio pores are aligned, as one might expect them
to be for the most part in shales, that Gassmann’s equations, which are the low frequency limit of
the more general Biot theory, are applicable and shear modulus is mechanically independent of fluid
compressibility. This is because the pores deform to the same degree for a given applied stress and
pressure equilibration between pores is achieved without requiring actual fluid communication. In
organic shales, [9] reported bulk modulus variation with fluid saturation from fully brine-saturated
to hydrocarbon saturated, but no such dependency for shear modulus. The effect of pore fluids
on a k versus µ cross-plot, should then be entirely on k while leaving µ unchanged. This would of
course change the k versus µ relationship. However, regressions (9) and (10) for data entirely within
hydrocarbon saturated reservoir rocks show no dependency of either bulk modulus or shear modulus
with fluid properties and saturations. The change in bulk modulus from hydrocarbons saturated to
fully brine-saturated, should be generally larger than the change in bulk modulus as hydrocarbon
saturation varies within a reservoir. As we have excluded datapoints with brine-saturations greater
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than 70% from regression analysis, the fluid effect on rock bulk modulus as saturation varies should be
small. In addition, the effects of interrelated parameters such as pore fluid saturation and TOC are not
readily separated by multiple linear regression in these data and may mask any small fluid modulus
effect. Controlled laboratory experiments, though difficult to perform in shales, are needed to separate
the direct effect of varying fluid modulus from that of solid organic matter volume fraction.

Equations (7) and (8), both using the dynamic P-wave modulus, are the most promising for
prediction of the variation of bedding normal dynamic shear modulus throughout a reservoir with
limited information, and for application without local calibration. To apply Equation (7), only
compressional-wave sonic and density logs are required. Equation (8) requires these and volumetric
well log analysis compositions. Starting with P-wave modulus to predict shear modulus yields more
universal relations because factors such as porosity, pore fluid content, effective pressure, degree of
lithification and cementation, thermal maturity, pore and grain shape distribution, and structural
arrangement and distribution of constituents are all reflected to some degree in the P-wave modulus.
Within reservoir rock they do not apparently change the relationships between P-wave modulus and
shear modulus to the extent that compositional variables do. The most important compositional
variables are fractional volumes of solid organic matter, clay, and carbonates. As fractional volumes sum
to one, the fractional quartz volume is reflected in the other constituent volumes and can be thought of
as the background giving the regression intercept which is modified by the other compositions.

Figure 11 compares observed versus predicted shear moduli using P-wave modulus alone
(Equation (7)) and using modulus and composition (Equation (8)). A perfect prediction would have a
regression trendline between observation and prediction along the diagonal with a slope of 1 and an
intercept of 0. Using P-wave modulus alone (Figure 11a) gives a trendline slope of 0.85, an intercept
of nearly 2 GPa, and a squared correlation coefficient (R2) of 0.85; a good prediction with slope and
intercept not far from unity and zero, but suggesting bias manifesting as an underestimation of large
shear moduli and overestimation of small moduli. Adding compositional information with Equation
(8) improves R2 to 0.88 with slope of 0.95 and intercept of −0.16 indicating less bias.

The fact that a regression equation yields on average accurate predictions of shear modulus for all
the calibration data across all included formations does not mean that the depth-by-depth prediction
of shear modulus will be acceptable over a given logged interval. This becomes important in intervals
where compositions deviate significantly from the average composition in the calibration dataset. For
example, Figure 12 shows the observed dynamic shear modulus log in an interval of the Spraberry
formation. The predicted shear modulus using only P-wave modulus is clearly overestimated in the
intervals of lower shear modulus while the prediction incorporating compositional information is
generally better.

We performed out-of-sample validation on measurements available in the literature to test the
applicability of Equations (7) and (8) in different localities, different formations, and with different
measurement methods (laboratory versus log). Unfortunately, tabulated moduli and compositions are
not common, so in some cases we had to read values from logs or take averages to get representative
values. Compositions on lab samples are also problematical because those reported are not necessarily
for the same piece of rock the measurements are made on. Table 6 lists the samples we use for validation.
Figure 13 shows that moduli predicted for these samples using Equations (7) and (8) have standard
error of around 1.5 GPa, an acceptable result especially given the variety of unknowns associated with
using measurements from other sources that may result in inconsistencies. For example, the laboratory
measurements were made on dry samples rather than under in situ conditions, and log compositional
analysis can be variable depending on how constituents are defined or lumped. In log analysis, it is
not uncommon for there to be inconsistencies in the definition of clay volume or in how feldspars of
various kinds are handled. Considering these uncertainties and the small sample size for this test
we do not judge the difference in standard error between the methods to be significant. The good
correlation (R2 = 0.95) between predicted and observed moduli for both Equations (7) and (8) suggests
that the use of P-wave modulus is robust without local calibration.
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Figure 11. Predicted versus observed dynamic shear moduli. (a) using only P-wave modulus with
Equation (7), and (b) using P-wave modulus, and fractional volumes of TOC, clay, and carbonate with
Equation (8). The prediction using P-wave modulus and composition has a higher correlation, a smaller
standard error, and is closer to the diagonal (exhibiting less bias for small and large moduli).
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Figure 12. Observed and predicted dynamic shear moduli in an interval of the Spraberry formation.
The observed shear modulus log (black line) is straight lined over intervals where logged data were
excluded due to high water saturation or low TOC. Predictions are absent in those intervals. The
prediction using P-wave modulus alone (open blue circles) with Equation (7) is biased towards higher
shear moduli while the prediction with Equation (8) using P-wave modulus and composition (red plus
signs) is on average significantly more accurate over this interval. It is significant that the compositional
coefficients for Equation (8) were obtained for the entire dataset, including all seven formations, rather
than locally calibrated.

Figure 13. Comparison of predicted and observed dynamic shear moduli for the out-of-sample literature
data provided in Table 6. The open red circles are for predicted shear moduli made only with P-wave
modulus with Equation (7). The black plus signs are for predicted shear moduli using P-wave modulus
and volume fractions of solid organic matter, clay, and carbonate with Equation (8). The predictions are
excellent excepting the single datapoint with anomalously high shear modulus. The standard error is
1.5 GPa using Equation (8) and 1.6 GPa using Equation (7). R2 is 0.95 for both predictions.
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Table 6. Literature data used for validation. These data are from different formations than those
included in our database, or from the same formation but from different localities, or acquired in the
laboratory; each instance thereby constituting an out-of-sample test. Moduli are in GPa, density is in
gm/cc, and volume fractions are normalized to sum to one.

Formation Type Reference ρ M u XTOC XClay XQuartz XCarb u

Bakken log 27 2.18 15.9 7.1 0.26 0.21 0.38 0.15 7.1
Marcellus 1 log 27 2.55 34.9 12.3 0.10 0.37 0.43 0.10 12.3
Marcellus 2 log 27 2.28 17.9 7.0 0.23 0.32 0.37 0.08 7.0
Spraberry lab 9 2.57 57.4 21.6 0.02 0.28 0.67 0.03 21.6
Spraberry lab 9 2.49 42.2 15.8 0.06 0.32 0.59 0.02 15.8
Spraberry lab 9 2.55 49.7 18.8 0.02 0.32 0.62 0.04 18.8
Longmaxi log 21 2.60 39.5 12.6 0.10 0.53 0.26 0.11 12.6
Longmaxi log 21 2.41 40.5 13.9 0.19 0.19 0.57 0.05 13.9
Barnett 2 lab 6 2.65 84.0 32.0 0.03 0.05 0.43 0.49 32.0
Barnett 1 lab 6 2.43 37.0 16.0 0.10 0.38 0.51 0.02 16.0

Haynesville 1 lab 6 2.50 33.0 11.5 0.08 0.38 0.34 0.21 11.5
Haynesville 2 lab 6 2.61 58.0 20.0 0.04 0.21 0.24 0.51 20.0
Eagleford 1 lab 6 2.45 39.0 12.5 0.06 0.17 0.26 0.51 12.5
Eagelford 2 lab 6 2.50 52.0 16.5 0.05 0.10 0.15 0.71 16.5
Longmaxi log 38 2.35 34.1 13.6 0.11 0.63 0.27 0.00 13.6

5. Conclusions

We performed linear regression of sonic log compressional and shear-wave bedding normal
velocities in single vertical wells from each of seven different unconventional shale reservoirs: the
Spraberry, Wolfcamp, Avalon, Woodford, Eagle Ford, Cline, and Bakken formations.

Overall, and in each of these formations, relationships between compressional and shear-wave
velocities are well defined. Compressional-wave velocity is an excellent predictor of shear-wave
velocity with a correlation coefficient of 0.9 and a mean absolute error of 2.9% when using a single
equation for all seven reservoirs; when regressing individually for each reservoir the mean absolute
error is 1.7%.

Combined with a bulk density log, these velocities can be used to compute dynamic elastic moduli
logs including bulk, shear, and Young’s moduli and Poisson’s ratio.

Using measured dynamic P-wave modulus to predict shear modulus results in a high correlation
coefficient (0.92) with a standard prediction error of 0.92 GPa. Adding compositional variables to
the regression improves the correlation coefficient to 0.95 and reduces the standard error to 0.77 GPa.
Both regressions have high statistical significance with virtually nil probability of the correlations
being spurious.

Using bulk modulus alone as a predictor of shear modulus and a single linear regression equation
for all formations resulted in only a modest correlation (0.78) and relatively large error between
measurements and predictions of nearly 3 GPa. The error can be improved using formation specific
equations or regressing against volumetric compositional variables; the two most important being
fractional volume of organic matter and volume of clay in that order.

While average formation bulk modulus was found to be linearly related to volume faction of
TOC, average formation shear modulus is better predicted using the square of the volume fraction of
TOC. Using a single regression equation and only compositional variables for all formations, standard
prediction error was 1 GPa for average formation shear modulus and 0.75 GPa for bulk modulus. The
regressions indicate that both Young’s modulus and Poisson’s ratio decrease with increasing TOC
while increasing clay volume decreases Young’s modulus and increases Poisson’s ratio. Including other
variables in the modulus regressions such as porosity, carbonate content, and fluid properties, and
saturations did not improve the predictions appreciably and resulted in reduced statistical measures of
significance. However, it is unlikely that regressions containing only compositional variables alone will
remain valid outside of the calibration dataset due to variations in factors such as porosity, effective
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stress, fluid content, degree of lithification, and hydrocarbon maturity. Predictions using the plane-wave
modulus, with or without compositional information, promise to be more universally applicable.

Supplementary Materials: The following are available online at http://www.mdpi.com/1996-1073/13/22/6001/s1,
Table S1: Regression data.
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Appendix A Regression Statistics

The mean absolute error measures the average discrepancy magnitude between predicted and
observed values. At a given depth, discrepancy may be due to inadequacies in the model, but also
experimental error in the velocity measurements and the volumetric inputs to the velocity prediction.
When mean error is near zero, the mean absolute error is thus a good indication of the precision of
the method

Mean absolute error =
1
N

N∑
i=1

∣∣∣∣∣∣∣pi −mi

∣∣∣∣∣∣∣ , (A1)

where N is the number of datapoints tested (observations), the pi are the predicted moduli for each
sample i and the mi are the measured values for each sample.

The standard error is the square root of the variance of the prediction error and similarly an
indication of precision when mean error is near zero.

Standard error =
1

√
N − 1

√√√ N∑
i=1

(pi −mi)
2

 (A2)

Fisher’s F test statistic (F) is used to compare prediction models for fitting data as an indication
of the significance of a correlation. For prediction models that fit calibration data equally well (same
correlation coefficient and prediction error) the model with the greater F value is more statistically
significant. In our application, we use F to determine if the regression model provides a better fit of the
data than simply using the data mean. F is given by

F = (R2/K)/[(1 − R2)/(N − K − 1)] = explained variance/unexplained variance, (A3)

where R is the correlation coefficient and K is the number of variables used to fit the data. In general,
the more variables are required to achieve a given correlation and prediction error, or the fewer data
points to be fit, the lower F. In the extreme case where the number of variables is one less than the
number of data points to be fit, a perfect fit can be accomplished, but the denominator of (A3) goes to
infinity and F is zero. For a given fit to the data, the higher F, the better the regression model. The ‘art’
of linear regression is then, for a given N, to achieve a balance between the correlation achieved and
the number of variables used to achieve that correlation to maximize F. ‘Overfitting’ occurs when too
many variables are used to fit a small number of datapoints yielding a small F. This often results in
poor predictions for out-of-sample data not used in the calibration.

A spurious correlation is a high correlation achieved only by random chance. The fewer the
datapoints to be fit, and the more variables available to fit those data, the greater the probability of a
spurious correlation. The probability that the correlation achieved by a regression model is spurious is
called the significance of F (sig F). In our application, sig F is the probability that the real coefficients of
the independent variables are all zero, in which case no independent variables are useful and the mean
of the data is a better estimator. Usually a sig F less than 0.05 is taken to mean that the hypothesis that

http://www.mdpi.com/1996-1073/13/22/6001/s1
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the regression coefficients are all zero and the regression is therefore not statistically significant can
be rejected.

In this study, all regressions performed on moduli and volumetric logs were highly statistically
significant with high F and low sig F. The significance was helped by the large number of datapoints
relative to the number of variables in these cases. Numerous regression combinations, for example
those involving porosity and fluid parameters, were rejected as having inferior statistical significance
and were not presented here. On the other hand, regressions performed on average formation
properties involved only seven data samples, and the number of regression variables had to be kept to
a minimum to achieve acceptable significance tests (Table A1). Inspection of Table A1 suggests that
Equation (7) using P-wave modulus alone as a variable is by far the most robust regression model
while Equation (8), which adds compositional variables, matches the data best, and retains very high
statistical significance.

Table A1. Summary of modulus regression statistics. N is the number of observations. K is the number
of variables in the model. Units of standard error (Std Error) are GPa. Ris the correlation coefficient
between observations and predictions. Std Error is given by Equation (A2). F is the Fisher coefficient
and sig F is the significance of the regression.

Regression Model N K R Std Error F Sig F

Equation (6) 2038 1 0.78 2.79 3000 0.000

Equation (7) 2038 1 0.92 0.92 11,000 0.000

Equation (8) 2038 4 0.95 0.77 4424 0.000

Equation (9) 7 2 0.99 0.75 69 0.001

Equation (10) 7 2 0.93 1.0 12 0.020
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