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Abstract: Existing continuation power flow (CPF) models mainly focus on the regional independent
systems, which are not suitable for multi-area AC/DC interconnected systems because the market
trading behaviors and security control for power allocation of tie-lines are ignored. This study
presents a novel CPF model and its decoupling algorithm for multi-area AC/DC interconnected
systems incorporating a voltage source converter (VSC)-based multi-terminal direct current (MTDC)
network. This CPF model includes the following unique features: (1) In view of the bilateral power
trading contracts among regional subsystems, the nonlinear constraint equations of directional trading
active power via interface are derived, and the multi-balancing machine strategy is introduced to
realize the active power balance of each subsystem. (2) An accurate simulation method for the security
control behaviors of the power allocation in tie-lines is proposed, which includes a specific selection
strategy for automatic generation control units and a generation re-dispatch strategy. These two
strategies work together to prevent the serious overload in tie-lines during load growth and improve
the voltage stability margin of the interconnected bulk systems. (3) The switching characteristic
of reactive power control behaviors of VSC stations is simulated in the CPF calculation. In the
end, a novel decoupling CPF algorithm based on bi-directional iteration is presented to realize the
decomposition and coordination calculation. This decoupling algorithm preserves the precision and
convergence of integrated CPF algorithms, and it has an apparent advantage on the calculation speed.
Furthermore, this decoupling algorithm also can easily reflects the effects of the control mode changes
of VSC stations to the voltage stability margin of AC system. Case studies and comparative analysis
on the IEEE two-area RTS-96 system indicate the effectiveness and validity of the proposed CPF
model and corresponding decoupling algorithm.

Keywords: bilateral power trading contract; continuation power flow; multi-area subsystem; static
voltage stability; VSC-MTDC

1. Introduction

As a basic tool for static voltage stability analysis of power system, the continuation power flow
(CPF) method has been widely used in the security analysis and it has become a core function in
the energy management systems [1,2]. With the continuous development of electrical technology;,
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the modern power system already has the characteristics of multi-area AC/DC interconnection [3],
long-distance bulk power transmission, and large-scale renewable energy connection [4].

Under this new situation, the voltage source converter (VSC)-based multi-terminal direct
current (MTDC) transmission network becomes a highly potential optimal scheme for interconnected
tie-lines [3,5,6], because of its features of active and reactive powers that can be controlled
independently [7], immunization to commutation failure, and easy to extend to multi-terminal
networks [8]. Most studies about VSC-MTDC focus on the steady-state power flow model [7-10],
electromechanical stability [11,12] and control strategies [13-16], while related researches in the field of
CPF are very few [17-19]. In reference [17], the continuous parameter at the present operation point is
determined by an integrated prediction calculation firstly, and then an AC/DC power flow algorithm
based on alternating iterations will update the values of state variables. The effect of different VSC
controlling values on the voltage stability margin (VSM) is also discussed in [17]. Reference [18]
derived the computational formula for sensitivities of the load margin with respect to the active and
reactive power control parameters of VSCs. Based on the above sensitivities, an adjustment strategy
for the control parameter values is introduced. However, the corresponding studies in the field of CPF
cannot reflect the switching characteristics of reactive power control behaviors of the VSC stations
during the load growth.

Most recent research conducted in the field of CPF has focused on the problem of poor condition
at the saddle-node bifurcation point [20-22] and the nonlinear effect of varying parameters, such as
transmission branch parameters [23,24] and power injections [25]. Nevertheless, all existing studies
are for the independent regional grid, and little attention is paid to the market trading behaviors and
the power limitation of tie-lines in the interconnected systems. The voltage stability margin (VSM)
calculated by the CPF model can evaluate the maximum load increment in the interconnected systems
correctly only by fully considering the influence of the bilateral power trading contracts (BPTC) among
regional subsystems and accurately simulating the power control behaviors of tie-lines.

The current AC/DC interconnected bulk systems still have the following problems that need to
be solved when the CPF method is applied:

1. Simulation for the influence of BPTC on VSM

In the electricity market environment, the directional trading active power (DTAP) transmitted
between interconnected subsystems is determined using the BPTC and it cannot be changed during
the contract period even if the inner power flow of subsystems varies. This limitation is an essential
difference between the interconnected bulk systems and the independent regional grid. However, this
issue is neglected in the existing literatures on CPFE.

The automatic generation control (AGC) system is usually installed in the dispatching and control
centers of each subsystem. With the real-time adjustment of AGC system, the total DTAP via the
interconnected interface can approximate the predefined set value. Accurately simulating the control
behaviors of AGC units is difficult when the CPF model that considers BPTC is established.

2. Security control for power allocation of tie-lines

Multiple transmission tie-lines are usually between subsystems, and the power allocation of
tie-lines is determined by the impedance of branches and power injections. When the power injections
change unevenly, under the constraint of keeping the total active power transmitted via the interface
constant, the power allocation proportion of tie-lines will change considerably. In extreme situations,
serious overload or severe unbalanced power distribution in tie-lines may occur. Therefore, in actual
interconnected systems, the total balance of active power via the transmission interface should be
guaranteed. Moreover, the selected AGC units or even the units participating in the distribution of
load increment should not affect the power transfer security of tie-lines.
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The variation of the power allocation of tie-lines is ignored in existing CPF models, which only
focus on independent grid or simply render the tie-lines to be equal to the constant PQ load. This
negligence will introduce a significant deviation in the calculation of VSM.

3. Simulation for switching characteristics of reactive power control behaviors of VSC stations

The ability of VSC converter to independently control the reactive power results in two different
representations in the power flow algorithms, namely constant reactive power injection Qj; into AC
grid and the constant AC bus voltage magnitude V}; [8]. Therefore, the PQ or PV mode is usually
used to represent the reactive power control behaviors of VSCs in most power flow models on
VSC-MTDC [26,27]. The switching characteristics of reactive power control behaviors of VSC stations
should be considered during the load growth. For example, when the PQ mode is initially adopted, the
voltage magnitude of the AC bus connecting to the VSC will decrease gradually with the load increase
in the AC network. Once the voltage magnitude is below the lower security limit, the control mode of
the VSC should be switched from PQ to PV mode. Similarly, when the PV mode is adopted during
load growth and the reactive power injection into the AC grid exceeds its maximum adjustment range,
the control mode of the VSC should be switched from PV to PQ mode. Accurately simulating the
switching characteristics of reactive power control behaviors of VSC stations is a key problem to be
solved in CPF models.

To address the three aforementioned problems, the present work proposes a novel CPF model
for multi-area AC/DC interconnected bulk systems incorporating VSC-MTDC network (herein,
M-AC/VSC-MTDC systems). In view of the influence of BPTC among regional subsystems, the
nonlinear constraint equations of DTAP via the interface are derived, and a multi-balancing machine
strategy is introduced to realize the active power balance of each subsystem. An accurate simulation
method, which includes a specific selection strategy for AGC units and a generation re-dispatch
strategy, is proposed to simulate the security control behaviors of the power allocation of tie-lines for
avoiding serious overload or severe unbalanced power distribution of tie-lines during load growth.
Furthermore, the VSC-MTDC network is considered in the proposed CPF model, and a specific
switching strategy for VSC controlling modes is developed to simulate the actual reactive power
control behaviors of the VSC-MTDC network. All loads are assumed to increase simultaneously for
the sake of emphasizing the study’s focus.

In order to solve the proposed CPF model, a novel decoupling CPF algorithm based on
bi-directional iteration is also presented to realize the decomposition and coordination calculation
between AC systems and DC systems. The characteristics of this decoupling algorithm are summarized
as follows: (1) The decomposition and coordination process of AC and DC systems are based on strictly
equivalent linear transformation, hence, this decoupling algorithm can preserve the precision and
convergence of integrated CPF algorithms. (2) This decoupling CPF algorithm simplifies the hybrid
AC/DC prediction equation and correction equation, eliminates 6/7 DC variables, therefore it has an
apparent advantage on the calculation speed by comparing with the integrated algorithms. (3) This
decoupling algorithm can easily reflects the effects of the control mode changes of VSC stations to the
voltage stability margin of AC system. With the proposed decoupling algorithm, when the control
modes of VSC stations change, only several coefficient matrices that represent the interaction between
the AC system and DC system should be altered, and the prediction equation and correction equation
of AC system are not required to be modified.

The remainder of this paper is organized as follows. In Section 2, the power flow model for
the VSC-MTDC and the nonlinear constraint equations of DTAP are derived. Section 3 elaborates
the proposed CPF model for M-AC/VSC-MTDC interconnected systems. Section 4 describes the
decoupling algorithm for the proposed CPF model. In Section 5, five schemes are tested on the IEEE
two-area RTS-96 system. The simulations, comparisons, and analysis indicate the effectiveness and
validity of the proposed CPF model and decoupling algorithm. Finally, Section 6 concludes the paper.
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2. Power Flow Model For M-AC/VSC-MTDC Interconnected Systems

2.1. Power Flow Model for the VSC-MTDC Network

For the power flow modelling of a VSC-MTDC, the following assumptions are adopted:

(1)  Supply voltages are sinusoidal and balanced which contain only fundamental frequency and
positive sequence component.

(2) The harmonics generated by the converters are neglected.

(3) The switches are assumed to be ideal.

Figure 1 shows the steady-state physical model of a conventional VSC-MTDC network, which
consists of multi-bridge converters, converting reactors, AC filters, DC capacitors, and DC cables.
Normally, the AC bus that connects directly to the converter is called the point of common coupling

(PCC) [12].
S —_—
Psi > Qsi % @ SS{ @ S% —C [di
Vv I

Vci L eci

DC cable

Figure 1. Steady-state physical model of VSC-MTDC network. VSC: voltage source converter; MTDC:
multi-terminal direct current.

To express the model conveniently, the following variable symbols are defined. VSC; refers to
the ith VSC. For the VSC;, V;; is the voltage vector of the PCC bus; V,; is the line voltage vector of the
converter bridge output; ¢; is the difference of the above two phase angle, 6; = 0;; — 0,;; Xj; and X, are
the reactance of the converter reactor and AC filter, respectively; R; is the equivalent resistance that
represents the active power loss of the converter bridge; P; and Qg; are the active and reactive power
injection from the AC network into the VSC;, respectively; Vj; is the output DC voltage of VSC;; and
I is the DC current injecting into the MTDC grid.

For the power flow modeling of the VSC-MTDC network, when harmonics generated by the
converters are neglected, the power injection into VSC; can be expressed as:

Py +jQy = V[ (Vi — Via) / (R + jX;)]* €

With the pulse width modulation (PWM) technology, V,; is determined by Vj;;, modulation modes,
and modulation ratio M; (0 < M; < 1) [13,28,29]:

Vi = w;MiVyi/V2 )

where y; refers to the utilization rate of DC voltage, which depends on the modulation modes of
PWM. When the sinusoidal PWM is used, ; = v/3/2; conversely, #; = 1 when the space vector PWM
is applied.

The admittance and admittance angle of X;; and R; are Y; and «;, respectively, which can be

expressed as:
Y;=1/4/R? + X2 3)

a; = arctan(R;/ Xj;) 4)
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Substituting (2)—(4) to (1) yields:
®)

Py — \%yiMininiYisin(éi — ;) — V2Y;sina; = 0
Qsi + %#iMininiYiCOS@i — ;) — V3Ycosa; — VX = 0

The active power loss of the converter bridge is represented by R;; thus, the DC power injection
into the DC cables equals the active power injection into the converter bridge. This active power
balance can be expressed as:

. 1 .
Viilai — M;ViVyiYisin(6; + ;) + EV%M%V‘%’Yism‘xi =0 (6)

1
2 Hi
For the MTDC grid, gg;; is the cable conductance between DC bus i and j, and #. is the number of
DC buses. The power flow constrained equation of the DC grid can be expressed as:

¢
Loi— Y 8aijVaj= 0 @)
=1

A total of four associated state variables (i.e., Vi, V};, Psi, Qs;) are in VSC;, wherein two of them
should be set as the control objectives. The active power injection of VSC stations can be modeled in
three different ways: constant active power injection P;; mode, constant DC voltage V; mode [8] and
the DC voltage droop mode [13,30]. For the DC voltage droop mode, the relationship between Ps; and
V;; can be shown as:

Vmax _ lel’l
sp d d Py
Vailai — Py — W(Vdi B Vdi) =0 ®
s1 St

where P:lp and V;f are the specified values of active power injection and DC voltage, respectively; V31
and V7' are the upper and lower limited value of DC voltage, respectively; P;'®* and P;"" are the
maximum and minimum active power capacity of the VSC i, respectively.

Similarly, the reactive power injection of VSC can be represented in two different ways: constant
Q,; mode and constant V;; mode.

The following six combinations are commonly used: (1) constant Vj;; and Qs; control; (2) constant
Vi and Vj; control; (3) constant Py; and Qg; control; and (4) constant Py; and V}; control; (5) DC voltage
droop mode and constant Q;; control; (6) DC voltage droop mode and constant V}; control. The
generalized control equations of converters can be expressed as:

Ci(Vigi, Vi, Psiy Qsi) = 0 )

2.2. Power Flow Constraints of AC Buses

The AC buses include two types, namely, the inner AC buses ¢4¢ and the PCC buses ¢pcc. The
power flow constrained equations of the AC buses are expressed as:
Vi Z]’Ei V] (Gl‘]'COSQZ‘]'+Bi]‘Sin91'j) — Pgi+Pdi =0 .
. L IE€@ac (10)

Vi Ljei V;(Gysindy; — Bjjcostyj) — Qgi + Qai = 0

. FRAS (11)
Vi Lici Vi (Gjjsind;; — Bjjcosty;) — Qqi+Qui+Qsi = 0 prec

where Py and Qq are the active and reactive output of the generator at bus i, respectively; and P;; and
Qg; are the load at bus i.

{ Vi je; Vi (Gijcostji+Bjsindy;) — Pyi+Pyi+Psj = 0
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2.3. Nonlinear Constraint Equations of DTAP via Interface and the Multi-Balancing Machine Strategy

In this study, the multi-area interconnected system is assumed to be synchronous, in which the
tie-lines include several AC and DC lines. Figure 2 shows the schematic of the AC/VSC-MTDC
interconnected structure. The interconnected systems consist of three parts, that is, the AC active
networks (subsystem-A and -B), the DC tie-line network (an m-terminal DC transmission grid), and
the AC tie-line network (I AC tie-lines).

P, Qg Py Qsia
Active-network VS,C L VSC_ il Active-network
subsystem-A : DC network : subsystem-B
(A0) (A
P, Qs, P, Qs,

—_—
1 1
Pint 4 Qini

A B
¢[ I)tiz[ 4 Q;nt ¢[

Subsystem-A AC/DC tie-lines Subsystem-B

Figure 2. Schematic of multi-area interconnected system.

In the electricity market, the bilateral active power contracts among regional subsystems are
enforceable. The nonlinear constraint equations of DTAP via interface can be expressed as:

Y Pt L Pi—Py=0
i~ A k B i A
jegrs keg) €Pbcc (12)
P]lk = V]2G]k — V]'Vk (G]'kCOSij + Bjksinejk)

where (pf‘ and (plB are the terminal buses of the AC tie-lines located in subsystems-A and -B,
respectively; g4 refers to the PCC buses located in subsystem-A; ij and B jk are the conductance and
admittance of AC tie-line [, respectively; and Py is the specified DTAP transmitted from subsystem-A
to subsystem-B.

When the load varies or increases in the interconnected systems, the active power transmitted
in the AC and DC tie-lines should be controlled simultaneously to ensure that the total active power
transmitted via the interface satisfies the requirements of (12) constantly. For the DC tie-lines, the
active power control can be realized by setting the controlling modes of VSCs; whereas for the AC
tie-lines, the control of active power via AC interconnected interface can be realized by adjusting the
active power output of AGC units in each subsystem. The multi-balancing machine strategy is utilized
in this study to simulate the controlling behaviors of AGC units. Particularly, the slack bus (V0 bus) is
set in a major subsystem, of which the voltage vector is given. Simultaneously, a V bus is set in every
other subsystem, of which the voltage magnitude is given.

Generally, (5)-(12) form the power flow model of M-AC/VSC-MTDC interconnected systems,
and the model can be simply expressed as:

D(Vdi/ Idi/ 5i/ Mir Vti/ Psi/ Qsi) =0

f(x, Psi, Qg) = 0 (13)
S(x, Ps;) = 0

where x is the state vector of the AC buses, which includes the voltage amplitudes and voltage phase
angles; D(e) represents the power flow model of the VSC-MTDC network, which consists of (5)—(7)
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and (9); f (e) represents the power flow constraints of the AC buses, which consists of (10) and (11);
and S(e) represents the constraint equation of DTAP via interface, that is, (12).

3. CPF Model For M-AC/VSC-MTDC Interconnected Systems

On the basis of the power flow model established in Section 2, the load growth factor A,
the distribution of active power supply, the security control for power allocation of tie-lines, and
the switching characteristic of reactive power control behaviors of VSC stations should be further
considered when the CPF model for M-AC/VSC-MTDC interconnected systems is established.

3.1. Extended Parameterized Power Flow Equations

The conventional CPF process consists of four basic elements, namely, parameterization, predictor,
corrector, and step-length control [31]. Parameterization is the key part of mathematical modeling,
which often includes local [21,32], arc-length [31], and orthogonal parameterization [23,33]. Given the
quadratic characteristics of the parameterized equation and the large calculation residual, the PV
curves can converge rapidly in the upper part of the curve, and diverging near the nose point is
difficult when the arc-length parameterization is used. The arc-length parameterization is selected in
this study after comprehensive comparison with other parameterized methods.

The active load increment is usually assumed to be distributed by generators according to the
proportion of the residual active power capacity of each unit. The parameterized load and output of
units can be expressed as:

Pdi()\) = PdiO (1 + /\Kp,‘), i€ Qd
Qui(A) = Quio(1+AKy), i€ Qy
Pei(A) = Pgig+APL(A), i € Qg (14)
APL(A) = Tieq, ()\Kpjpdjo) %

where A is the load growth factor; Py and Qg are the initial active and reactive load at bus i,
respectively; Py is the initial active power output of the generator at bus 7; K),; and K,; are the active
and reactive load growth coefficients at bus i, respectively; Pyeserve,i is the current residual active
power capacity of the generator at bus i; and (); and ()¢ are the bus groups of load and generator
nodes, respectively.

When the Py, Qg, and Py; in (13) are replaced with the Py;(A), Qui(A), and Pyi(A) in (14),
respectively, and the arc-length parameterization method [31] is applied, the extended parameterized
power flow equation for M-AC/VSC-MTDC interconnected systems can be written as:

D(Vdil Idil 5ir Mil Vtir Psir Qsi) =0
f(x/ Psi/ Qsi/ /\) =0
S(x, Ps;) = 0 (15)

wix, A) = (x—x0)" (x—x0)+(A — A) — 2= 0

where w(x, A) is the arc-length parameterized equation; xy and Ag are the state vector and the load
growth factor at previous operation point, respectively; and o refers to the step size.

3.2. Security Control for the Power Allocation of Tie-lines

As mentioned in Section 1, during load growth, the power allocation proportion of tie-lines may
change considerably. In extreme situations, such change will result in serious overload or severe
unbalanced power distribution of tie-lines. The following strategies can be adopted according to the
practice experience:

Strategy-S1: When selecting AGC units, the units that have a deep influence on the power
allocation proportion of tie-lines (DIPA units for short) should be excluded.
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Strategy-S2: The maximum output of DIPA units should be limited during load growth, and these
units should not participate in the distribution of load increment.

Strategies-S1 and -S2 refer to the selection strategy for AGC units and the generation re-dispatch
strategy, respectively. The selection of AGC units and the distribution scheme of load increment for an
actual operating interconnected system are known in advance. Accordingly, this relevant information
should be considered in the CPF calculation. The above information cannot be fully informed for a
standard test system. In this situation, the sensitivity group Ké, which represents sensitivities of the
active power transmitted via tie-lines to the active power output of generators, can be calculated on
the basis of (13). The detailed calculation progress of Ké, is as follows:

Lj . .
KL = { kel |Vieq, je Qt,»d} (16)
0
W Pliet, j = Prier, | 17)
&i TPgiO

where, k gll] refers to the sensitivity of the active power transmitted via the jth tie-line to the active
power output of the generator i; (0, and (), refer to the groups of generators and tie-lines, respectively;
T refers to a small and constant growth factor of the active power output of generators, and it is set as
0.1 in this paper; Py is the initial active power output of generator i; P o, j refers to the active power
transmitted via the tie-line j of the initial power flow state; P}, j refers to the active power transmitted

via the tie-line j when only the active power output of generator i increases by 7Pgj. PS l, j and Pj, j
can be calculated with the power flow model established in Section 2, namely (13). Then, appropriate
AGC units and the generators participating in the distribution of load increment can be determined

using the ng and transmission security upper limit of tie-lines.

3.3. Switching Strategy of VSC Controlling Modes

As described in Section 2, in normal circumstances, the converters of VSC-MTDC network usually
work on control Mode 1), 3) or 5), and the reactive power injection Q,; into VSCs will remain stable.
Along with the load increase, if the voltage magnitude of PCC bus V}; is extremely low (e.g., below the
threshold value Vj,), then the control mode of VSC will convert from Mode 1) to Mode 2), from Mode
3) to Mode 4) or from Mode 5) to Mode 6). Meanwhile, the controlling target switches from constant
Qs to constant V};, and the voltage magnitude of PCC bus will be kept as Vi,. Similarly, if the VSC
has been working under the constant V;; mode and the reactive power injection into VSC exceeds the
limits, then the controlling mode of VSC will return to the constant maximum Qg mode.

4. Bi-Directional Iteration Algorithm for the Proposed CPF Model

The proposed CPF model, namely (15) can be divided into two parts: the constraint equations of
VSC-MTDC network, which refer to D(e); the constraint equations of AC systems, which consist of
f(e), S(e) and w(e). By observing the proposed CPF model, the following characteristics can be found:

(1) The constraint equations of AC and DC systems have common variables V};, Ps; and Qy;.

(2) According to the constraint equations of VSC-MTDC network, when there are n VSC converters,
then number of the corresponding constraint equations is 6n, and that of the variables
is 7n. The difference between the numbers of equations and variables makes the linear
transformation possible.

Based on the above characteristic, a novel decoupling CPF algorithm based on bi-directional
iteration is proposed in this section to realize the decomposition and coordination calculation between
AC systems and DC systems. For the convenience of description, the variables in DC constraint
equations (Vy;, 1, 6;, M;, V4, Ps and Q;) are defined as DC variables while the variable x in AC
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constraint equations is defined as AC variable, and the voltage magnitude of PCC bus V}; is chosen as
the common coordinated variable shared by above both.

The decoupling calculation process is summarized as follows: Firstly, the forward and backward
equations of prediction and correction steps are derived with linear transformation, which represent
the interaction between AC systems and DC systems. Secondly, all the other DC variables in the
prediction equation and correction equation will be substituted by V}; with corresponding forward
equations, then the prediction equation and correction equation only contain AC variable x. Thirdly,
the AC variables x at next operation point can be calculated by solving the simplified prediction
equation and correction equation. Finally, the DC variables at next operation point can be obtained by
the updated V}; with the corresponding backward equations. This iterative calculation process will be
continued until the saddle-node bifurcation point reaches. This decoupling algorithm preserves the
precision and convergence of integrated CPF algorithms, and it can easily reflects the effects of the
control mode changes of VSC stations to the VSM of AC systems.

4.1. The Forward and Backward Equations for the VSC-MTDC System

The main calculation steps of the CPF are prediction and correction [31]. Firstly, for the prediction
step, differential calculation is applied on both sides of the power flow constraint equation of
VSC-MTDC, namely D(e) in (15). Then the corresponding differential equation of DC system is:

X ] g
R B & + gy dvi=0 (18)
dQsi

where X; = [Vy;, Ly, 6;, M;]; dXy, dP;, dQ,; and dV; are the tiny increment of X, Py, Qs and Vy,
respectively; and the [0D /90X, 0D /0dP;;, 9D /9Qy] is the coefficient matrix of partial derivatives.
Apply the linear transformation to (18) and eliminate the coefficient matrix, then it can be obtained:

dpsi = ]5p5idvti
19
{ dQsi = - ]gll)Qsithi (19)
Xy = — [V (20)

where the | 5x, ] 5135 ;and | 5(2 ,; are the submatrices of coefficient matrix in the prediction obtained by
linear transformation. In this paper, the equation (19) is defined as the forward equation of prediction
step while (20) is defined as the backward equation of prediction step.

Similarly, for the correction step, when the Taylor series is applied to D(e), and the second and
higher order items are ignored, the following correction equation can be derived:

8o
[ R SR E | ari | gy AVe=-aD (21)
AQy

where AX;, APy, AQg; and AV}, are the deviations of the variables X, Psj, Qs and Vj;, respectively.
Apply the linear transformation to (21) and eliminate the coefficient matrix of partial derivatives,
namely [0D/9X;,0D /0P, 0D /9Qy;|, then the following equation can be obtained:

{ AP =~ JGpiAVii — Cp )

AQsi =— ]dCQSZ‘AVti - CQsi

AXy=—JS AV, —Cy (23)
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where the ng, ]gps ;and ]gQ .; are the submatrices of coefficient matrix in the correction step obtained
by linear transformation; C;, Cps; and Cqg; are the subvectors of the column vector obtained by linear
transformation. In this paper, the Equation (22) is defined as the forward equation of correction step
while (23) is defined as the backward equation of correction step.

Thus, the Equations (19), (20), (22) and (23) form the forward and backward equations for the
VSC-MTDC system. Concretely, the constraint equations of DC variables X; and V};, namely (20) and
(23), reflect the influence of the AC system on DC systems; the constraint equations of power injections
into VSC stations and V};, namely (19) and (22), reflect the influence of the DC system on AC system.

4.2. Prediction Step

Once a basic solution has been found (for A = 0), the next solution can be predicted by taking an
appropriately sized step in a direction tangent to the solution path. Appling the Tangent method [21]
to the constraint equations of AC network in the proposed CPF model, namely the f(e), S(e) and w(e)
in (15), then the prediction equation for AC network can be expressed as:

o df of o dPs;

5= 0
aPsi aQSl‘ ox JA dQ .
dS dS si _
o, O o O o | =10 (24)
0o o0 % % i +1

It should be emphasized here that V};, as the coordinated variable between AC and DC systems,
is part of the state vector x. Substituting (19) to (24) yields:

Hp Lp | . 0
Mp 0 l‘” ] = 0 (25)
Rp Sp +1

where Hp, Mp, Rp, Lp and Sp are the simplified coefficient matrices of prediction step after the
substitution. The detailed substitution process and expressions of above coefficient matrices are shown
in the Appendix A.

By solving (25), the tiny increment dx and dA can be calculated. Because dV; is part of dx, the dVy;
will be determined once the dx is determined. Substitute dV}; into (19) and (20), and then dP;, dQ,;
and dX, can also be obtained.

Then the prediction will be computed as:

X xm-1 dX,
P pn-t dP;;
:i = Q;:'l_l t0o dQsi (26)
x* xm—1 dx
A A1 dA

where superscript * denotes the predicted solution at the present operation point, and superscript
m — 1 demotes the corrected solution at the previous operation point. o refers is a scalar used to adjust
the step size.

4.3. Correction Step

The predicted solution obtained by (26) will be regard as the initial value of the extended
parameterized power flow equation (15). The Newton-Raphson algorithm is used for iterative
calculation until convergence. Use the Taylor series to express the constraint equations of AC network
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in the proposed CPF model, namely the f(e), S(¢) and w(e) in (15), and the second and higher order
items are neglected. The corresponding correction equations can be described as follows:

of  of Af Of AL A

E)Ps,- aQsi Jx oA AQ f

L0 £ oo =~ AS (27)
. dw  Jw Ax Aw

0o o0 % AL

Substituting (22) into (27) yields:

He Lc Ax Afc
Mc 0 A | = | ASc (28)
RC SC ch

where He, Mc, R¢, Lc and Sc are the simplified coefficient matrices of correction after the substitution;
Afc, ASc and Awc are the matrices of unbalanced quantities after the substitution. The detailed
substitution process and expressions of above matrices are shown in the Appendix B.

By solving (28), the increment Ax and AA can be calculated. Because AV; is part of Ax, the AV},
will be determined once the Ax is determined. Substitute AV; into (22) and (23), and then APg;, AQ,;
and AX, can also be obtained. So far, the corrected deviations of all variables have been calculated.

Update the variables at the present operation point by:

de X4 AXy
P S’? P, si AP, si
QZZ = Qsi | ] AQs (29)
x™ X Ax
Al A AL

where superscript m denotes the calculated result after the iteration of correction calculation.

When every iteration is completed, the convergence criterion of Newton-Raphson algorithm is
used to determine whether the correction calculation is completed or not. If it does not converge,
the next iteration will continue. If it converges, the correction step at the present operation point is
completed, and the prediction step at next operation point will begin.

Moreover, in this proposed decoupling algorithm, when the control modes of VSC stations change,
only the forward and backward equations that represent the interaction between the AC system and
DC system should be altered, and the prediction equation and correction equation of AC system are
not required to be modified. Thus, the proposed algorithm can easily reflects the effects of the control
mode changes of VSC stations to the VSM.

4.4. Step Control and Convergence Criterion of CPF

The variable step size algorithm in [19] is adopted in this paper, and the convergence criterion of
the proposed decoupling CPF algorithm is:

A< Aml (30)

where A" and A"~ refer to the load growth factor calculated at the present operation point and the
previous operation point, respectively.

4.5. The CPF Calculation Flow

Figure 3 below presents the calculation flow chart.
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'

=0.85p.u. ‘
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‘ Correction Calculation with Eq. (27)-(29) ‘
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‘ Update Variables and Calculate AD, Af, AS and Aw ‘
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Switching Control Modes
of VSC Stations

4

‘ Output the Corrected Solution X', P;", Q) x"and 4"
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4
Control Step Multiplier O

Examine all V,, :

any V, <V,
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‘ Derive the Forward and Backward Equations of Correction with Eq. (21)-(23) }4—

End

Figure 3. Calculation flow chart of CPF for M-AC/VSC-MTDC interconnected systems.

5. Case Studies

@
@)

®)

12 0f 23

To illustrate the validity of the proposed CPF model, five simulation schemes are tested on the
modified IEEE 2-area RTS-96 (MRTS) network [34]. In comparison with the existing CPF models, the
significant innovations of the proposed CPF model are as follows:

Considers the BPTC in the electricity market;

Simulates the security control behaviors for power allocation of tie-lines (a specific selection

strategy for AGC units and a new generation re-dispatch strategy are proposed);
Simulates the switching characteristic of reactive power control of the VSC station.
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The influence of the aforementioned points on the static VSM and the power security of tie-lines are
demonstrated successively through simulation and comparative analysis. Furthermore, for the solving
algorithm, the high accuracy and convergence speed of the proposed decoupling CPF algorithm are
also proved by comparing with the integrated CPF algorithms [17,21]. All programming are developed
and implemented in MATLAB.

5.1. Test Data of MRTS System

Figure 4 shows the modified single-line diagram of the MRTS network. On the basis of the
original case data, the following modifications are made. In the 345 kV system, lines 113-215 and
123-217 are replaced by a 4-terminal 300 kV VSC-MTDC network, and two AC lines (122-218 and
112-224) are added as the AC tie-lines. In the 138 kV systems, line 107-203 is deleted. As shown in
Figure 4, the entire test system is divided into two subsystems, namely, subsystems-A and -B. Bus 115 is
regarded as the slack bus of the interconnected systems, and bus 214 is the active power balanced bus in
subsystem-B.c. The AC tie-lines 122-218 and 112-224 and the four-terminal VSC-MTDC network form
the transmission interface between subsystems. The BPTC is assumed as follows. A 360 MW active
power is required to transfer from subsystem-A to subsystem-B directionally via the transmission
interface. According to the voltage level, the maximum active power transmitted via a single AC
tie-line should be no more than the upper limit of 240 MW. Table 1 shows the impedance information
of AC tie-lines. Table 2 presents the basic parameters, initial controlling modes, and the setting values
of VSCs.

Inner AC line

Bus 122 —— AC tie-line
—— DC tie line
Bus 121 Bus 221 @ VsC
Bus 123 —— ACTX
Bus 118
Bus 120
Bus 119 / Bus 219 /
Bus 213
Bus 124
Bus 103
us 206
Subsystem—A Subsystem—B
Figure 4. MRTS system with a 4-terminal VSC-MTDC network.
Table 1. Impedance information of AC tie-lines.
Line Resistance (p.u.) Reactance (p.u.) Susceptance (p.u.)

122-218 0.0490 0.3675 0.7735
112-224 0.0140 0.1050 0.2210
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Table 2. Basic parameters, initial controlling modes and setting values of VSCs.

Converter 1 2 3 4
Control Mode Vi/Qs Ps/Qs Ps/Qs Ps/Qs
X;; (pou.) 0.1121 0.1121 0.1121 0.1121
R; (pu.) 0.0015 0.0015 0.0015 0.0015

Vi (pu.) 2.0 - - -

Vi (p-u) - - - -
Qs (MVar) 18.62 6.19 —-26.21 —22.96

VSC: voltage source converter.

The sensitivity of active power transmitted via tie-lines to the active power output of generators
Ké can be calculated with (16)—(17). The sorted result is shown in Table 3.

Table 3. Calculation result of sensitivity.

Gen No. Ké Gen No. Ké
122 —0.1743 123 0.0467
107 0.0766 218 0.0324
102 0.0726 221 0.0218
101 0.0718 222 0.0218
114 0.0718 115 —0.0172

In Table 3, sensitivity Klg indicates that when the active power output of the generator increases
by 1 MW, the active power transmitted via tie-line 112-224 will increase Klg MW and that transmitted
via tie-line 122-218 will decrease Klg MW accordingly. The sensitivity result shows that the generator
at bus 122 is the DIPA unit, which has a deep influence on the power allocation. When the switching
strategy of VSC controlling modes is adopted, the Vj. is set to 0.85 (p.u.).

5.2. The Influence of BPTC on VSM

The influence of BPTC on the VSM in the CPF calculation can be illustrated by comparing the
simulation schemes M1 and M2. The control information of M1 and M2 are detailed as follows:

Scheme M1: The proposed CPF model in this study is applied. The nonlinear constraint equations
of DTAP derived from the BPTC are considered. The security control behaviors for power allocation of
tie-lines and the switch strategy of VSC controlling modes are also simulated in this scheme.

Scheme M2: All subsystems are simulated independently while ignoring the BPTC. The AC or DC
tie-lines are assumed to be equivalent to the constant loads at the boundary buses of subsystems, and
the equivalent loads can be calculated by the initial power flow. The controlling modes of VSCs are
remained constant during load growth.

In the CPF, the critical load growth factor Amax, which refers to the ratio of maximum additional
load increment to the initial load, is commonly used to characterize the VSM. The Apax and the
maximum active power transmitted in AC tie-lines under different schemes are shown in Table 4.
Schemes M3, M4, and M5 are the comparative schemes used in the latter part of this study, and their
control information will be discussed in detail.

Table 4. Maximum load growth factor and maximum active power transmitted in AC tie-lines.

Scheme Anax Maximum Active Power Transmitted (MW)
M1 1.3102 235.03
M2 1.0857 163.09
M3 1.1744 294.76
M4 1.1907 257.92

M5 1.1179 227.15
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The Amax in Table 4 indicates that the critical load growth factor in scheme M1 is 1.3102, whereas
that of scheme M2 is 1.0857, wherein the former is 1.21 times the latter. Hence, the VSM result will
deviate far from the reality when the CPF model based on PQ equivalent method is applied.

Figure 5 shows the curves of transmission power in AC tie-line L1 and L2 under scheme M1.
L1 refers to line 112-224, whereas L2 refers to line 122-218. If the value of power is positive, then
the power direction is from bus 112 to bus 224 or bus 122 to bus 218. As shown in Figure 5, with the
load growth, the active power transmitted in L1 will decrease from 163.09 MW to 65.90 MW, and the
reactive power transmitted in L1 will reverse from 10.86 MVar to —43.35 MVar. Apparently, with the
introduction of BPTC, the power allocation proportion of tie-lines will have a dramatic change. Thus,
the VSM under scheme M1 distinctly differs from that under scheme M2.

P transmitted via L1 P transmitted via L2
200 250
~ 150 < 200
= =
S =S
o, 100 Ay 150
50 : ' 100 - -
0 0.5 1 1.5 0 0.5 1 1.5
Load growth factor A Load growth factor A
Q transmitted via L1 Q transmitted via L2
20 80
~ 0 /g 60
<
= >
E 20 g/ 40
O 40 S
-60 0
0 0.5 1 1.5 0 0.5 1
Load growth factor A Load growth factor A

Figure 5. Curves of transmission power in AC tie-lines under scheme M1.
5.3. The Influence of the Selection Strategy for AGC Units

The influence of the proposed selection strategy for AGC units on the VSM and the power transfer
security of tie-lines can be illustrated by comparing schemes M1 and M3. Scheme M1 has been
previously described, and the control information of M3 is detailed as follows:

Scheme M3: This scheme is identical to scheme M1 in other aspects except for not simulating
the selection strategy for AGC units, namely, Strategy-S1. Concretely, the DIPA unit (the generator
at bus 122) is selected as an AGC unit. When the multi-balanced strategy is utilized to simulate the
controlling behaviors of AGC units, bus 122 is also set as the slack bus.

As shown in Figure 6, the difference of active power transmitted in tie-lines L1 and L2 initially
decrease and then increase later under scheme M1. Furthermore, the maximum active power
transmitted in tie-lines does not exceed the security upper limit 240 MW. On the contrary, under
scheme M3, the difference of active power transmitted in tie-lines increases continuously. When A
reaches 0.8287, the active power transmitted in line L2 breaks through the security upper limit of 240
MW and continuously increase with the load growth. Therefore, in comparison with scheme M3, the
active power allocation of tie-lines under scheme M1 is more balanced, and the requirement of security
control for transmission active power in AC tie-lines is satisfied. Table 4 shows that the Aax under
scheme M1 is 1.3102, and that under scheme M3 is 1.1744, wherein the former is 1.12 times of the latter.

The above simulation results indicate the following analysis. In addition to load increment, the
AGC units also balance the active power loss of the entire interconnected systems. If the DIPA units
are selected as the AGC units, the active power outputs of these units will increase rapidly during
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load growth. Then, the power allocation of tie-lines will change considerably, and the transmission
active power in several tie-lines will exceed the security upper limit. In this situation, the VSM of the

interconnected systems will decrease.
Figure 6 shows the curves of transmission active power in AC tie-lines under schemes M1 and M3.

M1
240 300

220

200 0

180 200

2 160

§
~ 140
P~
120
100

50
80

60 ‘ ‘ | 0 ‘ ‘ |
0 0.5 1 15 0 0.5 1 15
Load growth factor A Load growth factor A

Figure 6. Curves of active power transmitted in tie-lines under schemes M1 and M3.

5.4. The Influence of the Generation Re-Dispatch Strategy on VSM

The influence of the proposed generation re-dispatch strategy on the VSM and the power transfer
security of tie-lines can be illustrated by comparing schemes M1 and M4. Scheme M1 has been
previously described, and the control information of M4 is detailed as follows:

Scheme M4: This scheme is identical to scheme M1 in other aspects except for not simulating the
generation re-dispatch strategy, namely, Strategy-S2. In other words, the DIPA unit can participate in
the distribution of load increment.

Figure 7 shows the V-A curves of typical buses (e.g., bus 103) under schemes M1 and M4, and the
Figure 8 shows the curves of transmission active power in AC tie-lines under schemes M1 and M4.

<
)

e
o

Vm of bus-103 (p.u.)
o
=

<
Y

0 Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4
Load growth factor A

Figure 7. V-A curves of typical buses under schemes M1 and M4.
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Figure 8. Curves of active power transmitted in tie-lines under schemes M1 and M4.

The V-A curves in Figure 7 show that the critical load growth factor of scheme M1 is larger than
that of scheme M4. As shown in Table 4, the A, under scheme M1 is 1.3102 and that under scheme
M4 is 1.1907. These results demonstrate that the VSM of the interconnected systems will be improved
when the Strategy-S2 is applied. In comparison with scheme M1, the active power allocation of AC
tie-lines under scheme M4 is relatively more concentrated (Figure 8). When A reaches 1.1225, the
transmission active power in L2 exceeds the security upper limit of 240 MW under scheme M4. Thus,
the VSM of scheme M4 is lower than that of scheme M1.

5.5. The Influence of Simulating the Switching Strategy for Reactive Power Control of VSC Stations

The influence of the proposed switching strategy for VSC controlling modes on the VSM can be
illustrated by comparing scheme M1 and M5. Scheme M1 has been previously described, and the
control information of M5 is detailed as follows:

Scheme Mb5: On the basis of scheme M1, the switching strategy of VSC controlling modes is
not simulated.

Figure 9 shows the V-A curves under schemes M1 and M5, where bus 103 represents the common
voltage weak buses and bus 113 refers to the PCC bus.

[ 1.05p ‘
! —ToML | —==M1
|
0.9 ‘ —_— 5 1 : —_
|
|
08t 0.95F |
: . . |
ozt Triger Point \\ a® !
rigger Fomn
8 i \ 2 085t = o
= 06t A =0.92 \ o
2 ! 2 osf : ;
Q /4 o U Trigger Point
5 0.5¢ / 5 Z
; J/ ; o5l A=092
> 04 | R4 >
’ ‘ 07
|
r -
0.3 > -~ 0.65[
02 ‘ ‘ ‘ L ‘ ‘ ‘ ‘ ‘ b ‘ ‘
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Load growth factor A Load growth factor A

Figure 9. The V-A curves under schemes M1 and M5.

Under scheme M1, when A reaches 0.92, the voltage magnitude of bus 113 is below the threshold
value Vi, 0.85. Then, the switching strategy of VSC controlling modes is activated. The controlling
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mode of VSC 1 switches from Mode 1) to Mode 2), and the voltage magnitude of bus 113 is prevented
from continuing to decrease. The PCC buses are the key buses in the AC/DC interconnected systems.
The VSM of the entire system can be improved when the voltage stability of PCC buses is guaranteed.
As shown in Figure 9, even the common voltage weak buses can bear more load increment under
Scheme M1. The simulation results in Table 4 imply that the critical load growth factor of scheme M1
is 1.3102 and that of Scheme M5 is 1.1179. Therefore, the VSM of interconnected systems is improved
by 17.2% after adopting the switching strategy of VSC controlling modes.

5.6. Comparisons and Analysis of the Proposed Decoupling CPF Algorithm and the Integrated Algorithms

The computational accuracy and calculation speed of the proposed decoupling CPF algorithm
can be illustrated by comparing with the integrated CPF algorithms in [17] and [21]. Reference [21]
firstly proposed the CPF algorithm for AC systems, and all subsequent studies about CPF were its
expansions and improvements. As one comparison, the prediction-correction calculation process of
this algorithm will be applied to solve the CPF model for M-AC/VSC-MTDC interconnected systems
in a centralized way. Reference [17] proposed a CPF algorithm for a hybrid AC/DC system with
two-terminal VSC-HVDC, the main calculation of which is composed of an integrated prediction
calculation and a distributed power flow calculation. As the other comparison, this algorithm will
be extended to multi-terminal DC network. For the fairness of the result comparison, the arc-length
parameterization will be adopted in all these three algorithms. To express these three algorithms
conveniently, the proposed decoupling CPF algorithm, the integrated CPF algorithm in [17] and the
integrated CPF algorithm in [21] are defined as DCA, ICA—I and ICA—II, respectively.

Table 5 shows the calculated critical load growth factor Amax, the steps of prediction-correction,
the numbers of iterations and the total calculation time of the proposed decoupling algorithm and the
integrated algorithms under Scheme M1.

Table 5. Comparisons of proposed decoupling CPF algorithm and integrated algorithms under M1.

DCA ICA—-I ICA—II
Critical load growth factor Amax 1.3102 1.3163 1.3085
Steps of prediction-correction 99 99 99
Numbers of iterations 417 752 417
Total calculation time (s) 4.8562 6.4755 7.5068

Firstly, the computational accuracy of these three algorithms is compared and analyzed.
By observing the simulation results in Table 5, the Ay calculated by these three CPF algorithms
are very close, which all are around 1.31. Furthermore, the steps of prediction-correction required to
increase initial load to the maximum in these three algorithms are the same. These results demonstrate
that the proposed decoupling CPF algorithm has very high computational accuracy, and it is highly
consistent with the integrated algorithms not only in the ultimate result, but also in the intermediate
process. Theoretically, the forward and backward equations derived in the proposed decoupling
algorithm are based on the strictly equivalent linear transformation, therefore its calculation accuracy
is completely equivalent to the integrated calculation.

Then the calculation speeds of these three algorithms are compared and discussed. The total
calculation time of the proposed decoupling CPF algorithm, ICA—I and ICA—II are 4.8562, 6.4755
and 7.5068 seconds, respectively. In addition, the numbers of iterations of these three algorithms are
417,752 and 417, respectively. Obviously, the proposed decoupling CPF algorithm has an apparent
advantage on the calculation speed by comparing with the other two integrated algorithms. With
the bi-directional iteration, the proposed decoupling CPF algorithm simplifies the hybrid AC/DC
prediction equation and correction equation, eliminates 6/7 DC variables and only retains the variable
V4. This algorithm reduces the dimensions of calculation equations in each prediction-correction step
and improves the calculation speed.
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6. Conclusions

This study proposes a novel CPF model for M-AC/VSC-MTDC. The BPTC among subsystems,
the security control behaviors for power allocation of tie-lines, and switching characteristic of reactive
power control behaviors of VSC stations are considered in the proposed model. Furthermore, a
novel decoupling CPF algorithm based on bi-directional iteration is also presented to realize the
decomposition and coordination calculation. Case studies and comparative analysis on the IEEE
two-area RTS-96 system indicate the effectiveness and validity of the proposed CPF model and
decoupling algorithm. The following conclusions can be drawn:

(1) The BPTC has a great influence on the CPF calculation for interconnected systems. Ignoring
this influence will render the calculated VSM deviate far from reality. The derived nonlinear
constraint equations of DTAP and the multi-balancing machine strategy have been proven
effective in simulating the influence of BPTC on CPF calculation.

(2) In the case studies, the simulation result shows that the power allocation proportion of tie-lines
will change considerably during load growth. In extreme situations, serious overload in tie-lines
may occur. The proposed selection strategy for AGC units and the generation re-dispatch strategy
can work together to prevent the overload in tie-lines and improve the VSM.

(3) The switching characteristic of reactive power control behaviors of VSC stations is simulated in
the CPF model. The simulation shows that the VSM of the M-AC/VSC-MTDC interconnected
systems will improve remarkably when the switching strategy is adopted.

(4) The simulation result demonstrates that the proposed decoupling CPF algorithm has very high
computational accuracy, and it is highly consistent with the integrated algorithms not only in the
ultimate result, but also in the intermediate process. At the same time, the simulation comparison
also shows the proposed decoupling CPF algorithm has an apparent advantage on the calculation
speed by comparing with the integrated algorithms.
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Appendix A

The detailed substitution process from equations (24) to (25) and the expression of the coefficient
matrices in the prediction step are described here.
As mentioned in the Section 4, the coordinated variable V}; is part of the state vector x, thus x can
be expressed as:
x = [V, x] (A1)
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where V}; refers to the voltage magnitude of PCC bus; x refers to state vector of the AC buses, which
includes the voltage amplitudes and voltage phase angles; and x; represents all the remaining variables
in x except V};. Then the equation (24) can be rewritten as

dpPy;
af af af of of 5t
B Qi Ty AW AR dQsi 0
a0 o oy O dx, | =1 0 (A2)
0 0 & 2 ||dvy +1
aA
Substituting (19) to (A2) yields:
—71P 4v..
9 f 9 f 9 f 9 f P f ]%Psz ti
B Qi Ty T 9 —JaosiVii 0
o 0 ow v O dx; =10 (A3)
0 0 a—;‘: af/‘t’i e avy +1
ai
The equation (A3) can be simplified as:
d d
aT{, h % dx, 0
2 [ 0 vy | =1 0 (A4)
J J
a—;‘i a—f,‘; B ai +1
where: of of of
P P
=~ iAp. ‘ A5
h ]dPsz apsi ]dQsz aQsi + thl ( )
dS as
_ _qp 92 9>
]2 - ]dPSlaPsi + a‘/tl (A6)

According to the variable relationship in (Al), equation (A4) can be rewritten as (25). The
expressions of coefficient matrices in the prediction step, namely Hp, Mp, Rp, Lp and Sp in (25) are

shown as: ;
Hp=| 3
Mp=| % ]
—| 2 0 A7
Rp_i oo } (A7)
Lp=29L
Sp=92
Appendix B

The detailed substitution process from equation (27) to (28) and the expression of the coefficient
matrices in the correction step are described here. Based on (Al), the equation (27) can be rewritten as:

o or o of o q| Ok

I B A B

9Py W xr | = —| AS (A8)
0 0 o X AVyi Aw

AA
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Substituting (22) into (A8) yields:

where:

of of of 9f Of
% 9Qs; % % oA _]dCQsiAVti - CQsi Af
D, 0 ? aav” aO Ax, = — 1| AS (A9)
0 0 a—;‘j a"}t’i B AVy Aw
AA
Then the equation (A9) can be simplified as:
o) o)
aachr I3 % Axy A f C
o Ja 0 AVy | = — | ASc (A10)
o0 0 o)
a—;‘i 3\% o AA Aw
_ c of c of of
Js= — ]dPsiWsi - ]gSQsi@ Vi

_ _qC 8
Ja= —Iipsiap; + av; ,
Afc=Af— Wj;cpsi - WJ;CQsi
ASc = AS — ;Tssicpsi

(Al1)

According to the variable relationship in (A1), equation (A1l) can be rewritten to (28). The

expressions of coefficient matrices in the correction step, namely Hc, Mc, Rc, Lc and Sc in (28) are

shown as:
He = a% J3
Mc = chSr Ja
- & i) i
Lc = 37%(,
Sc = i
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