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Abstract: Based on fractal geometry theory, the Hagen–Poiseuille law, and the Langmuir adsorption
law, this paper established a mathematical model of gas flow in nano-pores of shale, and deduced a
new shale apparent permeability model. This model considers such flow mechanisms as pore size
distribution, tortuosity, slippage effect, Knudsen diffusion, and surface extension of shale matrix.
This model is closely related to the pore structure and size parameters of shale, and can better reflect
the distribution characteristics of nano-pores in shale. The correctness of the model is verified by
comparison with the classical experimental data. Finally, the influences of pressure, temperature,
integral shape dimension of pore surface and tortuous fractal dimension on apparent permeability,
slip flow, Knudsen diffusion and surface diffusion of shale gas transport mechanism on shale gas
transport capacity are analyzed, and gas transport behaviors and rules in multi-scale shale pores are
revealed. The proposed model is conducive to a more profound and clear understanding of the flow
mechanism of shale gas nanopores.
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1. Introduction

Shale gas reservoirs have different reservoir formation modes and reservoir physical properties
from conventional gas reservoirs, which leads to the complexity and multi-scale characteristics of shale
gas percolation. Therefore, it is necessary to systematically analyze the gas migration mechanism
in pore structures of different scales. Due to the nanoscale pore size of shale and the coexistence of
multiple gas migration mechanisms, it is very challenging to simulate gas flow in the nanoscale pores
of shale [1,2]. Most scholars have established the flow mathematical model and deduced the shale
gas apparent permeability model mainly by dividing the flow pattern and considering the multiple
migration mechanism of shale gas. Kuuskraa systematically analyzed the transport mechanism of shale
gas and concluded that shale gas reservoirs are triple porous media. Shale gas transport mechanisms
include gas desorption diffusion and Darcy flow. However, he did not propose a three-hole model
considering multiple seepage mechanisms [3]. Roy and Raju defined the Knudsen number expression
by using the average free path of gas molecules and pore radius of shale and other parameters, divided
the flow of gas in shale pores into slip-off flow and transition flow, and believed that Darcy’s flow
law was not applicable to describe the gas migration of shale nanoscale pores [4]. Javadpour further
established a mathematical model for gas flow considering diffusion and adsorption. By comparing
this model with the conventional Darcy flow equation, the expression of apparent permeability is
obtained [5]. This permeability can be applied directly to reservoir numerical simulation. It is shown
that the ratio of apparent permeability to Darcy permeability increases with smaller pore size. Therefore,
the influence of various migration mechanisms on the study of gas migration law of nano-pores in
shale cannot be ignored. However, this theoretical model is based on the single-pipe model, without
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considering the actual complex pore structure of shale and the high-temperature and high-pressure
characteristics of shale reservoir. Freeman established a multi-component fluid flow model based on
micron-nanometer scale pore media by considering the interaction mechanism of convection, Knudsen
diffusion and molecular diffusion [6]. In the same year, Curtis studied and described the structural
characteristics of micron and nanometer shale by focusing ion beam and scanning electron microscope.
The research results show that the physical characteristics of shale gas flow change with the change of
pore radius, and the classic Darcy’s law is no longer adaptive [7]. Under the pore size of shale observed
by scanning electron microscope, it is necessary to consider the introduction of new flow mechanism
when shale gas is transferred in reservoir. Ebrahim considered shale as a nano-pore medium, and
proposed to study the flow of gas in nano-scale pore materials by using the Lattice Boltzmann method.
It was believed that particle transport included the slippage of free gas molecules and the interfacial
transport of adsorbed gas molecules. Studies show that there is a critical numeral, beyond which
molecular slippage and interfacial transport may lead to the generation of molecular flow, which will
improve the gas migration ability in the nanopores of organic matter [8]. Shabro considered slippage
effect, Knudsen diffusion and adsorption and desorption, established pore scale seepage model, and
quantitatively analyzed the contribution of Knudsen diffusion, adsorption and desorption to the whole
flow. Studies show that slip flow and Knudsen diffusion have important effects on the apparent
permeability of shale reservoirs. Gas desorption reduces shale reservoir pressure slowly, and slippage
and Knudsen diffusion increase apparent permeability, which explains why actual production is higher
than expected [9]. Michel modified Beskok and Karniadakis’ equations to describe flow problems
in nanoscale pores of shale reservoirs and extended the influence of arbitrary pore size distribution
on apparent permeability under real gas conditions [10]. Freeman proposed a numerical model that
can describe the porous size function of the diffusion and desorption process in shale. Combining
macroscopic (reservoir fracture) and microscopic (diffusion of nanopores) physical phenomena, the
model shows how gas composition varies over time and space during production [11]. Based on the
research results of Javadpour and Swami and Settari established a single-tube flow model of shale
gas in nanoscale pores by considering multiple seepage mechanisms such as Darcy flow, Knudsen
diffusion and slippage effect. The finite difference method is used to solve the model, and the influence
of Knudsen diffusion and slippage effect on gas production is analyzed and studied. The results show
that the influence of the above factors on the production of shale gas reservoir must be taken into
account [12,13]. Guo established the mathematical model of shale nano-pore seepage based on the
convection-diffusion model, and deduced a new calculation formula of relative permeability. The
reliability and accuracy of the model are verified by comparing with experimental data [14]. Singh
ignored the slippage effect and derived the analytical formula of apparent permeability. The formula is
only related to pore radius and pore morphology. It is considered that this model is applicable to all
shale reservoir conditions where Knudsen number is less than 1 [15]. Mohammad et al. established
the shale gas apparent permeability model based on gas dynamics principle. The results show that the
gas molecular weight and temperature have significant effects on the apparent permeability, while the
Tangential Momentum Accommodation Coefficient (TMAC) coefficient has the least effect. Through
experimental study, it is found that there is no linear relationship between the apparent permeability
and the adsorption concentration [16]. With the increase of the adsorption concentration, the influence
of the adsorption concentration on the apparent permeability increases. Zhang established a new shale
gas apparent permeability model by comprehensively considering slippage effect, Knudsen diffusion
and surface diffusion, and verified it through experimental data. The research shows that when the
local layer pressure decreases, the influence of surface diffusion on gas transportation in shale gradually
increases, which cannot be ignored. When the local layer pressure is high, the effect of surface diffusion
can be ignored [17]. Wang established a shale gas apparent permeability calculation model in real
gas state by considering adsorption and desorption, stress sensitivity, non-Darcy effect and surface
diffusion. Single-layer adsorption and multi-layer adsorption were described by uniform equation.
The contributions of different flow mechanisms to apparent permeability and the sensitive parameters
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of apparent permeability are analyzed [18]. Wu established a model for calculating shale apparent
permeability by considering the transport mechanism of free gas and air suction. It is considered that
the total mass flux cannot be represented by the sum of Darcy flow mass flux and Knudsen diffusion
mass flux, and the weight factors of Darcy flow mass flux and Knudsen diffusion mass flux are proposed
based on the probability of molecular collision. The Langmuir isothermal adsorption equation and the
material balance equation were used to calculate the apparent permeability [19]. Based on the fractal
theory, Wang et al. deduced an analytical model for the apparent permeability of tight gas/shale gas
under the conditions of gas convection and diffusion, and compared the experimental data to verify
the accuracy of the model. But the flow characteristics of shale gas are not fully considered [20]. Wang
et al. used logarithmic normal distribution function and cylindrical capillary to characterize pore size
distribution in porous media and nanopores in matrix respectively, and proposed a real shale matrix
pore gas transport model [21]. Zhang et al. established a random apparent liquid permeability model
that considers the wettability and pore size related liquid slip effect, total organic carbon content, and
the structural parameters. The results reveal the transport mechanism of dual wettability nano-porous
shale [22]. Li et al. used the 3D intermingled-fractal model to derive a new permeability model for the
organic-rich shale nanopore matrix and Shen et al. also developed an apparent permeability model of
shale nanopores, which describes the adsorptive gas flow behavior in shale by considering the effects
of gas adsorption, stress dependence, and non-Darcy flow [23,24]. In addition, there has been recent
work showing that the constitutive equations of classical density functional theory, molecular dynamic
simulations, Lattice Boltzmann and multi-continuum are able to reproduce more complex molecular
dynamics simulations fluids in nanopores [25–28].

In previous studies on apparent permeability model in nano-pores of shale gas, the influences
of pore structure, slippage effect, Knudsen diffusion and surface expansion on pore flow of shale
matrix have not been comprehensively considered [29–31]. However, as shale reservoirs are different
from conventional reservoirs in physical characteristics and gas occurrence characteristics, it is
necessary to comprehensively consider each influencing factor when establishing flow mechanism.
To achieve this goal, a new shale gas apparent permeability model is established based on fractal
geometry theory, Hagen–Poiseuille law, and Langmuir adsorption law, which can be well matched
with experimental data. This model integrates all characteristics of shale gas and is an important
innovation in studying shale gas flow mechanism. This model can be a good reference for scientific
research and engineering application.

2. Establishment of Multi-Scale Flow Mechanism of Shale Gas

2.1. Fractal Porous Media Model

Previous mathematical models of gas flow in shale matrix are based on the tortuous bundle
model with uniform radius. However, the pore structure of shale matrix is extremely complex and
random. The pore radius of shale is distributed at 0.3–300 nm [32], while the complex structure of
matrix pores can be described by fractal geometry theory within a certain scale. Therefore, based
on the fractal geometry theory, the tortuous bundle model with uneven pore radius distribution is
adopted to characterize shale [19,33,34]. The physical model is shown in Figure 1.
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Figure 1. Shale tortuous bundle model.

The fractal porous media is composed of capillary bundles or pores with different sectional radii,
and the tube radii of capillary bundles satisfy the fractal scale law, so the cumulative distribution of
pore sizes in the unit section of the matrix is [35–38].

N(L ≥ D) =
(Dmax

D

)Dp

(1)

where N is the number of channels; L is the length scale; Dmax is the pipe diameter of the largest
capillary tube bundle, m; D is the fractal dimension of hole area.

Assuming that the distribution of pore size is continuous, the differential equation of pore diameter
D in Equation (1) can be obtained

− dN = DpD
Dp
maxD−(Dp+1)dD (2)

where −dN > 0 represents the cumulative number of pores increases with the decrease of pore diameter,
so the total pore area on the flow section Ap is

Ap = −

∫ Dmax

Dmin

1
4
πD2dN =

∫ Dmax
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4
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where Dmin is the smallest capillary tube bundle pipe diameter, m.
Assuming that the porosity of the fractal porous media surface is equal to the volume porosity,

the flow cross-sectional area (A) is

A =
Ap

φ
=

πDpD2
max

4φ
(
2−Dp

) [1− ( Dmin

Dmax

)2−Dp
]

(4)

where φ is the porosity.
The relationship between length of tortuous capillary tube and radius of capillary tube can be

expressed as fractal power law [39]:
L(D) = D1−Dt LDt

0 (5)

where Dt is the fractal dimension of tortuosity; L0 is the characteristic length of the capillary along the
flow direction, m.

2.2. Shale Gas Multi-Scale Flow Model

Due to the random distribution of pore size in the shale matrix and different storage mechanisms
(including viscous flow, free gas slip flow, transition flow and surface diffusion generated by adsorption
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and desorption) [25,40,41], there are multiple gas migration mechanisms in the shale reservoir, as
shown in Figure 2.
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2.2.1. Slip Flow

According to Hagen-Poiseuille law, the mass flux of mass flow through a single circular pipe cross
section is [19,41,42]

JH =
D2pMg

32µZRT
∆p

L(D)
(6)

where µ is gas viscosity, Pa·s; p is pore pressure, MPa; Z is the gas compression factor; R is the gas
constant, 8.314 J/(mol·K); T is temperature, K; Mg is the molecular molar mass of the gas, kg/mol.

When Kn (Knudsen number) is between 0.001 and 0.1, the collision between gas molecules controls
gas migration, and there is slippage effect. At this time, the flow state changes from viscous flow to
slip flow, so Equation (6) needs to be corrected [43,44]. Considering the effects of slippage effect and
rarefied gas effect, the expression of the mass flux (JH) of the real gas flowing through the section of a
single circular pipe after coefficient modification is

JH = (1 + αKn)
(
1 +

4Kn

1− bKn

) D2pMg

32µZRT
∆p

L(D)
(7)

where
α = α0

2
π

tan−1
(
α1Kβn

)
(8)

where α is the effect coefficient of rarefied gas, dimensionless; b is the slip factor; is the effect coefficient
of rarefied gas as the number approaches infinity, dimensionless; α0 is the effect coefficient of rarefied
gas as Kn approaches infinity, dimensionless; α1, β is the fitting coefficient, dimensionless.

2.2.2. Knudsen Diffusion

When 10 ≤ Kn, the gas flow pattern is molecular free flow, and the gas mass flux (JN) of a single
circular tube under Knudsen diffusion is

JN =
D
3

(
8Mg

πRT

)1/2 ∆p
L(D)

(9)

By correcting Equation (9), the mass flux of real gas (JN) through single circular pipe Knudsen
diffusion is

JN =
D
3

Cg

(
8ZMg

πRT

)1/2 p
Z

∆p
L(D)

(10)

where Cg is compression coefficient, MPa−1.
A weighting factor was introduced to characterize the contribution rate of slip flux and Knudsen

diffusion flux. The slip flow and Knudsen diffusion weighting factors were calculated by the ratio of
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the collision frequency between the gas molecules and the total collision frequency, and the ratio of
collision frequency between gas molecules and nanopore wall to total collision frequency [19]. The
relationship between the number of gas molecule collisions per unit time in nanopores is as follows

1
tT

=
1

tM
+

1
tS

(11)

where tT is the average time of gas molecules colliding once, s; tM is the average time of one collision
between gas molecules, s; tS is the average time of a collision between gas molecules and nanopore
wall, s.

The number of collisions can be expressed as

1
tT

=
v
λT

1
tM

=
v
λ

1
tS

=
v
D

(12)

where v is the average velocity of gas molecules, m/s; λT is the average free path of gas molecules, m; λ
is the real gas mean free path, m.

Substitute Equation (12) into Equation (11) to get

1
λT

=
1
λ
+

1
D

(13)

The contribution of slip flow and Knudsen diffusion to free gas transport can be obtained by the
ratio of the collision frequency between gas molecules and the total collision frequency, and the ratio
of the collision frequency between gas molecules and the nanopore wall surface to the total collision
frequency, respectively, then

εH =
1
λ

/
1
λT

=
1

1 + Kn
(14)

εN =
1
D

/
1
λT

=
1

1 + 1/Kn
(15)

Then, the total mass flux of free gas through a single circular pipe cross section can be expressed as

JF = εH JH + εN JN (16)

and the total mass flow rate of free gas through a single circular pipe section is

qF(D) = JF
πD2

4
. (17)

Substitute Equations (7), (10) and (16) into Equation (17) to get

qF(D) =

εH(1 + αKn)
(
1 +

4Kn

1− bKn

) D2pMg

32µZRT
∆p

L(D)
+ εN

D
3

Cg

(
8ZMg

πRT

)1/2 p
Z

∆p
L(D)

πD2

4
. (18)

By integrating the total mass flow rate of free gas through single circular pipe section in the
interval of minimum pore diameter and maximum pore diameter [Dmin, Dmax], the total mass flow
rate of free gas in shale gas porous media can be obtained

QF(D) = −
∫ Dmax

Dmin
qF(D)dN

=
∫ Dmax

Dmin

(
εH(1 + αKn)

(
1 + 4Kn

1−bKn

) D2pMg
32µZRT

∆p
L(D)

+ εN
D
3 Cg

(
8ZMg
πRT

)1/2 p
Z

∆p
L(D)

)
πD2

4 DpD
Dp
maxD−(Dp+1)dD

= π
4

p
Z

DpD
Dp
max∆p

LDt
0

∫ Dmax

Dmin

(
εH(1 + αKn)

(
1 + 4Kn

1−bKn

) Mg
32µZRT D2−Dp+Dt + εN

1
3 Cg

(
8ZMg
πRT

)1/2
D1−Dp+Dt

)
dD

(19)
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2.2.3. Adsorption and Desorption

In the pressure attenuation process of shale gas reservoir exploitation, shale gas adsorption and
desorption is a very fast physical process compared with surface diffusion, so the adsorption amount
can be calculated by Langmuir’s adsorption law

qai =
qLp

pL + p
(20)

where qL is Langmuir volume, m3/kg; pL is Langmuir pressure, MPa.
Considering the influence of real gas, the adsorption capacity is

qa =
qLp/Z

pL + p/Z
(21)

Gas coverage was defined as the ratio of adsorbed gas volume to Langmuir volume, and the gas
coverage of ideal gas and real gas was respectively

θi =
p

pL + p
(22)

θ =
p/Z

pL + p/Z
(23)

where θi is the gas coverage of ideal gas, dimensionless; θ is the gas coverage of real gas, dimensionless.
Due to the adhesion of adsorbed gas molecules to the pore surface, the nano-pore space of shale

decreases, and the effective diameter of ideal gas and real gas flow is

Dei = D− 2dmθi (24)

De = D− 2dmθ (25)

where dm is the molecular diameter of methane, m.

2.2.4. Surface Diffusion

In shale gas, the concentration of adsorbed gas is much higher than that of free gas. Due to the
adsorption and desorption of shale gas, the influence of surface diffusion on gas migration cannot be
ignored. The mass flux (JB) under the surface diffusion of a single circular pipe can be expressed as

JB = D0
B

Csc

p
∆p

L(D)
(26)

where Csc is the adsorption gas concentration, kg/m3; D0
B is the surface diffusion coefficient when gas

coverage is 0.
According to Chen and Yang, the surface diffusion coefficient considering gas coverage is [45]

DB = D0
B

(1− θ) + κ
2θ(2− θ) + [H(1− κ)](1− κ) κ2θ

2(
1− θ+ κ

2θ
)2 (27)

where

H(1− κ) =
{

0 κ ≥ 1
10 ≤ κ < 1

(28)
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Combined with Equations (22) and (23), the ideal adsorbed gas concentration and the real adsorbed
gas concentration in Langmuir monolayer adsorbed shale nano-pores are respectively expressed as

Csci =
4θiMg

πd3
mNA

(29)

Csc =
4θMg

πd3
mNA

(30)

where κ is the diffusion capacity coefficient of gas molecules; θ is the true gas hole wall coverage; NA is
Avogadro constant, 6.022 × 1023 mol−1.

By introducing Equations (29) and (30) into Equation (26), the mass flux under surface diffusion
of desired (JBi) and real (JB) adsorbed gas can be expressed as follows

JBi = D0
B

4θiMg

πd3
mNAp

∆p
L(D)

(31)

JB = DB
4θMg

πd3
mNAp

∆p
L(D)

(32)

In real state, the surface diffusion mass flow rate of adsorbed gas through single circular pipe
section is

qB(D) = DB
4θMg

πd3
mNAp

∆p
L(D)

πD2

4
(33)

By integrating the mass flow rate of adsorbed gas diffusing on the surface of single circular pipe
section in the interval of minimum pore diameter and maximum pore diameter [Dmin, Dmax], the mass
flow rate of adsorbed gas diffusing on the surface of shale fractal porous media is

QB(D) =
∫ Dmax

Dmin
DB

4θMg

πd3
mNAp

∆p

D1−Dt LDt
0

πD2

4 DpD
Dp
maxD−(Dp+1)dD

= DB
θMg

d3
mNAp

∆p

LDt
0

DpD
Dp
max

1−Dp+Dt

(
D

1−Dp+Dt
max −D

1−Dp+Dt

min

) . (34)

2.3. Apparent Shale Gas Permeability

Gas migration mechanism in nanoscale pores of shale matrix includes free gas slip flow, Knudsen
diffusion and surface diffusion of adsorbed gas, so the total mass flow rate of gas flowing through
nanoscale pores of shale matrix is

Q = QF + QB (35)

According to Darcy’s law, the mass flow rate of porous media is expressed as

Q =
KappA
µ

pMg

ZRT
∆p
L0

(36)

By substituting Equations (19), (34), and (35) into Equation (36), the apparent shale permeability
under various flow mechanisms can be written as

Kapp =
µRT
Mg

φ(2−Dp)

LDt−1
0

(
D

2−Dp
max −D

2−Dp
min

)∫ Dmax

Dmin

(
εH(1 + αKn)

(
1 + 4Kn

1−bKn

) Mg
32µRT D2−Dp+Dt + εN

Cg
3

(
8ZMg
πRT

)1/2
D1−Dp+Dt

)
dD

+µDB
θZRT

d3
mNAp2

D
1−Dp+Dt
max −D

1−Dp+Dt
min

LDt−1
0 (1−Dp+Dt)

4φ(2−Dp)

π
(
D

2−Dp
max −D

2−Dp
min

) (37)
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By integrating and differentiating Equation (37), the analytical formula of apparent permeability
can be obtained as follows:

Kapp =
µRT
Mg

φ(2−Dp)

LDt−1
0

(
D

2−Dp
max −D

2−Dp
min

)


εH
3−Dp+Dt

Mg
32µRT (1 + αKn)

(
1 + 4Kn

1−bKn

)(
D

3−Dp+Dt
max −D

3−Dp+Dt

min

)
+

εN
2−Dp+Dt

Cg
3

(
8ZMg
πRT

)1/2(
D

2−Dp+Dt
max −D

2−Dp+Dt

min

)


+µDB
θZRT

d3
mNAp2

D
1−Dp+Dt
max −D

1−Dp+Dt
min

LDt−1
0 (1−Dp+Dt)

4φ(2−Dp)

π
(
D

2−Dp
max −D

2−Dp
min

)
(38)

It can be seen from Equation (38) that the apparent permeability of shale considering multiple gas
migration mechanism is composed of three parts, which can be respectively regarded as the apparent
permeability of slip flow (KH), the apparent permeability of Knudsen diffusion (KN) and the apparent
permeability of surface diffusion (KB). The form can be expressed as

KH =
1

32
(1 + αKn)

(
1 +

4Kn

1− bKn

) φεH

LDt−1
0

2−Dp

3−Dp + Dt

D
3−Dp+Dt
max −D

3−Dp+Dt

min

D
2−Dp
max −D

2−Dp

min

(39)

KN =
µCg

3

(
8ZMg

πRT

)1/2 φεN

LDt−1
0

2−Dp

2−Dp + Dt

D
2−Dp+Dt
max −D

2−Dp+Dt

min

D
2−Dp
max −D

2−Dp

min

(40)

KB = 4µDB
θZRT

πd3
mNAp2

φ

LDt−1
0

2−Dp

1−Dp + Dt

D
1−Dp+Dt
max −D

1−Dp+Dt

min

D
2−Dp
max −D

2−Dp

min

(41)

Through Equations (39)–(41), the relationship between slip apparent permeability, Knudsen
diffusion apparent permeability, surface diffusion apparent permeability and geometric fractal
parameters is established, and the relationship between matrix apparent permeability of shale gas
reservoir and three flow mechanisms and geometric fractal theory is also established through Equation
(38).

According to fractal geometry theory and Darcy flow equation, Darcy permeability (KD) of shale
can also be obtained as

KD =
πDpD

Dp
max

(
D

3−Dp+Dt
max −D

3−Dp+Dt

min

)
128LDt−1

0 A
(
3−Dp + Dt

) =
1

32
φ

LDt−1
0

2−Dp

D
2−Dp
max −D

2−Dp

min

D
3+Dt−Dp
max −D

3+Dt−Dp
max

3 + Dt −Dp
(42)

Equations (38)–(42) contain many parameters. Among them, porosity, physical parameters of
shale gas, temperature, and diameter of maximum and minimum capillary bundle are all obtained by
experimental methods. Fractal dimension (Dp and Dt) can be referred to Yu’s study [35]. The value of
Knudsen’s number is obtained by Equation (49).

3. Model Validation

Firstly, fractal characterization of shale pore characteristics is needed to obtain integral shape
dimension of shale pore surface and fractal dimension of pore tortuosity. According to the 2D model
proposed by Yu et al. [35], the relationship between the integral shape dimension of the pore surface
and the distribution of pore size is

Dp = 2−
lnφ

ln(Dmin/Dmax)
(43)

It is noteworthy that Equation (46) needs to satisfy the precondition of Dmin/Dmax < 0.01, which
is obviously satisfied in shale reservoirs. Because the fractal dimension of pore tortuosity of shale has
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not yet been measured, the fractal dimension of pore tortuosity is determined by the model proposed
by Yu et al. [35].

Dt = 1 +
ln τav

ln(L0/Dav)
(44)

where τav is the average tortuosity, dimensionless; Dav is the average pore diameter, m.
The shale permeability test data of Letham et al. were used for model verification [46]. In its

experimental test, helium and methane were used to measure shale permeability, and the basic input
parameters of model verification were shown in Table 1.

Table 1. Basic input parameters of the shale apparent permeability model.

Parameters Value Unit

Minimum pore diameter 0.4 nm
Maximum pore diameter 100 nm
Temperature 303 K
Langmuir pressure 5 MPa
Gas constant 8.314 J/(mol·K)
Avogadro constant 6.022 × 1023 Mol−1

Since gas viscosity is a function of pressure, the widely used formula is adopted to calculate,
namely [47–50]

µ = 10−4H0 exp

X(
10−3 28.96γgp

ZRT

)0.2(12−X)
 (45)

X = 0.01
(
350 +

54777.78
T

+ 28.96γg

)
(46)

H0 =

(
9.379 + 0.01607γg

)
T1.5

209.2 + 19.26γg
(47)

where γg is gas molar weight, kg/mol.
Since shale has no adsorption effect on helium gas, the effect of surface diffusion on apparent

permeability is not considered when calculating the apparent permeability of helium gas. At this time,
the expression of apparent permeability is simplified as

Kapp =
µRT
Mg

φ(2−Dp)

LDt−1
0

(
D

2−Dp
max −D

2−Dp
min

)


εH
3−Dp+Dt

Mg
32µRT (1 + αKn)

(
1 + 4Kn

1−bKn

)(
D

3−Dp+Dt
max −D

3−Dp+Dt

min

)
+

εN
2−Dp+Dt

Cg
3

(
8ZMg
πRT

)1/2(
D

2−Dp+Dt
max −D

2−Dp+Dt

min

)
 (48)

As can be seen from Figure 3, the calculated results of the model in this paper are very close to the
experimental data. The apparent permeability of shale ranges from 400 nD to 1300 nD, and decreases
with the increase of pressure. This is because with the decrease of pressure, the molecular mean free
path increases and the Kn number increases, the influence of microscopic seepage on permeability
increases, and the deviation from Darcy permeability increases. In addition, under the same reservoir
conditions, even if the apparent permeability of methane is contributed by surface diffusion, the
apparent permeability of helium is always greater than the apparent permeability of methane. It can
be explained that the collision radius of helium molecule (0.26 nm) is smaller than that of methane
molecule (0.38 nm), so the helium Kn number is larger than methane Kn number, and the apparent
permeability is higher. The following formula can be used for calculating Kn number [51]:

Kn =
µ

pD

√
πZRT
2Mg

(49)
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Figure 3. Comparison of apparent permeability calculated by the model in this paper with
experimental data.

4. Discussion of Results

Based on fractal theory, this paper establishes a shale nano-pore permeability model considering
the integral shape dimension of pore surface, fractal dimension of tortuosity, surface diffusion, Knudsen
diffusion and slip flow. Based on the parameters in Table 2, we analyzed the apparent permeability
and the contribution rate of different components to the apparent permeability. These results are of
great significance to the study of microscopic seepage mechanism of nano-pore shale gas.

Table 2. Basic input parameters of the shale apparent permeability model.

Parameters Value Unit

Minimum pore diameter 1 nm
Maximum pore diameter 100 nm
Temperature 350 K
Langmuir pressure 5 MPa
Gas constant 8.314 J/(mol·K)
Avogadro constant 6.022 × 1023 Mol−1

Tortuosity 5
Porosity 3 %
Surface diffusion coefficient 1 × 10–7 m/s2

Gas viscosity 0.015 mPa·s

The variation trend of various dimensionless apparent permeability with pressure is shown in
Figure 4. As can be seen from the Figure 4, slip flow permeability, Knudsen diffusion permeability,
surface diffusion permeability and apparent permeability all decrease with the increase of pressure.
When the pressure increases, the average free path of gas molecules decreases, and the gas flow
under the action of slip flow, Knudsen diffusion and surface diffusion (from Equation (40)) decreases.
Therefore, the permeability decreases. When the pressure is less than 10 MPa, the slip flow permeability,
surface diffusion permeability and apparent permeability rapidly decrease with the increase of pressure,
and then tend to flatten. Therefore, under low pressure, pressure has a great influence on the apparent
permeability of shale, while under high pressure, pressure has a relatively small influence on the
apparent permeability. In essence, these performances can explain the phenomenon that in shale gas
production, with the decrease of reservoir pressure, the apparent permeability gradually increases,
and the rate of production decline gradually decreases. The effect of temperature on dimensionless
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apparent permeability is shown in Figure 5. The dimensionless apparent permeability increases
nonlinearly with temperature.
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The contribution rates of different gas migration mechanisms to apparent permeability (Kapp) are
shown in Figure 6. It can be seen from the figure that the slip flow contributes the most to the apparent
permeability, followed by the surface diffusion (kB = KB/Kapp), and finally the Knudsen diffusion (kN =

KN/Kapp). The contribution rate of slip flow (kH = KH/Kapp) to apparent permeability increases rapidly
and then tends to flatten with the increase of pressure, while the contribution rate of surface diffusion to
apparent permeability decreases rapidly and then tends to flatten with the increase of pressure. Under
low pressure, the contribution of surface diffusion to apparent permeability is more significant, but
even at pressure of 1 MPa, it is less than 10%. The contribution of slip flow to the apparent permeability
is dominant, while the contribution of Knudsen diffusion to the apparent permeability is small, which
can be ignored.
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The overall effect of fractal dimension on dimensionless apparent permeability is shown in
Figure 7. The apparent permeability increases with the increase of the integral shape dimension of
the pore surface, and the change relation is strongly nonlinear. The relationship between tortuosity
fractal dimension and apparent permeability is linearly negative. The influences of the integral
shape dimension of pore surface and the fractal dimension of tortuosity on the contribution rate of
permeability of different mechanisms are shown in Figures 8 and 9. Figure 8 shows that the surface
diffusion contribution rate (kB) and Knudsen diffusion contribution rate (kN) are positively correlated
with the integral shape dimension of the pore surface, while the slip flow is negatively correlated with
the integral shape dimension of the pore surface. The integral shape dimension of the pore surface
has the least effect on Knudsen diffusion. However, the influence of fractal dimension of tortuosity
on contribution rate is opposite to that of integral shape dimension of pore surface on contribution
rate, as shown in Figure 9. The fractal dimension of tortuosity is negatively correlated with surface
diffusion contribution rate (kB) and Knudsen diffusion contribution rate (kN), and positively correlated
with slip flow contribution rate (kH). It comes down to the nature of fractal dimension. The larger
the integral shape dimension of pore surface, the smaller the resistance of Knudsen diffusion and
surface diffusion of gas molecules in shale porous media, and the greater the contribution of Knudsen
diffusion and surface diffusion to apparent permeability. Although the contribution rate of slip flow
decreases, the decrease is less than the total increase of Knudsen diffusion and surface diffusion, so
the apparent permeability is higher. However, the larger the fractal dimension of tortuosity is, the
more complex the pore structure is and the greater the diffusion resistance of gas molecules is. The
contribution of Knudsen diffusion and surface diffusion to the apparent permeability decreases and
the apparent permeability decreases.
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5. Conclusions

In this paper, based on fractal geometry theory, the Hagen Poiseuille law, the Langmuir adsorption
law, and Darcy law, a mathematical model of gas flow in nano-pores of shale was established. A new
shale apparent permeability model is derived. The model comprehensively considers the influence of
slip flow, Knudsen diffusion and surface diffusion, and is closely related to the size parameters of shale
nano-pore structure, which can better reveal the behavior and law of multi-scale gas nonlinear flow
in shale reservoir than traditional models. The nonlinear flow law of shale gas and the influencing
factors of shale apparent permeability are analyzed. The following conclusions and understandings
are obtained:

(1) The smaller the pressure, the higher the temperature, the larger the integral dimension of pore
surface, the smaller the fractal dimension of tortuosity, the larger the apparent permeability, and the
stronger the nonlinear flow of shale gas.

(2) The apparent permeability changes rapidly when the pressure is less than 10 MPa, and slowly
when the pressure exceeds 10 MPa. Under any conditions, the contribution of slip flow to apparent
permeability is the largest, followed by surface diffusion and Knudsen diffusion. The contribution rate
of slip flow to apparent permeability increases rapidly and then tends to flatten with the increase of
pressure, while the contribution rate of surface diffusion to apparent permeability decreases rapidly
and then tends to flatten with the increase of pressure. Surface diffusion contributes significantly to
apparent permeability at low pressure. The contribution of slip flow to the apparent permeability is
dominant, while the contribution of Knudsen diffusion to the apparent permeability is small, which
can be ignored.

(3) Fractal dimension of pore surface is positively correlated with apparent permeability, surface
diffusion and Knudsen diffusion. The fractal dimension of tortuosity is negatively correlated with
apparent permeability, surface diffusion and Knudsen diffusion. The fractal dimension of pore surface
and the fractal dimension of tortuosity have the opposite effect on gas flow of shale nano-pores.
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