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Abstract: Ensuring the large signal stability of the DC microgrid is the premise of the safe operation
of the DC microgrid, but the research on the large-signal stability of microgrids with multiple droop
control micro-sources is still scarce. In this paper, a DC microgrid system model with multiple droop
control micro-sources was established by appropriate simplification. Addressing the problem that
most stability research methods cannot be quantitatively analyzed, the mixed potential function
method was used to analyze the large signal stability of the system. However, the criterion obtained by
the conventional mixed potential function method is complicated and contains multiple time-varying
parameters, which is not convenient for analysis. Therefore, the simple form of the criterion was
obtained through simplification and the analysis proved the rationality of the simplification. On this
basis, a nonlinear droop control method was proposed to improve the anti-interference ability of the
system. Finally, the accuracy of the large signal stability criterion and the effectiveness of nonlinear
droop control on the system’s large signal stability were verified by simulation.

Keywords: DC microgrid; large signal stability; mixed potential function; nonlinear droop control

1. Introduction

As a way to ensure reliable and efficient access to distributed power grids, the DC microgrid
has more advantages than the AC microgrid as (1) it requires less converters, which is more concise
and efficient; and (2) there is no frequency problem, therefore, its control system is simpler and more
reliable [1,2]. At present, DC microgrids are widely used in aviation, submarine, and other fields,
and has received increasing attention [3]. In the DC microgrid, each micro-source, energy storage device,
and load device is connected in parallel to the DC bus through the converters, therefore, ensuring the
stability of the DC bus voltage is a key issue for the stable operation of the DC microgrid [4].

The stability analysis of microgrid systems can be divided into small signal stability analysis and
large signal stability analysis. At present, the research on DC microgrid stability analysis focuses on
small signal stability [5,6]. Small signal stability can ensure the stability of the system at the equilibrium
point, but the boundary of the stability domain cannot be determined, and there are limitations when
the system has large disturbances. Analysis of large signal stability is even more essential, especially in
DC microgrids with frequent load and micro-source switching.

As the DC microgrid system has the characteristics of nonlinearity and strong coupling, the analysis
method based on linearization theory is not applicable. Lyapunov’s second method is widely used
in the stability analysis of a nonlinear system [7]. Based on Lyapunov’s second method and in
consideration of different perspectives, researchers have proposed some stability analysis methods.
From the perspective of illustration, [8,9] used the phase plane method to analyze the large signal
stability of the cascaded DC system, and judged the stability of the system when the system’s parameters
changed through the trajectory map. However, this method failed to obtain the stability criterion of
the analytical form and is difficult to analyze in a high-order system. From the perspective of linear
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fitting, [10,11] used the T-S multi-model method to establish the Lyapunov function of the DC power
supply system, and quantitatively analyzed the large signal stability of the system. However, this
method is difficult to implement in a closed-loop controlled system. From the point of energy, [12,13]
obtained the stability criterion under a large disturbance of the DC microgrid with a damped filter and
a constant power load (CPL) by means of the mixed potential function method. Although the stability
criterion obtained by this method is somewhat conservative, it is simple and easy toanalyze.

However, all of the above studies have only proposed stability criteria for cascaded systems
or single-supply systems, and have not addressed cases where multiple closed-loop controlled
micro-sources are co-powered. In fact, for DC microgrids with multiple droop controlled micro-sources,
the existence of multiple control loops makes quantitative analysis more difficult [14,15].

In [16], based on the analysis and simulation study, the criterion of the large signal stability of
the droop controlled microgrid was proposed and modified based on the mixed potential function
method, however, the criterion requires the power distribution information at a steady state and is
too complicated when multiple micro-sources are connected in parallel, which is not conducive to
stability analysis.

Aimed at the above problems, this paper established a DC microgrid system model with multiple
droop controlled micro-sources by appropriate simplification, used the mixed potential function
method to quantitatively analyze the system stability, then obtained a simple form of the stability
criterion through simplified calculation and the rationality of this step was also analyzed. On this
basis, a nonlinear droop control method was proposed to improve the large signal stability of the
system. Finally, the simulation verified the correctness of the obtained criterion and the validity of the
nonlinear droop control strategy.

2. DC Microgrid Structure and Large Signal Model

In general, DC microgrids include distributed micro-sources, batteries, constant power loads,
and a large number of power electronic converters. Among them, each battery is connected to the
bus through the bidirectional DC/DC converter, and the droop control strategy is used to realize the
power distribution without communication; the distributed micro-sources often work in the Maximum
Power Point Tracking (MPPT) mode and can be regarded as a negative constant power load in a
short time [17]. Therefore, the distributed micro-sources and constant power load can be uniformly
equivalent to a constant power load. The typical structure of a DC microgrid was the system studied
in this paper, and its structure is shown in Figure 1.
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Figure 1. System structure of a DC microgrid. Figure 1. System structure of a DC microgrid.
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Among them, Ltj, Cj, Llj (j = 1,2 . . . n) are the inductance, capacitance, and line inductance of each
micro-source converter and Rdj is the droop coefficient of the jth micro-source (j = 1,2 . . . n). In the
modeling process, the following assumptions and equivalents were made: (1) Considering that the
droop coefficient can be equivalent to a series resistor in the DC microgrid, which is usually much larger
than the line resistance, the line resistance can be ignored; and (2) Combining the output reactance and
line reactance of each converter into the equivalent reactance Lj (j = 1,2 . . . n), and concentrating the
capacitance of each converter as a large capacitor C. The simplified equivalent circuit diagram of the
DC microgrid system is shown in Figure 2.
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In Figure 2, Vref is the voltage reference value; vo is the bus voltage; vj and ij are the output voltage
and output current of the jth micro-source, respectively (j = 1,2 . . . n); io, ic are the load current and the
capacitor current, respectively; is is the sum of the output currents of all micro-sources; and PCPL is the
power of the equivalent CPL. The mathematical model of the system is as follows:
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3. Application of Mixed Potential Function Method in the DC Microgrid

3.1. Mixed Potential Function Theory

The theory of mixed potential functions was proposed by R.K. Brayton and J.K. Moser in 1964
and is mainly used to study the stability of nonlinear circuits [18,19]. The mixed potential function
theory holds that for different structures of RLC nonlinear circuit networks, the difference equation can
be expressed as follows:  L

diρ
dt =

∂P(i,v)
∂iρ

C dvσ
dt =

∂P(i,v)
∂vσ

(2)

where iρ represents the inductor current and vσ represents the capacitor voltage. P(i,v) is similar to
the Lyapunov energy function, which contains a voltage potential function and a current potential
function. The mixed potential function P is related to the distribution structure of the inductor, capacitor,
and non-energy storage element in the circuit. The steps of constructing the mixed potential function
are as follows:
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1. Calculate the potential function of all non-energy storage components in the circuit;
2. Calculate the energy contained in the capacitive component of the circuit, that is, the product of

the capacitor voltage and the capacitor current;
3. Add the above two to obtain the mixed potential function of the circuit.

The unified expression of the mixed potential function is:

P(i, v) = −A(i) + B(v) + (i,γv− α) (3)

where A(i) represents the current potential function of the non-energy storage element in the circuit; B(v)
represents the voltage potential function of the non-energy storage element in the circuit; γ represents
the constant matrix associated with the structure; and α is a constant vector. After constructing a mixed
potential function, Equation (2) can be used to verify the correctness of the function.

The mixed potential function has three stability theorems, and the third one provides a theoretical
basis for solving the stability boundary of the system under large signal disturbances. The specific
derivation process will not be repeated here. Now, this stability theorem can be rewritten as follows:

Theorem 1. Based on the uniform expression of the mixed potential function, define the following variables: Pi =
∂P(i,v)
∂i , Pv =

∂P(i,v)
∂v

Aii(i) =
∂2A(i)
∂i2 , Bvv(v) =

∂2B(v)
∂v2

(4)

If µ1 represents the minimum eigenvalue of the matrix L−1/2Aii(i) L−1/2, µ2 represents the minimum
eigenvalue of the matrix C−1/2Bvv(v) C−1/2, where L and C are inductance matrix and capacitor matrix,
respectively. If all currents i and voltages v in the circuit meet the conditions:

µ1 + µ2 > 0 (5)

When |v|+|i|→∞, and if expression (6) is satisfied:

P∗(i, v) =
µ1 − µ2

2
P(i, v) +

1
2

PT
i (L
−1Pi) +

1
2

PT
v (C

−1Pv)→∞ (6)

Then, when the system response time t→∞, the whole system will tend to be stable, and all solutions of
the circuit will tend to the steady state value, which guarantees the large signal stability of the system.

3.2. Large Signal Stability Criterion of the System

The equivalent circuit of the DC microgrid system is shown in Figure 2. Assuming that the
response speed of the inner current loop is fast enough that ij can follow the current reference value iref

output by the outer loop controller quickly, then the inner current loop can be ignored. The simplified
equivalent circuit is shown in Figure 3.

According to Figure 3, the output current expression of each micro-source can be obtained as:

i j = Kvp(V j − vo −Rdj × i j) + Kvi

∫ t

0
(V j − vo −Rdj × i j)dt (7)
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In Figure 3, the non-energy storage component in the DC microgrid system contains controlled
current sources, and the constant power load, so the current potential function of the non-energy
storage component is:∫ ∑

µ

vµdiµ =
n∑

j=1

∫ i j

0
vodi−

∫ io

0

PCPL
io

di =
n∑

j=1

voi j −

n∑
j=1

∫ vo

0
i jdv− PCPL +

∫ vo

0

PCPL
vo

dv (8)

The energy of the capacitor branch is:

∑
σ

vσiσ = −vo(is −
PCPL

vo
) = −

n∑
j=1

voi j + PCPL (9)

So, the mixed potential function is:

P(i, v) =
∫ ∑

µ

vµdiµ +
∑
σ

vσiσ =
∫ vo

0

PCPL
vo

dv−
n∑

j=1

∫ vo

0
i jdv (10)

As shown in Equation (11), the constructed mixed potential function P(i,v) is reasonable because
it satisfies Equation (2).

∂P(i, v)
∂vo

=
PCPL

vo
−

n∑
j=1

i j = −C
dvdc
dt

(11)

Write the uniformed expression of the mixed potential function as shown in Equation (12):
A(i) = 0

B(v) =
∫ vo

0
PCPL

vo
dv−

n∑
j=1

∫ vo

0 i jdv

(i,γv− α) = 0

(12)

Then, there is:

Aii(i) =
∂2A(i)
∂i2

= 0 (13)
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∂B(v)
∂vo

=
PCPL

vo
−

n∑
j=1

i j (14)

∂2B(v)
∂v2

o
= −

PCPL

v2
o
−

n∑
j=1

∂i j

∂vo
(15)

For Equation (7), the
∫

(Vj-vo-Rdj·i)dt term can be ignored (see Appendix A for the plausibility of
this step), and taking the derivative of vo at both ends of the equation, Equation (16) can be obtained:

∂i j

∂vo
= Kvp(−1−Rdj

∂i j

∂vo
) (16)

Then,
∂i j

∂vo
=

−Kvp

1 + KvpRdj
(17)

Bring Equation (17) into Equation (15) to obtain

∂2B(v)
∂v2

o
= −

PCPL

v2
o

+
n∑

j=1

Kvp

1 + KvpRdj
(18)

Therefore, the minimum eigenvalue µ1 of the matrix L−1/2Aii(i) L−1/2 and the minimum eigenvalue
µ2 of the matrix C−1/2Bvv(v) C−1/2 is

µ1 = 0

µ2 = −
PCPL
Cv2

o
+ 1

C

n∑
j=1

Kvp
1+KvpRdj

(19)

According to the third stability theorem of the mixed potential function theory, the large signal
stability criterion of the DC microgrid is:

−
PCPL

v2
o

+
n∑

j=1

Kvp

1 + KvpRdj
> 0 (20)

That is:

PCPL <
n∑

j=1

Kvpv2
o

1 + KvpRdj
(21)

From criterion (21), as the droop coefficient Rdj decreased, the maximum allowable value of
PCPL increased, indicating that the system’s large signal stability margin was improved. On this
basis, a nonlinear droop control method was proposed to improve the stability margin of the DC
microgrid system.

4. Nonlinear Droop Control Strategy

4.1. Design of Nonlinear Droop Curve

The traditional droop control uses a linear droop curve, and the droop coefficient does not change.
Therefore, the bus voltage drop is large and the stability margin may be insufficient under a heavy load.
To address this problem, this paper improved the large signal stability of the system and reduced the
bus voltage drop by adaptively changing the droop coefficient. Selecting the adaptive droop coefficient
means designing a nonlinear droop curve in the U–I diagram of the converter output. From a practical
point of view, the droop curve should meet the following requirements:
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• The starting point of the droop curve should be set at the initial voltage point of the unloaded state.
• The abscissa of the end point of the droop curve is the maximum current value allowed to flow

through the inverter, and the ordinate is the lowest allowable voltage value of the bus.
• The droop curve should be designed between the start and end points. As the system may oscillate

when running near the non-lead point on the droop curve [20,21], the droop curve needs to be
smooth, that is, continuous.

As shown in Figure 4, the solid line is a conventional droop curve, and the dashed line is
the proposed nonlinear droop curve, where the slope gradually decreases as the current increases.
Combined with the previous analysis, it can be seen that the nonlinear droop curve can improve the
maximum allowable value of PCPL by reducing the slope of the droop curve, especially in the case of a
heavy load, which can greatly improve the stability margin of the system. Furthermore, when the
load of the system is greatly disturbed, the gentle droop curve can effectively limit the drop in DC bus
voltage that maintains the bus voltage stability, thus ensuring the stable operation of the system.
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The implementation of the target curve is to add a quadratic term of current with a positive
coefficient to the traditional drooping curve equation, so that the linear droop curve can be changed to
a nonlinear curve with a decreasing slope. The initial value of the voltage is determined, and since the
slope is decreasing, the voltage drop of the curve on the same abscissa is smaller than that of the linear
droop curve and does not exceed the maximum allowable value.

The expression of the nonlinear curve is as shown in Equation (22), and is obviously steerable
everywhere, thus the three requirements of the curve design can be satisfied.

vo = vre f + ai2 − bi (22)

where vref is the voltage reference value; vo, i are the output voltage and current of the inverter,
respectively; and a, b are the droop coefficients.

As for the configuration of the drooping parameters, a, b, it is necessary to ensure that the output
of each micro-source is distributed according to the rated power at the steady state, and ideally are:

ii
i j
=

Pi
P j

(23)

By Equation (22):
vre f − vo = biii − aiii2 = b ji j − a ji j

2 (24)
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where ai, bi, ii, Pi and aj, bj, ij, Pj are the droop coefficients, output current, and rated power of converter
i and converter j, respectively.

Obviously, the power distribution of different micro-sources satisfies Equation (23) at the steady
state when their droop coefficients are configured according to Equation (25), that is, according to the
rated power. 

ai
a j
=

P2
j

P2
i

bi
b j
=

P j
Pi

(25)

The control block diagram of the proposed strategy is shown in Figure 5. As shown, the droop
equation provides the reference value for the output voltage of the jth converter and serves as the input
for the dual-loop control.
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4.2. Large Signal Stability Analysis with Nonlinear Droop Control

According to Equations (7) and (22), the output current expression of each micro-source can be
expressed as shown in Equation (26):

i j = Kvp(V j − vo − b ji j + a ji2j ) (26)

Then,
∂i j

∂vo
=

−Kvp

1 + Kvp
(
b j − 2a ji

) (27)

Similar to the analysis in Section 3.2,

Aii(i) =
∂2A(i)
∂i2

= 0, (28)

∂2B(v)
∂v2

o
= −

PCPL

v2
o

+
n∑

j=1

Kvp

1 + Kvp
(
b j − 2a ji

) (29)

Then, the minimum eigenvalue µ1 of the matrix L−1/2Aii(i) L−1/2 and the minimum eigenvalue µ2

of the matrix C−1/2Bvv(v) C−1/2 are:
µ1 = 0

µ2 = −
PCPL
Cv2

o
+ 1

C

n∑
j=1

Kvp

1+Kvp(b j−2a ji)
(30)
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Therefore, the system’s large signal stability criterion is

−
PCPL

v2
o

+
n∑

j=1

Kvp

1 + Kvp(b j − 2a ji)
> 0 (31)

That is,

PCPL <
n∑

j=1

Kvpv2
o

1 + Kvp(b j − 2a ji)
(32)

Compared with criterion (21), if coefficient b is equal to the linear droop coefficient Rdj,
the maximum allowable value of PCPL in Equation (32) is larger, that is, the system’s large signal
stability is improved.

5. Simulation

In order to verify the accuracy of the large signal stability criterion (21) and the effectiveness of
the nonlinear droop control strategy, a DC microgrid with two micro-sources under droop control was
constructed with MATLAB (R2016b)/Simulink, which is shown in Figure 6. The bus voltage was 400 V,
the micro-source output voltage was 200 V, and the ratio of the rated power was 3:4 (P1:P2).The initial
value of PCPL was 23,000 W. The parameters of the system are shown in Table 1. In the simulation
experiment, the large disturbance of the CPL was simulated by changing PCPL at 0.3 s.
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Table 1. Parameters of the simulation model.

Parameters Value

Inductance of converter1 (Lt1) 0.1 mH
Inductance of converter2 (Lt2) 0.15 mH
Capacitance of converter1 (C1) 1000 µF
Capacitance of converter2 (C2) 2000 µF

Line inductance of micro-source1 (Ll1) 70 µH
Line inductance of micro-source1 (Ll2) 40 µH

Droop coefficient of micro-source1 (Rd1) 0.8
Droop coefficient of micro-source1 (Rd2) 0.6

Proportional coefficient of voltage loop (Kvp) 0.1
Integral coefficient of voltage loop (Kvi) 80

Proportional coefficient of current loop (Kip) 20
Integral coefficient of current loop (Kii) 100

Switching frequency 20 kHz
Output voltage of load 200 V
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5.1. Verification of Large Signal Stability Criteria with Conventional Droop Control

According to the parameters provided in Table 1, and substituting them into Equation (21),
the maximum allowable value of PCPL was calculated to be 31,778 W. Figure 7a–c show the waveforms
of the DC bus voltage when the power of constant power load was abruptly changed to 25,400 W,
34,300 W, and 36,100 W, respectively. The system remained stable when PCPL was abruptly changed to
25,400 W, which is less than the maximum allowable value calculated by the criterion. As shown in
Figure 7a, the system finally returned to the equilibrium point. In the case of Figure 7b, the constant
power load after the mutation was slightly larger than the maximum allowable value, and the system
was still stable. However, this does not mean that the large signal stability criterion is wrong as
the large signal stability criterion obtained by the mixed potential function method is a sufficient
condition, and not a necessary and sufficient condition, so when PCPL is slightly larger than the
maximum allowable value, it may still be a stable large signal. When the constant power load reached
36,100 W, the bus voltage failed to return to the equilibrium point and collapsed after the disturbance,
therefore, the system lost stability. It can be seen that the maximum allowable value of PCPL obtained
by criterion (21) was similar to the simulation result (between 34,300 W and 36,100 W), which satisfied
the stability criterion.
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Figure 7. Waveforms of the DC bus voltage in case of (a) PCPL changes to 25,400 W; (b) PCPL changes
to 34,300 W; (c) PCPL changes to 36,100 W.

The influence of other parameters on system stability was also analyzed from another aspect.
Taking the situation in Figure 7c, for example, where PCPL was fixed at 36,100 W. As shown in Table 2,
four sets of parameters were selected and the system stability judged by calculation according to
Equation (21).

Table 2. Four sets of parameters and the calculations on stability.

Sequence Number Kvp Rd1 Rd2 Calculation Result

1 0.05 0.8 0.6 Unstable
2 0.15 0.8 0.6 Stable
3 0.15 2.8 2.1 Unstable
4 0.15 0.4 0.3 Stable

Figure 8 shows the waveforms of the DC bus voltage under four sets of parameters ((a),(b),(c)
and (d), which correspond to 1,2,3, and 4, respectively). In the No. 1 and No. 2 set of parameters,
Rd1 and Rd2 remained unchanged while Kvp changed, which led to two different stability calculation
results. In the No. 3 and No. 4 set of parameters, Kvp remained unchanged while Rd1 and Rd2 changed.
We found that the system became stable with the decrease of droop coefficients Rd1 and Rd2, as seen
in Figure 8. In conclusion, the calculation results were in accordance with the simulation results,
thus verifying the validity of the stability criterion.
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5.2. Validity Verification of Nonlinear Droop Control Strategy

The large signal stability criterion of the system under the nonlinear strategy is shown in Equation
(32). The coefficient b of the quadratic polynomial still takes the linear droop coefficient (0.8 and 0.6),
and the coefficient a should satisfy the inequality b-2ai > 0. When the power of the constant power
load becomes 36,100 W, the system using the traditional linear droop control loses stability, as shown
in Figure 9a; when the nonlinear droop control strategy is used, the waveform of the DC bus voltage is
shown in Figure 9b,c.
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According to Equation (25), the coefficients a1 and a2 of the two micro-sources in Figure 9b were
1.5 × 10−3 and 8.4 × 10−4, respectively. In Figure 9c, a1 and a2 are 2 × 10−3 and 1.25 × 10−3, respectively.
As shown in Figure 9, the bus voltage drop in Figure 9c was smaller than that in Figure 9b at the steady
state because the slope of the droop curve decreased as coefficient a increased, leading to the decline in
the bus voltage drop. As for the large signal stability of the system, it was obvious that the system with
the nonlinear droop control had better stability than the traditional linear droop controlled system,
indicating that the method improved the system’s ability to resist large disturbances.
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6. Conclusions

For DC microgrid systems with multiple micro-sources under droop control, large-signal stability
analysis is difficult to quantify due to the existence of interactions between multiple closed-loops in
the control system. In response to this situation, this paper simplified the large-signal model of the
system through reasonable assumptions. The stability analysis was carried out by the mixed potential
function method, the simple form of the large signal stability criterion was obtained by ignoring some
integral terms, and the rationality of the simplifying step was analyzed. On this basis, a nonlinear
droop control strategy was proposed to improve the system’s large signal stability. Finally, the validity
of the large signal stability criterion and the effectiveness of nonlinear droop control strategy were
verified by simulation.

However, there are still some important work to do in future research. First, a more detailed model
of the system should be built considering the grid structure. Second, the influence of more parameters
and other factors on system stability should be studied. Finally, it is important to understand the
essential mechanisms of system stability and summarize a convenient research method with a wider
scope of application.
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Appendix A

The influence of the integral term
∫

(Vj-vo-Rdji)dt in Equation (7) was analyzed:
If the integral term is not ignored, then Equation (A1) takes place:

∂i j

∂vo
= Kvp(−1−Rdj

∂i j

∂vo
) + Kvi

∂
∫
(V j − vo −Rdj · i)dt

∂vo
(A1)

Then,
∂
∫
(V j − vo −Rdj · i)dt

∂vo
=
∂
∫
(V j − vo −Rdj · i)dt

∂t
·
∂t
∂vo

(A2)

According to the system model,
∂vo

∂t
=

is − io
C

=
ic
C

(A3)

Substituting Equation (A3) into Equation (A2):

∂
∫
(V j − vo −Rdj · i)dt

∂vo
=

C(V j − vo −Rdj · i)

ic
(A4)

Substituting Equation (A4) into Equation (A1):

∂i j

∂vo
=

−Kvp

1 + KvpRdj
+

KviC(V j − vo −Rdj · i)

(1 + KvpRdj)ic
(A5)

The criterion of large signal stability is:

−
PCPL

v2
o
−

n∑
j=1

kviC(V j − vo −Rdj · i j)

(1 + KvpRdj)ic
+

n∑
j=1

Kvp

1 + KvpRdj
> 0 (A6)
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When capacitor C is discharged, the symbol of ic is negative and the bus voltage vo drops;
when capacitor C is charged, the ic symbol is positive and the bus voltage vo rises. Both situations
satisfy the Formula (A7):

n∑
j=1

kviC(V j − vo −Rdj · i j)

(1 + KvpRdj)ic
< 0 (A7)

Therefore, the large signal stability criterion of Equation (A6) has one more positive term than the
simplified criterion (20), so the maximum allowable value of PCPL is larger. This also shows that when
the item

∫
(Vj-vo-Rdji)dt is ignored, the final criterion is more conservative. However, considering that

the positive term added in criterion (A6) contains some time-varying parameters, it is not conducive to
the large signal stability analysis of the system. Although ignoring the integral term will make the
criterion tend to be conservative, it is conducive to conciseness.
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