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Abstract: The pulse decay test is the main method employed to determine permeability for tight rocks,
and is widely used. The testing gas can be strongly adsorbed on the pore surface of unconventional
reservoir cores, such as shale and coal rock. However, gas adsorption has not been well considered
in analysis pulse decay tests. In this study, the conventional flow model of adsorbed gas in porous
media was modified by considering the volume of the adsorbed phase. Then, pulse decay tests of
equilibrium sorption, unsteady state and pseudo-steady-state non-equilibrium sorption models, were
analyzed by simulations. For equilibrium sorption, it is found that the Cui-correction method is
excessive when the adsorbed phase volume is considered. This method is good at very low pressure,
and is worse than the non-correction method at high pressure. When the testing pressure and
Langmuir volume are large and the vessel volumes are small, a non-negligible error exists when using
the Cui-correction method. If the vessel volumes are very large, gas adsorption can be ignored. For
non-equilibrium sorption, the pulse decay characteristics of unsteady state and pseudo-steady-state
non-equilibrium sorption models are similar to those of unsteady state and pseudo-steady-state
dual-porosity models, respectively. When the upstream and downstream pressures become equal, they
continue to decay until all of the pressures reach equilibrium. The Langmuir volume and pressure, the
testing pressure and the porosity, affect the pseudo-storativity ratio and the pseudo-interporosity flow
coefficient. Their impacts on non-equilibrium sorption models are similar to those of the storativity
ratio and the interporosity flow coefficient in dual-porosity models. Like dual-porosity models, the
pseudo-pressure derivative can be used to identify equilibrium and non-equilibrium sorption models
at the early stage, and also the unsteady state and pseudo-steady-state non-equilibrium sorption
models at the late stage. To identify models using the pseudo-pressure derivative at the early stage,
the suitable vessel volumes should be chosen according to the core adsorption property, porosity and
the testing pressure. Finally, experimental data are analyzed using the method proposed in this study,
and the results are sufficient.

Keywords: adsorption; unconventional reservoirs; pulse decay test; unsteady state non-equilibrium
sorption; pseudo-steady-state non-equilibrium sorption; equilibrium sorption

1. Introduction

The pulse decay test is the most used method for determining the permeability of low permeability
rocks, and was proposed by Brace et al. in 1968 [1]. Thereafter, analytical solutions of pulse decay tests
under a variety of conditions were obtained. Based on these solutions, the asymptotic solutions at
early and late time are used to determine the core permeability [2–5].

Modifications are also made to the primary testing method in order to improve the accuracy and
the flexibility, and to decrease the testing time [6,7]. All of these analysis methods are based upon the
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homogeneous model. In recent years, with the development of unconventional oil/gas reservoirs, the
pulse decay method is widely used in testing shale, coal rock and tight sandstone cores [8–15]. This
situation makes the analysis methods based on the homogeneous model no longer applicable. Usually
helium, methane, nitrogen and carbon dioxide are used in these pulse decay tests [16,17]. For shale
and coal rock, the absorptivity of helium is weak enough to be neglected, but methane and carbon
dioxide are strongly adsorbed substances. When using them for testing, some phenomena other than
those found using conventional non-adsorbing gases are found. The experiments of Ghanizadeh et al.
and Gensterblum et al. [18–20] indicate that adsorption reduces core permeability. In addition, using
reservoir fluid in tests is more realistic, and it can be absorbed by gas shale and coal rock. Therefore,
there is a need to investigate the analysis method for adsorbing gas.

Cui et al. [21] are the earliest to investigate the influence of adsorption on the performance of
pulse decay tests, and they propose a correction method by defining an effective porosity due to gas
adsorption. Based on this, Civan et al. [22] suggest a more elaborate analysis method considering
pressure-dependent properties by fitting several pulse decay tests. Although the method of Cui et
al. [21] has become the mainstream analysis method for the pulse decay test with gas adsorption, it is
only fit for equilibrium sorption, and does not involve the volume of the absorbed phase. In addition to
equilibrium sorption, non-equilibrium also exists [23,24]. A few experiments of gas diffusion indicate
that the unipore diffusion model is not good enough for representing cores flow characteristics [25–28].
Therefore, the non-equilibrium sorption models need to be investigated.

In this study, pulse decay tests of non-equilibrium sorption and equilibrium sorption models
involving adsorbed phase volume are simulated and analyzed. A new correction method is proposed
involving adsorbed phase volume, and an identifying method for non-equilibrium sorption models
is suggested.

2. Mathematical Models and the Numerical Method

The principle of the pulse decay test is shown in Figure 1. It consists of an upstream vessel,
a downstream vessel and a core holder. At the beginning, the fluid pressure in the upstream and
downstream vessels and the core is balanced. Then, a pressure pulse is applied in the upstream vessel.
The fluid in the upstream vessel flows through the core to the downstream vessel, thereby reducing the
upstream pressure and increasing the downstream pressure. By analyzing the changes in the upstream
and downstream pressures over time, the permeability of the core can be obtained.
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Figure 1. Schematic diagram for the arrangement of pulse decay tests.

Coal and shale are adsorptive to methane. If methane is used for pulse decay tests, it is necessary
to use a flow model that considers adsorption for data analysis. The flow models of coal and shale are
divided into equilibrium sorption and non-equilibrium sorption models. Non-equilibrium sorption
models include pseudo-steady-state and unsteady state models. Adsorbed gas occupies pore volume,
but current models do not consider this effect [21,23,24]. In this study, these models are modified to
consider this factor. During the test, the device is placed in a constant temperature bath to ensure that
the temperature is well controlled.

Therefore, the following assumptions are taken in this study: (1) The test is carried out under
constant temperature conditions; (2) the test fluid is a single-phase absorbing gas; (3) the fluid flow
conforms to Darcy's law for the equilibrium sorption model, and in fracture for the non-equilibrium



Energies 2019, 12, 2562 3 of 23

sorption model, and conforms to Fick’s diffusion law in matrix for the non-equilibrium sorption
model, and the secondary pressure gradient term is negligible; (4) the pore compressibility and core
permeability are constant; and (5) the upstream and downstream vessels can be regarded as an isobaric
body, and the gas leakage can be neglected. Then, equations for pulse decay tests can be written in the
following. Since the pulse used in tests generally is small, the permeability change due to adsorption
can be ignored. But the results obtained by this method are the apparent permeability. In order to
investigating the effect of gas adsorption on permeability, tests under different pressures are required.
If the pulse is large, the effect of adsorption upon permeability needs to be considered in the model.

2.1. Equilibrium Sorption Model

Most of the adsorbed gas exists in micropores, and these micropores’ conductivity is small. If the
adsorbed gas can be desorbed into the flow channel within the characteristic time scale of the study,
it is called equilibrium sorption, otherwise it is non-equilibrium sorption. Taking adsorbed phase
volume into consideration, the governing equation of the equilibrium sorption model for pulse decay
tests can be written as the following [21].

∂
∂t

[
ρ(ϕ−ϕa) +

ρscρsVLp
pL + p

]
=

∂
∂x

(
ρ

k
µ

∂p
∂x

)
, (1)

where p is the pressures in Pa; t is the time in s; x is the coordinate along the sample which takes the
upstream reservoir as the origin in m; µ is the viscosity of the fluid in Pa·s; k is the permeability of the
sample in m2; ρsc and ρs are the density of the gas at the standard condition and the apparent density
of the sample, respectively, in kg/m3; VL is the Langmuir volume in m3/kg; pL is the Langmuir pressure
in Pa; ϕ is the porosity in %; the porosity occupied by the absorbed phase ϕa is

ϕa =
ρscρsVLp
ρa(pL + p)

, (2)

where ρa is the density of the adsorbed gas in kg/m3. It should be pointed out that, unlike Cui et
al. [21], ρs in Equation (1) is the apparent density of the core, and not the skeleton density, which is the
ratio of the mass to the total volume of the skeleton and the pores. The equivalent total compressibility
is defined as follows.

ce
t = cf −

ρscρsVLpL

ϕρa(pL + p)2 + cg
ϕ−ϕa

ϕ
+

ρscρsVLpL

ρϕ(pL + p)2 , (3)

where ce
t is the equivalent total compressibility in Pa−1; cg is the compressibility of the testing gas in

Pa−1; cf is the pore volume compressibility of the sample in Pa−1. Then, the governing equation of the
equilibrium sorption model becomes:

ρϕce
t
∂p
∂t

=
∂
∂x

(
ρ

k
µ

∂p
∂x

)
. (4)

And the boundary conditions are:

p(0, t) = pu(t) t ≥ 0 , p(L, t) = pd(t) t ≥ 0 , (5)

dpu

dt
=

k(
cg + cVu

)
µϕL

Vp

Vu

∂p
∂x

∣∣∣∣∣∣∣
x=0

t > 0 , (6)

dpd

dt
=

−k(
cg + cVd

)
µϕL

Vp

Vd

∂p
∂x

∣∣∣∣∣∣∣
x=L

t > 0 , (7)
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where L is the sample length in m; Vu, Vd and Vp are the volumes of the upstream reservoir, downstream
reservoirs and the pores, respectively, in m3; cVd and cVu are the compressibilities of both upstream
and downstream reservoirs, respectively, in Pa−1; the subscripts u and d denote these upstream and
downstream reservoirs, respectively.

Since at the initial moment the pressure in the core is balanced with the downstream pressure
vessel, and the upstream pressure vessel applies a pressure pulse, the initial conditions are:

p(x, 0) = pd(0) 0 < x < L , p(0, 0) = pu(0). (8)

2.2. Non-Equilibrium Sorption Model

For non-equilibrium sorption, the pores are divided into macropores/fractures (for convenience,
they are collectively referred to as fractures) and micropores in the matrix. If the difference in the
conductivity of the pores is up to orders of magnitude, the pores with strong conductivity can constitute
preferential flow channels, and the fluids in other pores will converge toward the preferential flow
channel. If the convergence time is greater than the characteristic time scale of the study, the pores
of the preferential flow channel are called fractures, and the other pores form the matrix. Taking
the adsorbed phase volume into consideration, the governing equations of the pseudo-steady state
non-equilibrium sorption model are as follows [23,24]:

ρ(ϕct)f
∂pf

∂t
=

∂
∂x

(
ρkf

µ

∂pf

∂x

)
−
∂V
∂t

, (9)

∂V
∂t

=
6Dmπ2

R2
m

(CE −C), (10)

where Dm is the gas diffusion coefficient in m2/s; kf is the fracture permeability in m2; Rm is the
radius of the spherical matrix in m; pf is the pressure of the fracture in Pa; ct = cg + cf is the total
compressibility of the sample in Pa−1; V is the total gas mass occurred in the matrix in kg/m3; C and CE

are the gas concentration in the matrix and the equivalent gas concentration in the fracture, respectively,
in kg/m3; ϕf is the fracture porosity in %; and the subscripts f and m denote the fracture and the
matrix, respectively.

Equations (9) and (10) represent the flow in the fracture and the matrix, respectively. Thus, the gas
concentration and the total content of the gas in the matrix are:

C =
pM

ZRT
, (11)

V =
ρscρsVLpf

pL + pf
+

pfM
ZRT

(ϕm −ϕa), (12)

where M is the molecular molar mass in kg/mol; Z is the gas deviation factor; R is the Universal Gas
Constant in J/(mol·K) ; T is the temperature in K; ϕm is the matrix porosity in %.

Supposing the matrix is spherical, the governing equations of the unsteady state non-equilibrium
sorption model are as follows [23,24]:

ρ(ϕct)f
∂pf

∂t
=

∂
∂x

(
ρkf

µ

∂pf

∂x

)
−

3Dm

Rm

∂C
∂rm

∣∣∣∣∣
rm=Rm

, (13)

∂V
∂t

=
1

r2
m

∂
∂rm

(
r2

mDm
∂C
∂rm

)
. (14)

where rm is the coordinate of the spherical matrix with the origin located at the center of the sphere
in m.
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The pseudo-steady state model assumes that the concentration of the matrix can quickly reach
a pseudo-steady state; that is, the concentration in the matrix changes at the same speed. Therefore,
a single concentration parameter can be used to characterize the state of the matrix. The mass exchange
between the matrix and the fracture is positively correlated to their concentration difference, which is
similar to the steady state model. It is described in Equation (10). The unsteady state model considers
that the concentration distribution in the matrix is difficult to reach a pseudo-steady state, and is in an
unsteady state for a long time. This unsteady flow can be governed by Equation (14).

It is only necessary to replace p in Equations (5)–(7) with pf to obtain the boundary conditions
for the non-equilibrium sorption models. In addition, the gas concentration at the initial time can be
obtained by substituting the pressure of the downstream vessel at the initial time into Equation (11).
For the unsteady state non-equilibrium sorption model, the gas concentration on the outer boundary
of the matrix and the fracture pressure satisfy Equation (11). The following conditions exist on the
inner boundary of the matrix.

∂C
∂rm

= 0. (15)

The initial condition of the pseudo-steady-state non-equilibrium sorption model is

pf(x, 0) = pm(x, 0) = pd(0) 0 < x < L , pf(0, 0) = pu(0). (16)

The initial condition of the unsteady state non-equilibrium sorption model is

pf(x, rm, 0) = pd(0) 0 < x < L , pf(0, Rm, 0) = pu(0). (17)

In the non-equilibrium models, the adsorption in fractures is neglected. The subsequent analysis
will indicate that the basic conclusions cannot be affected, even if that is considered.

3. Sensitivity Analysis

To consider the changes of the gas properties, the normalized pseudo-pressure is defined as:

pp =
(µZ)i

pi

∫ p

0

p
µZ

dp, (18)

where the subscript p and i denote the normalized pressure and the reference status, respectively.
The dimensionless variables are defined as:

tD = kft
µϕct0L2 , xD = x

L , pD =
pp−ppd(0)

ppu(0)−ppd(0)
,

Au =
Vpct0

Vu(cg0+cVu)
, Ad =

Vpct0

Vd(cg0+cVd)
,

(19)

where the subscript 0 and D denote the initial status and the dimensionless variable, respectively.
If the newly defined equivalent total compressibility ce

t (Equation (3)) is used instead of the
abovementioned conventionally-defined total compressibility ct = cg + cf in Equation (19), a new
dimensionless definition can be obtained, which will be referred to as the new dimensionless definition
and the old dimensionless definition, respectively.

In the latter analysis using the numerical methods presented in Appendices A–C, the testing gas
is methane, and its physical parameters are computed by the PVT formulae. The absorbed density
is ρ = 374 kg/m3 [29], the rock apparent density is ρs = 2600 kg/m3, the rock pore compressibility is
cf = 1.0 × 10−3 MPa−1 and the vessel compressibility is cVu = cVd = 10−5 MPa−1.

3.1. Equilibrium Sorption Model

It can be seen that the shape of the pressure curve of the equilibrium sorption model is similar to
that of the homogenous model (Figures 2–4). If using the old dimensionless definitions, unlike the
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homogeneous model, the values of the dimensionless pseudo-pressure curves are impacted by the
testing pressure and the Langmuir sorption parameters. The lower the testing pressure, the larger the
Langmuir volume and pressure are, and the more rapidly the upstream pseudo-pressure decreases;
the slower the downstream pseudo-pressure increases, the smaller the balanced pseudo-pressure
(Figures 2a, 3a and 4a). When the Langmuir volume is 0, it becomes a homogenous model. Therefore,
the gas adsorption speeds up the decrease of the pseudo-pressure of the upstream vessel, and reduces
the increase of that of the downstream vessel. When using the new dimensionless definition, for the
same Au and Ad, the pulse decay test curves for different Langmuir pressure, Langmuir volume and
test pressure, are almost completely coincident, and they are the same as that of the homogenous
model (Figures 2b, 3b and 4b). Therefore, the equivalent total compressibility defined in this study
is reasonable.
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3.2. Non-Equilibrium Sorption Model

For non-equilibrium models, the dimensionless definitions in Equation (19) can be changed to the
follow definitions.

tD =
kft

µ∧ L2 , Au =
Vp∧

ϕVu
(
cg0 + cVu

) , Ad =
Vp∧

ϕVd
(
cg0 + cVd

) . (20)

Meanwhile, the following is defined.

∧ =
Vic

ρ0(ppu0−ppd0)
+ (ϕct)f0, VD = V

Vic
, CD = C

Vic
,

pseudo− storativity ratio ω =
(ϕctf)0
∧

,
(21)

where Vic is the initial total gas mass occurring in the matrix in kg/m3. For the unsteady state of the
non-equilibrium sorption model, the pseudo-interporosity flow coefficient is defined as follows.

λD =
6Dmπ2µ0 ∧ L2

R2
mkf0

. (22)

For the pseudo-steady-state model, it is defined as follows.

λD =
3Dmµ0 ∧ L2

R2
mkf0

. (23)

It should be noted that in order to get the same dimensionless pressure for the different fracture
porosity at equilibrium stages, the following definition is used in the following figures.

∧ =
Vic

ρ0ppd0
+ (ϕct)f0. (24)

Because of the small change of the testing pressure, the gas compressibility and viscosity can
be assumed as a constant in the testing. Therefore, the dimensionless governing equations of the
pseudo-steady-state model can be written as:

ω
∂ppfD

∂tD
=

∂
∂xD

(
∂ppfD

∂xD

)
− (1−ω)

∂VD

∂tD
, (25)
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∂VD

∂tD
= λ(CED −CD). (26)

The dimensionless governing equations of the unsteady state model are:

ω
∂ppfD

∂tD
=

∂
∂xD

(
∂ppfD

∂xD

)
− (1−ω)λD

∂CD

∂rmD

∣∣∣∣∣
rmD=1

, (27)

∂VD

∂tD
=
λD

3
1

r2
mD

∂
∂rmD

(
r2

mD
∂CD

∂rmD

)
. (28)

It can be found that the governing equations for the unsteady state and the pseudo-steady-state
non-equilibrium sorption models are similar in the forms to the unsteady and the pseudo-steady-state
dual-porosity models, respectively, which have similar matrix-fracture exchange terms. The difference
is that the dual-porosity model does not consider gas adsorption, and the flow in the matrix conforms to
Darcy's law, but the non-equilibrium sorption model considers it to comply with Fick's law of diffusion.
In the meantime, their initial and boundary conditions can be easily found to be the same [28]. Hence,
their properties are almost the same for pulse decay tests.

Figure 5 shows that the shape of the pseudo-pressure curves of the non-equilibrium sorption
model is not similar to that of the equilibrium sorption model. After the upstream and downstream
pseudo-pressures of the non-equilibrium adsorption model are balanced, they will continue to fall
together until the system pseudo-pressure is at equilibrium. This finding is similar to of the feature of
the pressure curves of the dual-porosity models, and is consistent with the previous analysis of the
mathematical models [28]. Under the same conditions presented in the figure, the decrease (tD < 3)
of the upstream vessel pseudo-pressure of the non-equilibrium sorption model is slower than that
of the equilibrium sorption model, but the upstream vessel pseudo-pressure is contrary. In addition,
the balanced pseudo-pressure and the equilibrium pseudo-pressure of the non-equilibrium sorption
models are higher than those of the equilibrium sorption model (Figure 5). This is due to the different
definitions of their dimensionless parameters. As used herein, the balanced pseudo-pressure refers to
the pseudo-pressure at which the upstream and downstream vessel pressures initially become equal;
the equilibrium pseudo-pressure refers to the pseudo-pressure at which all pressures no longer change.
Energies 2019, 12, x FOR PEER REVIEW 9 of 24 

 

 
Figure 5. The comparison of the curves of the equilibrium sorption and the non-equilibrium 
sorption models. 

 
Figure 6. The influence of the fracture porosity on the curve of the non-equilibrium sorption model. 

 

 

 

 

 

 

 

Figure 5. The comparison of the curves of the equilibrium sorption and the non-equilibrium
sorption models.



Energies 2019, 12, 2562 9 of 23

The sensitivity analysis of the fracture porosity, testing pressure, Langmuir volume and
pressure and vessel volumes on the pulse decay tests, were simulated by the numerical methods
in the Appendices B and C. If the total porosity is constant, the balanced pseudo-pressure of the
non-equilibrium sorption model decreases with the increase of the fracture porosity. Meanwhile,
the pseudo-pressure of the upstream vessel decreases more rapidly, and the downstream vessel
pseudo-pressure increases more slowly with the increase of the fracture porosity. However, the final
equilibrium pseudo-pressure was not affected (Figure 6). The final equilibrium pseudo-pressure
increased with the increase of the testing pressure and the Langmuir volumes, and decreased with
the increase of the Langmuir pressures (Figures 7–9). With the increase of the vessel volumes, the
pseudo-pressure curves of the equilibrium and non-equilibrium sorption model approaches that of
no adsorption (Figure 10). Therefore, when the vessel volumes are big enough, the influence of gas
adsorption can be ignored, and the non-equilibrium and equilibrium models cannot be distinguished.
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4. The Analysis Method for Adsorptive Gas

4.1. Equilibrium Sorption Model

According to the analysis in Section 3.1, if the total compressibility ct of the homogeneous model
is replaced by the equivalent total compressibility ce

t , it can be used to analyze the pulse decay test data
of the equilibrium sorption. Therefore, the equilibrium sorption model is essentially a homogenous
model. Thus it can be inferred that ignoring adsorption in the fracture in the previous section does not
change the characteristics of the non-equilibrium sorption model, and the total compressibility of the
fracture can be substituted for by the equivalent total compressibility to account for the adsorption in
the fractures. Cui et al. [21] corrected the porosity to involve gas absorption, but their correction does
not consider the influence of the absorbed phase volume. The Cui-correction is equivalent to a total
compressibility correction, which leads to the same permeability. Here, it is named the Cui-correction
as well, and the corrected equivalent total compressibility is as follows:

cCui
t = cf + cg +

ρscρsVLpL

ρϕ(pL + p)2 . (29)

In the following, the equivalent total compressibility and permeability determined by the
Cui-correction and our new correction are compared with those of no correction. The errors in the
following figures are relative to our new correction.

If the testing pressure is low, the non-correction total compressibility is less than the equivalent
total compressibility, which is contrary at high pressure (Figures 11 and 12). Therefore, these two total
compressibilities are close at certain pressures. Their difference increases with the increase of VL, and
could be larger than 80%. Figure 11 shows that the influence of pL is not monotonous. When the testing
pressure is very large or very small, the difference decreases with pL.
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Figures 11 and 12 show that the Cui-correction total compressibility is larger than the equivalent
total compressibility. The difference increases with the testing pressure and VL, and decreases with pL,
and it can be more than 100% (Figures 11 and 12).

The Cui-correction method is excessive. Only when the testing pressure of VL is very small,
the Cui-correction method works well. It can be found that the influences of the testing pressure,
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VL and pL, on the permeability, follow the same law for total compressibility shown in Figures 13
and 14. Although, the influence of gas adsorption on permeability is not as intense as on the total
compressibility, it still can generate an error of more than 45% (Figures 13 and 14).
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Figures 15 and 16 show that the bigger the vessel volume is, the larger the error of non-correction
permeability is. If Au = Ad = 0.1, the error is less than 1%. Therefore, if the vessel volume is very
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large, it does not need to be corrected. The permeability error of the Cui-correction method increases
with the decrease of the vessel volumes. When Au = Ad = 10, ϕ = 10%, and p = 19 MPa, the error is
approximately 30%. When Au = Ad = 1, ϕ = 5%, and p = 19 MPa, the error is also larger than 14%.
When the testing pressure is very high, the result of the Cui-correction method is worse than that of
the uncorrected, and it intensifies with the decrease of the vessel volume (Figure 16).
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When the testing pressure is very low, the error of non-correction is large, and the result of
the Cui-correction method is appropriate. Therefore, when the testing pressure is very large, the
permeability needs to be determined by the equivalent total compressibility involving the adsorbed
phase density in Equation (3), instead of by the total compressibility.

4.2. Non-Equilibrium Sorption Model

Figure 17 shows that the pseudo-pressure derivative curve of the non-equilibrium sorption model
has a plateau under the proper vessel volume. However, this is not true for the equilibrium sorption
model. These patterns are similar with the dual-porosity models [28]. Therefore, the pseudo-pressure
derivative at the early stage can be used to differentiate the equilibrium and the non-equilibrium
sorption models. If there is a plateau on the pseudo-pressure derivative curve, it means that the
non-equilibrium sorption model is suitable, and the test must be continued to determine the diffusion
coefficient. When there is gas sorption, besides the vessel volume, the adsorption parameters and
the testing pressure also affect the pseudo-pressure derivative plateau, which is different from the
dual-porosity media. Therefore, the vessel volumes should be chosen according to the core adsorption
property and the testing pressure before the test. The unsteady state and the pseudo-steady state
sorption model can also be identified by the pseudo-pressure derivative at the late stage. There is
a plateau at the late stage on the pseudo-pressure derivative curve of pseudo-steady-state sorption
model, and a lean straight line for the unsteady state sorption model (Figure 18). Since an analysis
method similar to dual-porosity cores can be used, it will not be described in more detail herein [28].
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For the two non-equilibrium sorption models, the pseudo-pressure derivative decreases with the
Langmuir volume, which is the opposite observed for the pseudo-pressure (Figure 19). The influences
of the Langmuir pressure and the testing pressure have similar impacts upon the pseudo-pressure
derivative. These influences will not be detailed here.
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5. Case Study

Pulse decay test data of N2 and CH4 for shale were extracted from Figure 6 of Aljamaan et al. [16].
Since the adsorption behavior of H2 and CO2 do not conform to the Langmuir model, which is used in
this study, their data were not extracted. The pressure history and the pressure derivative history of
N2 and CH4 were fitted using the method proposed in this study. The results are shown in Figure 20.
The pressure derivative plots indicate that the unsteady state non-equilibrium sorption model is more
suitable for this sample. The fitting quality of the early time is lower. Because the early pressure in the
original figures changes almost vertically, it is hard to extract the data exactly in this period.
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In addition, the time coordinate of Figure 20 is logarithmic, which leads to dispersed data at
an early time. However, overall, the fitting results are sufficient. The parameters of the adsorption
isotherm for CH4 and N2 measured by Aljamaan et al. [16] were used for fitting. Since the size of the
sample was not specifically explained by Aljamaan et al. [16], the commonly used size was utilized in
the simulation (the diameter is 2.54 cm (one inch) and the length is 5.08 cm (two inches)). The fitting
results for N2 are the fracture permeability kf = 11 µD and λ = 3.8 × 10−4. The results for CH4 are the
fracture permeability kf = 14.5 µD and λ = 4.0 × 10−4. In the fittings for these two gases, ϕf = 0.3%
and ϕm = 4.4% were used. However, near this value, the fitting result is not sensitive to the fracture
porosity, so the results of the fracture porosity may have large errors.

According to the parameters of the slippage effect measured by Aljamaan et al. [16], the apparent
permeability of N2 and CH4 should be 7.98µD (equilibrium pressure 53.01 psi) and 8.02µD (equilibrium
pressure 47.92 psi), respectively. These values are close to the results of this study, but there are obvious
differences. Han et al. [28] points out that using a homogeneous model to analyze the permeability of
dual-porosity cores may lead to significant error. A similar problem exists in the results of Aljamaan
et al. [16], when using the approach of the Cui et al. [21] model to analyze non-equilibrium sorption.
From the view of basic parameters, the sample length assumed in this study may differ from the actual.
Furthermore, the adsorption isotherm fitted by Aljamaan et al. [16] deviates significantly from the
measured point in the range of 0–100 psi (see Figure 9 in Aljamaan et al. [16]). These factors may
lead to the difference between these two results. This example preliminarily validates the analysis
method proposed for non-equilibrium sorption models. In order to more rigorously verify the methods
proposed in this study, more pulse decay tests with gas adsorption are needed in the future.
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6. Conclusions

Absorptive gases are sometimes used in pulse decay tests, and the influence of gas adsorption
must be considered in data analysis. In this study, the volume of the adsorbed phase is considered,
and the conventional models of adsorbing gas flow in porous media are modified to simulate the
performance of pulse decay tests for equilibrium sorption, unsteady state and pseudo-steady-state
non-equilibrium sorption.

For a pulse decay test of the equilibrium sorption model, an equivalent total compressibility is
defined, resulting in the same form as the homogeneous model. Therefore, the pseudo-pressure curve
of an equilibrium sorption model is similar to the homogeneous model. Numerical simulation also
proves this conclusion. By using this equivalent total compressibility instead of the total compressibility
of the analysis method for the homogeneous model, a correction method involving the absorbed phase
volume is proposed. Further error analysis indicates that the model does not need any correction when
the vessel volumes are very large. The Cui-correction method is excessive, and it is suitable only when
the testing pressure is very low. If the testing pressure is very high, the error of the Cui-correction
method cannot be ignored.

By defining appropriate dimensionless quantities, a dimensionless form of the non-equilibrium
sorption equation similar to dual-porosity models can be obtained. Numerical simulations also
show that the unsteady state and pseudo-steady state non-equilibrium sorption models are similar to
the unsteady state and pseudo-steady state dual-porosity models, respectively. Like dual-porosity
media, the equilibrium and non-equilibrium sorption models can be identified by the pseudo-pressure
derivative at the early stage. When the non-equilibrium sorption models are affirmed to be the suitable
model, the test must be continued to determine the model parameters. The unsteady state and the
pseudo-steady state sorption models can also be identified by the pseudo-pressure derivative at the
late stage. To use the pseudo-pressure derivative successfully, the suitable vessel volumes must be
chosen according to the core sorption property, the testing pressure and the porosity. This proposed
method was verified by a case study.
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Nomenclature

p,pf pressure and fracture pressure [Pa];
t time [s];
x coordinate along the sample, takes the upstream vessel as the origin [m];
L length of the sample [m];

Vu, Vd, Vp
the volume of the upstream vessel, downstream vessels and the sample pore,
respectively [m3];

V, Vic total gas mass occurred and initial total gas mass occurred in the matrix [kg/m3];

C, CE
gas concentration in the matrix and equivalent gas concentration in the fracture,
respectively [kg/m3];

VL, pL Langmuir volume and pressure respectively [m3/kg, Pa];
cg, cf compressibility of testing gas and pore volume, respectively [Pa−1];
ct, ce

t sample total compressibility and equivalent total compressibility [Pa−1];
cVd, cVu compressibilities of upstream and downstream vessels respectively [Pa−1];
k, kf, km permeability, permeabilities of fractures and matrix respectively [m2];
Dm gas diffusion coefficient [m2/s];
Rm, rm the radius and coordinate of the spherical matrix respectively [m];
M molecular molar mass [kg/mol];
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Z gas deviator factor;
R Universal Gas Constant [J/(mol·K)];
T temperature [K]
Greeks
ϕ, ϕa, ϕf, ϕm porosity, porosity of the adsorbed phased, fracture and matrix, respectively [%];
µ viscosity [Pa·s];

ρ, ρa, ρsc, ρs
density of the testing gas, adsorbed gas, gas at the standard condition and apparent
density of samples [kg/m3];

λD pseudo-interporosity flow coefficient;
ω pseudo-storativity ratio;
Subscripts
f, m macropores and micropores respectively;
u, d upstream and downstream vessels respectively;
a adsorbed phase;
i reference status;
0 initial status;
p normalized pseudo-pressure;
D dimensionless variable

Appendix A. Numerical Solution for Equilibrium Sorption Model

For the convenience of writing, the following parameters are defined.

θ =
∆t
∆x

, τ =
∆t

∆x2 , E =
kf(

cg + cVd

)
µϕL

Vp

Vd
, F =

kf(
cg + cVd

)
µϕL

Vp

Vd
, H = ρϕce

t , G =
ρk
µ

(A1)

Therefore, the governing equation Equation (4) and the boundary conditions Equations (5)–(7) of
the equilibrium sorption model can be written as follows.

H
∂p
∂t

=
∂
∂x

(
G
∂p
∂x

)
(A2)

dpu

dt
= E

∂p
∂x

∣∣∣∣∣
x=0

, t > 0 (A3)

dpd

dt
= −F

∂p
∂x

∣∣∣∣∣
x=L

, t > 0 (A4)

The sample is divided into N segments with element length ∆x and is numbered from 0 to N. The
finite difference method was used to discretize the equations. The governing equation Equation (A3)
of the equilibrium sorption model can be discretized as follows.

H(s)
j

p(s+1)
j − pn

j

∆t
=

1
∆x

G(s)
j+1/2

p(s+1)
j+1 − p(s+1)

j

∆x
−Gn

j−1/2

p(s+1)
j − p(s+1)

j−1

∆x

 (A5)

The subscript n and s represent the nth time step and the sth iteration in one time step, respectively.
The subscript j represents the jth node. The boundary conditions of the upstream and downstream
vessels can be discretized as follows.

p(s+1)
0 − pn

0

∆t
= E(s)

1/2

p(s+1)
1 − p(s+1)

0

∆x
(A6)

p(s+1)
N − pn

N
∆t

= −F(s)
N−1/2

p(s+1)
N − p(s+1)

N−1

∆x
(A7)
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The above Equations (A5) to (A7) can be simplified to the following Equations (A8) to
(A10), respectively.

− τG(s)
j+1/2p(s+1)

j+1 +
(
τG(s)

j+1/2 + τG(s)
j−1/2 + H(s)

j

)
p(s+1)

j − τG(s)
j−1/2p(s+1)

j−1 = H(s)
j pn

j (A8)

− θE(s)
1/2p(s+1)

1 +
(
θE(s)

1/2 + 1
)
p(s+1)

0 = pn
0 (A9)(

θF(s)
N−1/2 + 1

)
p(s+1)

N − θF(s)
N−1/2p(s+1)

N−1 = pn
N (A10)

The initial condition Equation (5) can be discretized as:

p j(0) = pd(0) 0 < j ≤ N + 1 , p0(0) = pu(0). (A11)

There is an unknown variable pj on each node for a total of N + 1 unknown variables. There
are a total of N + 1 equations: N − 1 equations on N − 1 internal nodes with Equation (A8), and
Equations (A9) and (A10) on the two boundary nodes. They form a matrix of N + 1 rank, which can be
iteratively solved in combination with the initial condition Equation (A11).

Appendix B. Numerical Solution for the Pseudo-Steady-State Non-Equilibrium Sorption Model

In addition to the definition of Equation (A1), the following parameters are defined for the
pseudo-steady-state non-equilibrium sorption model.

H = ρ(ϕct)f, G =
ρkf

µ
, W =

6Dmπ2

R2
m

. (A12)

Therefore, the governing equations Equations (9) and (10) of the pseudo-steady-state
non-equilibrium sorption model can be written as:

H
∂pf

∂t
=

∂
∂x

(
G
∂pf

∂x

)
−
∂V
∂t

, (A13)

∂V
∂t

= W(CE −C). (A14)

Like the equilibrium adsorption model, the sample can be divided into N segments with element
length ∆x, and the node number is from 0 to N. Using the finite difference method, the governing
Equations (A13) and (A14) can be discretized into:

H(s)
j

p(s+1)
f, j − pn

f, j

∆t
=

1
∆x

G(s)
j+1/2

p(s+1)
f, j+1 − p(s+1)

f, j

∆x
−G(s)

j−1/2

p(s+1)
f, j − p(s+1)

f, j−1

∆x

− V(s+1)
j −Vn

j

∆t
, (A15)

Vs+1
j −Vn

j

∆t
= W

(
Cs+1

E, j −Cs+1
j

)
. (A16)

The governing Equations (A15) and (A16) can be simplified into the following forms, respectively.

−τG(s)
j+1/2p(s+1)

f , j+1 +
(
τG(s)

j+1/2 + τG(s)
j−1/2 + H(s)

j

)
p(s+1)

f, j − τG(s)
j−1/2p(s+1)

f, j−1 + W∆tC(s+1)
E, j −W∆tC(s+1)

j = H(s)
j pn

f, j, (A17)

−W∆tC(s+1)
E, j + W∆tC(s+1)

j + V(s+1)
j = Vn

j (A18)

The discretized equations for the boundary conditions and the initial conditions can be directly
obtained by using pf instead of p in Equations (A9)–(A11). CE,j can be written as a function of pf,j,
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thereby reducing one variable. There are three unknown variables, pf,j, Vj and Cj, on each node, and Vj
and Cj can be written as a function of the same pressure, thereby reducing one unknown variable on
every node. Therefore, there is a total of 2 (N + 1) unknown variables.

There are 2 (N − 1) equations on N − 1 internal nodes with Equations (A17) and (A18), and four
equations on two boundary nodes with Equation (A18) and Equations (A9)–(A11). Hence, a matrix of
rank 2(N + 1) can be formed. A numerical solution can be iteratively obtained by adding the initial
conditions Equation (A11).

Appendix C. Numerical Solution for the Unsteady State Non-Equilibrium Sorption Model

In addition to the definitions of Equations (A1) and (A12), the following parameters are defined.

θm =
∆t

∆rm
, τm =

∆t
∆r2

m
, W =

3Dm

Rm
. (A19)

Therefore, the governing equation, that is, Equation (12) for the unsteady state non-equilibrium
sorption model, can be written as:

H
∂pf

∂t
=

∂
∂x

(
G
∂pf

∂x

)
−W

∂C
∂rm

∣∣∣∣∣
rm=R

. (A20)

For the unsteady state non-equilibrium sorption model, the sample is divided into N segments
with fracture element length ∆x, and the node number is from 0 to N. In addition, the matrix needs to
be divided into M segments with an element length ∆rm, and the node number is from 0 to M. Using
the finite difference method, the governing equations, Equations (A20) and (13) for the unsteady state
non-equilibrium sorption model, can be discretized into:

H(s)
j

p(s+1)
f, j − pn

f, j

∆t
=

∂
∂x

G(s)
j+1/2

p(s+1)
f, j+1 − p(s+1)

f, j

∆x
−G(s)

j−1/2

p(s+1)
f, j − p(s+1)

f, j−1

∆x

−W
C(s+1)

M −Cn
M−1

∆rm
, (A21)

V(s+1)
j,i −Vn

j,i

∆t
=

1
r2

m,i

1
∆rm

r2
m,i+1/2Dm

C(s+1)
j,i+1 −C(s+1)

j,i

∆rm
− r2

m,i−1/2Dm

C(s+1)
j,i −C(s+1)

j,i−1

∆rm

. (A22)

where subscript i indicates the node number of the matrix. The matrix boundary conditions Equation
(14) can be discretized into:

Cn
j,1 −Cn

j,0

∆rm
= 0. (A23)

The above Equations (A21)–(A23) can be simplified to:

−τG(s)
j+1/2p(s+1)

f, j+1 +
(
τG(s)

j+1/2 + τG(s)
j−1/2 + H(s)

j

)
p(s+1)

f, j − τG(s)
j−1/2p(s+1)

f, j−1 + Wθm

(
C(s+1)

M −C(s+1)
M−1

)
= H(s)

j pn
f, j. (A24)

−Dmτm
r2
m,i+1/2

r2
m,i

C(s+1)
j,i+1 +

(
Dmτm

r2
m,i+1/2

r2
m,i

+ Dmτm
r2
m,i−1/2

r2
m,i

)
C(s+1)

j,i + V(s+1)
j,i −Dmτm

r2
m,i−1/2

r2
m,i

C(s+1)
j,i−1 = Vn

j,i. (A25)

Cn
j,1 −Cn

j,0 = 0. (A26)

The discretized equations for the boundary and initial conditions can be directly obtained by
replacing p into Equations (A9)–(A11) with pf. For each fracture node, there are M + 1 matrix unknown
variables, Cj,i and Vj,i, and one fracture unknown variable pf,j, totaling (2M + 3) unknown variables.
If the (M + 1)th matrix node unknown variable is written as a function of the fracture pressure at that
location, an unknown variable can be reduced for every fracture node. Also note that Cj and Vj can be
written as a function of the same pressure. Therefore, there are a total of (M + 1) × (N + 1) unknown
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variables. There are M − 1 Equation (A25) on matrix internal nodes, and Equation (A26) on the matrix
inner boundary node for each fracture node. There are N − 1 equations on inner fracture nodes with
Equation (A24), and Equations (A9) and (A10) on boundary nodes. They make up a (M + 1)(N + 1)
rank equation group. Combined with the initial condition Equation (A11), a matrix of (N + 1) (M + 1)
order can be formed for solving.

The following calculation strategy is taken in each time step: For the calculation of the fracture
pressure, the gas concentration of the matrix is fixed; for the calculation of the concentration in the
matrix, the fracture pressure is fixed. This approach can reduce the rank of the matrix by iteratively
solving N + 1 M-rank matrices and one (N + 1)-rank matrix. In addition, the chasing method can be
used to improve the calculation speed.

It should be pointed out that in order to improve the calculation accuracy of fracture-matrix
exchange, the MINC modeling techniques and random walks methods were proposed in the
literature [30,31].
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