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Abstract

:

In this article, inspired by Shi et al., we investigate the optimal portfolio selection with one risk-free asset and one risky asset in a multiple period setting under the cumulative prospect theory (CPT) risk criterion. Compared with their study, our novelty is that we consider a stochastic benchmark and portfolio constraints. By performing a numerical analysis, we test the sensitivity of the optimal CPT investment strategies to different model parameters.
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1. Introduction


Expected utility theory (EUT) was a popular decision making model in finance and economics. In reality, however, various decision makers’ behaviour deviates from the implications of expected utility. Substantial experimental and empirical evidence points out that expected utility theory is incompatible with observed human behaviour. The abundant paradoxes lead to the development of a more realistic theory. One of them is prospect theory (PT) (see Tversky and Kahneman 1979). Later, PT was extended to cumulative prospect theory (CPT), since CPT is consistent with the first-order stochastic dominance (see Tversky and Kahneman 1992).



Let us go over some of the literature on CPT. In a continuous-time setting, Jin and Zhou (2008) formulated a general behavioural portfolio selection model under Kahneman and Tversky’s cumulative prospect theory. In a discrete-time setting, Bernard and Ghossoub (2010) considered how a CPT investor chooses his/her optimal portfolio in a single period setting with one risky and one riskless asset. In the same vein, He and Zhou (2011a, 2011b) addressed and formulated the well-posedness of the CPT criterion and investigated the case in which the reference point is different from the risk-free return. The extension to a multi-asset paradigm was done in Pirvu and Schulze (2012) and Kwak and Pirvu (2018). To the best of our knowledge, Carassus and Rasonyi (2015) and Shi et al. (2015) are the only papers to consider the CPT allocation problem in a multi-period framework.



In this paper, we study the optimal portfolio of a CPT investor. Inspired by Shi et al. (2015), we focus on the allocation problem with one risk-free asset and one risky asset in the multiple period setting and with CPT risk criterion. Shi et al. (2015) pointed out that the optimal strategies are time consistent in their setting due to probability distortions. Compared to Shi et al. (2015), one of the contributions of the present article is to allow for time changing benchmark and portfolio constraints. A time changing benchmark is a more realistic model of portfolio management. The work of Strub and Li (2017) investigated weather or not reference point updating led to time-inconsistent investment. They analysed both the time-consistent and time-inconsistent frameworks and concluded that the updating of the reference point non-recursively leads to realistic trading behaviour, which is time inconsistent, and it embeds the disposition effect.



We have to face the time inconsistency of optimal investment strategies in our setting. Due to this predicament, we consider a special type of benchmarking, which renders the optimal strategy time consistent. The optimal strategy is computed by backward induction (see, e.g., Kwak et al. (2014) and Pirvu and Zhang (2013) for similar techniques). Our main result is a recursive formula to characterize the optimal strategies. The stochastic model we consider for the stock return is fairly general. One interesting feature of our recursive formulas characterizing the optimal strategies is that they allow for any distribution specification of stock returns. This is explained by the fact that optimal strategies are computed by backward induction. Our numerical experiments reveal the effect of time on the optimal strategies (this effect cannot be observed in one-period models). The main numerical finding in this regard is that the effect of the model parameters on optimal strategies diminishes slightly as time goes by and it gets closer to maturity.



The remainder of this paper is organized as follows: In Section 2, we present the model. Section 3 outlines the objective, the results and a numerical experiment. The conclusions are presented in Section 4. The paper ends with Appendix A, Appendix B and Appendix C containing the proofs.




2. The Model


We consider a financial market with two investment opportunities: one risk-free asset and one risky asset. The investment horizon is [0,T], where T is a finite deterministic positive constant. Let t denote the time of investment, which takes on discrete values (t=0,1,…,T−1). The future evolution of risky assets’s price is modelled on a probability space (Ω,Ft,F,P). The information set at the beginning of period t is Ft. Let rt denote the return of the risk-free asset from time t to time t+1, and let xt denote the return of the risky asset from time t−1 to time t. We assume that an investor has wealth Wt at time t and that he/she invests the amount vt in the risky asset and all of remaining wealth Wt−vt in the risk-free asset. The investor’s wealth Wt+1 at time t+1 is given by the self-financing equation:


Wt+1=(1+rt)(Wt−vt)+vt(1+xt+1)=(1+rt)Wt+vt(xt+1−rt)=(1+rt)Wt+vtyt+1.



(1)




Here, yt+1 is a random variable that represents the dollar excess return on the risky asset over the risk-free asset from time t to time t+1. The excess return process {yt}{t=0,1,…,T−1}, the interest rate process {rt}{t=0,1,…,T−1} and the amount invested in the risky asset process {vt}{t=0,1,…,T−1} are adapted stochastic processes, i.e., yt∈Ft,rt∈Ft and vt∈Ft.



2.1. The Benchmarked Wealth


Investors assess the performance of their investments in comparison to a benchmark. This approach is modelled by a benchmark process, which at any point in time divides investment outcomes into gains and losses as follows: a gain occurs whenever the investment outcomes are above the benchmark, and a loss occurs whenever the investment outcomes are below the benchmark.



Let Bt,0≤t≤T, be a positive benchmark process. The benchmarked wealth at time t+1, given initial time t, is:


W¯tt+1=Wtt+1−Bt+1.



(2)




Given the initial time t, the benchmarked wealth at time t+2 is:


W¯tt+2=Wtt+2−Bt+2



(3)




In general, the benchmarked wealth is given by:


W¯ts=Wts−Bs,s=t+1,t+2,…,T.



(4)







Examples of the Benchmark


One benchmark process is the constant throughout time benchmark B, where B is a constant. This kind of benchmark is considered in Shi et al. (2015). Another benchmark process is obtained by investing the initial/current wealth in the risk-free asset. Other examples of benchmarks are an index of stochastic assets and the expected wealth (for more on this, see Pirvu and Schulze 2012).





2.2. Portfolio Constraints


It is often the case that managers impose risk limits on the trading strategies. The risk control mechanism has two components: one internal (imposed by risk management departments) and one external (accredited regulatory institutions). Thus, it is only natural to consider portfolio constraints. In the following, we introduce the class of admissible strategies.



Definition 1.

The set of admissible strategies at time t is At,


At={vt∈Ft|A|Wt|≤vt≤B|Wt|}



(5)




for some constants A≤0<B.





This formal definition is saying that the investments in the risky asset are acceptable if the corresponding portfolio proportion invested in the risky asset is bounded.



The fact that A≤0 is saying that short selling is allowed in this market. In practice, there are rules about short selling; for the special case of Chinese financial markets: “The underlying stocks for short selling should have more than 200 million shares or the market value in circulation should have more than 800 million RMB; the number of shareholders should be more than 4000,” page 263 in Gregoriou (2011).



The portfolio constraint A|Wt|≤vt sets a (negative) floor on the portfolio proportion invested in the risky asset, which is the same as limiting the short selling amount (some portfolio managers tend to do that). On the other hand, the constraint vt≤B|Wt| limits the exposure to the risky asset, which is in line with the industry practice: “In 1991, the National Association of Insurance Commissioners (NAIC) imposed higher reserve requirements on insurance companies holdings of junk bonds, specifying a 20% cap on the assets insurers may hold in junk bonds. Many pension funds place limits on the fraction of a portfolio that can be invested in junk bonds,” Da and Gao (2009) (junk bonds are a special type of risky assets that have a high return, but also posses a high risk). Other types of portfolio constraints are: bound constraints on specific assets, cardinality constraints, and turnover constraints, just to mention a few (see Guijarro (2018) for more on cardinality constraints). We also point the interested reader to Garcia et al. (2018).




2.3. The CPT Risk Criterion


The investor gets utility from gains and disutility from losses. The benchmark differentiates gains from losses. Let us introduce the following formal definitions.



Definition 2

(See Tversky and Kahneman 1979, 1992). The value function u is defined as follows:


u(x)=u+(x)ifx≥0,−u−(−x)ifx<0,








where u+:R¯+→R¯+ and u−:R¯+→R¯+ satisfy:




	(i) 

	
u(0)=u+(0)=u−(0)=0;




	(ii) 

	
u+(+∞)=u−(+∞)=+∞;




	(iii) 

	
u+(x)=xα, with 0<α<1 and x≥0;




	(iv) 

	
u−(x)=λxα with λ>1 and x≥0.











It is important to point out that the CPT objective considers deviation from the benchmark, so the argument x in the utility function u(x) is not a wealth level, but a deviation of wealth from the benchmark.



Definition 3.

Let FX(·) be the cumulative distribution function (CDF) of a random variable X. The probability distortions are denoted by T+ and T−. We define the two probability weight functions (distortions) T+:[0,1]→[0,1] and T−:[0,1]→[0,1] as follows:


T+(FX(x))=FXγ(x)(FXγ(x)+(1−FX(x))γ)1/γ,with0.28<γ<1,T−(FX(x))=FXδ(x)(FXδ(x)+(1−FX(x))δ)1/δ,with0.28<δ<1.













The choice of γ,δ>0.28 guarantees that T+,T− are increasing Ingersoll (2008).



Definition 4.

Define the objective function of the CPT investor, denoted by U(W), as:


U(W)=∫0+∞T+(1−FW(x))du+(x)−∫0+∞T−(FW(−x))du−(x),



(6)




where W is the benchmarked wealth. U(W) is a sum of two Choguet integrals (see Choquet 1953 and Chateauneuf et al. 2000). It is well-defined when:


α<2min(δ,γ),








(see Proposition 2 in Pirvu and Schulze (2012)).





From Definition 4, it follows that an objective function of the CPT investor at time t is:


U(W¯tT)=∫0+∞T+(1−FW¯tT(x))du+(x)−∫0+∞T−(FW¯tT(−x))du−(x).



(7)







As we mention in Section 3.3, this risk criterion is time inconsistent; thus, we propose a special case of benchmarked wealth; that is, perform benchmarking at time T−1 only1. Thus, if the initial time is t (t=0,1,2,…,T−1), then the benchmarked wealth at T is:


W̲tT=vT−1yTgiventhattheinitialtimeist.



(8)







The objective function is then defined as follows:


U(W̲T−1T)=∫0+∞T+(1−FW̲T−1T(x))du+(x)−∫0+∞T−(FW̲T−1T(−x))du−(x),



(9)




and:


U(W̲tT)=E[U(W̲T−1T)|Ft].



(10)




The above equation naturally extends U(W̲T−1T) at earlier times, and this makes sense in light of (8).





3. Methodology


Let us begin with formulating the CPT investor objective. In a first step, we consider the one-period model.



3.1. Single Period Objective


We assume that the current time is T−1. Recall that the benchmarked wealth at time T is:


W̲T−1T=vT−1yT.



(11)







The CPT investor objective is to find the portfolio that leads to the highest possible prospect value; consequently, the investor solves the following portfolio problem:


(P)maxvT−1∈AT−1U(W̲T−1T)=maxvT−1∈AT−1∫0+∞T+(1−FW̲T−1T(x))du+(x)−∫0+∞T−(FW̲T−1T(−x))du−(x).



(12)




The portfolio yielding the highest possible prospect value, i.e., the optimal portfolio, is vT−1* given by:


vT−1*=argmaxvT−1∈AT−1U(W̲T−1T)=argmaxvT−1∈AT−1∫0+∞T+(1−FW̲T−1T(x))du+(x)−∫0+∞T−(FW̲T−1T(−x))du−(x).



(13)








3.2. Multiple Period Objective


Let us consider a multiple period model. In order to get a time-consistent optimal strategy, we work with the benchmarked wealth W̲tT, defined in (8). The CPT investor objective is to solve the following portfolio problem:


(P)maxvi∈Ai,i=t,t+1,…T−1U(W̲tT)=maxvi∈Ai,i=t,t+1,…T−1E∫0+∞T+(1−FW̲T−1T(x))du+(x)−∫0+∞T−(FW̲T−1T(−x))du−(x)|Ft.



(14)




Having stated the objectives, let us turn to the issue of time inconsistency.




3.3. Time Inconsistency


As already pointed out in Shi et al. (2015), the optimal strategy is time inconsistent due to the nonlinear distortions. That is, the optimal strategy computed in the past is not implemented unless there is a commitment mechanism. Let us define vT−1* the time T−1 portfolio and (v^T−2,v^T−1) the time T−2 optimal portfolio:


vT−1*=argmaxvT−1∈AT−1U(W̲T−1T),








and


(v^T−2,v^T−1)=argmaxvT−2∈AT−2,vT−1∈AT−1U(W̲T−2T).








It turns out that vT−1*≠v^T−1, which means that the investor is time inconsistent, i.e., the time T−2 optimal portfolio is not implemented at time T−1 when another portfolio is optimal.




3.4. Results


After formulating the objective, we are ready to present our results. Our exposition starts with the single period case. We manage to analyse the investor portfolio optimization problem in terms of the wealth being positive/negative. The result is summarized in the following proposition.



Proposition 1.

The optimal prospect value is:


maxvT−1∈AT−1U(W̲T−1T)=WT−1αAT−1IWT−1≥0−(−WT−1)αBT−1IWT−1<0,



(15)




where:


AT−1=maxz∈[A,B]gT−1(z),



(16)






BT−1=−maxz∈[−B,−A]lT−1(z),



(17)






gT−1(z)=zαk(T−1)Iz∈[0,B]+(−z)αh(T−1)Iz∈[A,0]










lT−1(z)=(−z)αk(T−1)Iz∈[−B,0]+zαh(T−1)Iz∈[0,−A]










k(T−1)=∫0+∞T+(1−FyT(x))du+(x)−∫0+∞T−(FyT(−x))du−(x)








and:


h(T−1)=∫0+∞T+(1−F−yT(x))du+(x)−∫0+∞T−(F−yT(−x))du−(x)













Proof. 

The proof is given in Appendix A. □





Theorem 1.

The optimal CPT investment strategy is:


vT−1*=kT−1*WT−1ifWT−1≥0,k^T−1*WT−1ifWT−1<0,








where:


kT−1*=argmaxz∈[A,B]gT−1(z),k^T−1*=argmaxz∈[−B,−A]lT−1(z).













Proof. 

The above conclusion is derived from Proposition 1. □





Subsequently, we consider the optimal strategies in the multiple periods. In order to ease the exposition, we present the two-period model case; when the initial time is T−2, the following result is established.



Proposition 2.

The maximum CPT value is given recursively by:


maxvT−2∈AT−2,vT−1∈AT−1U(W̲T−2T)=AT−2WT−2αIWT−2≥0−BT−2(−WT−2)αIWT−2<0,



(18)




where:


AT−2=maxz∈[A,B]gT−2(z),



(19)






BT−2=−maxz∈[−B,−A]lT−2(z),



(20)






gT−2(z)=E[AT−1(1+rT−2+yT−1z)αI{1+rT−2+yT−1z≥0}−BT−1(−1−rT−2−yT−1z)αI{1+rT−2+yT−1z<0}|FT−2]










lT−2(z)=E[AT−1(−1−rT−2−yT−1z)αI{1+rT−2+yT−1z<0}−BT−1(1+rT−2+yT−1z)αI{1+rT−2+yT−1z≥0}|FT−2].








and AT−1,BT−1 are given by (16), (17).





Proof. 

The proof is done in Appendix B. □





As a consequence of this, we can obtain the following key proposition and theorem for multiple periods. They provide an algorithm to compute iteratively backward (starting from the last time period [T−1,T] and then going to [T−2,T], etc.) the optimal prospect value and the corresponding optimal portfolio.



Proposition 3.

Given the initial time t, the optimal CPT value is given recursively by:


maxvi∈Ai,i=t,t+1,…T−1U(W̲tT)=AtWtαIWt≥0−Bt(−Wt)αIWt<0,



(21)




where:


At=maxz∈[A,B]gt(z),










Bt=−maxz∈[−B,−A]lt(z),










gt(z)=E[At+1(1+rt+yt+1z)αI{1+rt+yt+1z≥0}−Bt+1(−1−rt−yt+1z)αI{1+rt+yt+1z<0}|Ft]










lt(z)=E[At+1(−1−rt−yt+1z)αI{1+rt+yt+1z<0}−Bt+1(1+rt+yt+1z)αI{1+rt+yt+1z≥0}|Ft],








AT−1,BT−1 are given by (16), (17), AT−2,BT−2 are given by (19), (20), etc.





Proof. 

We prove this in Appendix C. □





The following theorem is our main result of the paper.



Theorem 2.

The optimal CPT investment strategy (v0*,v1*,…,vT*) is given recursively for t=T−1,T−2,…,0 by:


vt*=kt*WtifWt≥0,k^t*WtifWt<0,










kt*=argmaxz∈[A,B]gt(z)








and:


k^t*=argmaxz∈[−B,−A]lt(z).













Proof. 

The above result is derived from Proposition 3. □






3.5. Numerical Simulation


We assumed that the excess return yt follows a normal distribution N(μ,σ). The interest rate was set to follow the Ho and Lee model (see Ishimura et al. 2013):


rt=0.03+0.003tZ,Z∼N(0,1).








This choice of modelling the excess return and the interest rate was to make the model tractable. The S-shaped utility, the probability distortions and especially the multiple periods increase the computational complexity.



Let the risk limits be A=−5,B=5. We tested the sensitivity of the optimal solution to different parameters α, μ and δ. Moreover, we analysed how CPT investors’ psychology and the characteristics of the stock influence the optimal CPT investment strategies. When we tested sensitivity, we set W0=0.8 and discussed the sensitivity of the tth period (t = 0, 1, …, 10). Following Tversky and Kahneman (1992), we set λ=2.25,γ=0.61, and δ=0.69. Let μ=0.045,σ=1.69 in Figure 1 and Figure 2 and α=0.88 in Figure 3 and Figure 4 (this choice is taken from Tversky and Kahneman (1992)).



In order to reveal the effect of CPT investors’ psychology on the optimal portfolio choice, we analysed the sensitivity of the optimal solution to the parameter α (see Figure 1 and Figure 2). The ratio of wealth invested in the risky asset was increasing in α. This trend was also observed in Pirvu and Schulze (2012), and it is explained by an increased risk appetite produced by a higher α. Indeed, 1−α is the Arrow–Pratt measure of relative risk aversion (RRA) or the coefficient of relative risk aversion, so higher α means less risk aversion. We see from Figure 2 that a 10% decrease in α led to a 50% decrease in the ratio invested in the risky asset. For high values of α, the ratio invested in the risky asset was slowly decreasing in time.



As expected, the investment in the risky asset was decreasing in σ since a higher σ makes the risky asset a less attractive investment opportunity. The effect of σ on the ratio invested in the risky asset is more pronounced for higher values of σ, a fact explained by the CPT agent being conservative. The investment in the risky asset was increasing in μ, and this is justified since a higher μ makes the risky asset more attractive. We see from Figure 4 that as μ increased from 5–10%, the ratio increased from 10–25%.



Let us have a closer look at the time variability of the ratio of wealth invested in the risky asset we see in these plots. There are two points to make here: (1) there was not much variation over time of this ratio (a similar phenomenon can be observed in Example 2, page 403, in Li and Ng (2000)); (2) the ratio was slowly decreasing in time; and this monotonicity is explained by the fact that the CPT agent becomes more conservative as the time to maturity comes closer, and there is less time to adjust the trade.





4. Conclusions


This paper studied the optimal portfolio problem of a CPT investor in the multiple period setting with one risk-free asset and one risky asset. The risk free return was stochastic, and constraints were imposed on the trading portfolios. The optimal strategies were time consistent in this paradigm due to probability distortions. In order to get around this problem, we imposed a special portfolio benchmarking, which made the optimal strategy time consistent. Our main result was a recursive formula, which led to the optimal portfolio strategies.



A numerical experiment revealed the effect of CPT investors’ psychology on the optimal portfolio choice. We found out that, as expected, the ratio of wealth invested in the risky asset was decreasing when the coefficient of relative risk aversion increased. Moreover, as expected, the investment in the risky asset was decreasing in the risky asset volatility and increasing in the risky asset return. The effect of the model parameters on optimal strategies was slightly diminishing as time went by.



The recursive formula yielding the optimal portfolios was general, and it did not depend on the distribution of the risky asset. However, in our numerical experiment, because of computational tractability issues, we assumed that the risky asset’s return was normally distributed, which is a quite restrictive assumption. The choice of other return distributions, not necessarily symmetric, such as the Student t-distribution, we leave as a topic of future research. Another limitation of our work was the special type of benchmarking proposed. This was done to overcome the difficulties caused by the time inconsistency (due to the nonlinear portfolio distortions). A future research direction is to investigate this portfolio allocation problem under other types of benchmarking as well.
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Appendix A. Proof of Proposition 1


Proof. 

When WT−1≥0 and 0≤vT−1≤BWT−1, we directly employ the result of Bernard and Ghossoub (2010) in order to get:


U(W̲T−1T)=vT−1α∫0+∞T+(1−FyT(x))du+(x)−∫0+∞T−(FyT(−x))du−(x).



(A1)







Let vT−1=WT−1z, so:


U(W̲T−1T)=WT−1αzα∫0+∞T+(1−FyT(x))du+(x)−∫0+∞T−(FyT(−x))du−(x).=WT−1αzαk(T−1)



(A2)







Similarly, when WT−1≥0 and AWT−1≤vT−1≤0, we can show that:


U(W̲T−1T)=(−vT−1)α∫0+∞T+(1−F−yT(x))du+(x)−∫0+∞T−(F−yT(−x))du−(x)=WT−1α(−z)α∫0+∞T+(1−F−yT(x))du+(x)−∫0+∞T−(F−yT(−x))du−(x)=WT−1α(−z)αh(T−1).



(A3)







Hence, when WT−1≥0, we have that:


U(W̲T−1T)=WT−1α[zαk(T−1)Iz∈[0,B]+(−z)αh(T−1)Iz∈[A,0]]=WT−1αgT−1(z).



(A4)







When WT−1<0 and 0≤vT−1≤−BWT−1, one easily gets:


U(W̲T−1T)=(−WT−1)α(−z)α∫0+∞T+(1−FyT(x))du+(x)−∫0+∞T−(FyT(−x))du−(x)=(−WT−1)α(−z)αk(T−1)



(A5)




When WT−1<0 and −AWT−1≤vT−1≤0, we show that:


U(W̲T−1T)=(−vT−1)α∫0+∞T+(1−F−yT(x))du+(x)−∫0+∞T−(F−yT(−x))du−(x)=(−WT−1)αzα∫0+∞T+(1−F−yT(x))du+(x)−∫0+∞T−(F−yT(−x))du−(x)=(−WT−1)αzαh(T−1).



(A6)







Therefore, when WT−1<0, we have that:


U(W̲T−1T)=(−WT−1)α[(−z)αk(T−1)Iz∈[−B,0]+zαh(T−1)Iz∈[0,−A]]=(−WT−1)αlT−1(z).



(A7)




 □






Appendix B. Proof of Proposition 2


Proof. 

Since:


W̲T−2T=vT−1yTgiventhattheinitialtimeisT−2,



(A8)




and:


U(W̲T−2T)=E[U(W̲T−1T)|FT−2],








then:


maxvT−2∈AT−2,vT−1∈AT−1U(W̲T−2T)=maxvT−2∈AT−2E[maxvT−1∈AT−1U(W̲T−1T)|FT−2].








By applying Proposition 1 to the above equation, one gets:


maxvT−2∈AT−2,vT−1∈AT−1U(W̲T−2T)=maxvT−2∈AT−2E[WT−1αAT−1IWT−1≥0−(−WT−1)αBT−1IWT−1<0|FT−2].



(A9)







From Equation (1), it follows that:


WT−1=(1+rT−2)WT−2+vT−2yT−1.








Let


vT−2=WT−2kT−2.








When WT−2≥0, it is straightforward to show that:


maxvT−2∈AT−2,vT−1∈AT−1U(W̲T−2T)=WT−2αmaxkT−2∈[A,B]E[(1+rT−2+kT−2yT−1)αAT−1I1+rT−2+kT−2yT−1≥0−(−1−rT−2−kT−2yT−1)αBT−1I1+rT−2+kT−2yT−1<0|FT−2]=WT−2αmaxkT−2∈[A,B]gT−2(kT−2)=WT−2αAT−2.



(A10)







When WT−2<0, similarly, we confirm that:


U(W̲T−2T)=(−WT−2)αmaxk^T−2∈[−B,−A]E[(−1−rT−2−k^T−2yT−1)αAT−1I1+rT−2+k^T−2yT−1<0−(1+rT−2+k^T−2yT−1)αBT−1I1+rT−2+k^T−2yT−1≥0|FT−2]=(−WT−2)αmaxk^T−2∈[−B,−A]lT−2(k^T−2)=−(−WT−2)αBT−2.



(A11)




Therefore, Proposition 2 holds. □






Appendix C. Proof of Proposition 3


Proof. 

We use mathematical induction to prove this proposition. Propositions 1 and 2 display that the conclusion of Proposition 3 holds at times T − 1 and T − 2. We suppose the conclusion holds at time t+1. Namely,


maxvi∈Ai,i=t+1,t+2…T−1U(W̲t+1T)=At+1Wt+1αIWt+1≥0−Bt+1(−Wt+1)αIWt+1<0.



(A12)







Since:


W̲tT=vT−1yTgiventhattheinitialtimeist,



(A13)




and:


U(W̲tT)=E[U(W̲T−1T)|Ft],








then:


maxvi∈Ai,i=t,t+1…T−1U(W̲tT)=maxvt∈AtEt[maxvi∈Ai,i=t,t+1…T−1U(W̲t+1T)]=maxvt∈AtE[At+1Wt+1αIWt+1≥0−Bt+1(−Wt+1)αIWt+1<0|Ft].



(A14)




Let


vt=Wtkt.








Since:


Wt+1=(1+rt)Wt+vtyt+1,








we have:


Wt+1=Wt(1+rt+ktyt+1).











Therefore, when Wt≥0,


maxvi∈Ai,i=t,t+1…T−1U(W̲tT)=Wtαmaxkt∈[A,B]E[(1+rt+ktyt+1)αAt+1I1+rt+ktyt+1≥0−(−1−rt−ktyt+1)αBt+1I1+rt+ktyt+1<0|Ft]=Wtαmaxkt∈[A,B]gt(kt)=WtαAt.



(A15)







When Wt<0, we can similarly find that:


maxvi∈Ai,i=t,t+1…T−1U(W̲tT)=(−Wt)αmaxk^t∈[−B,−A]E[(−1−rt−k^tyt+1)αAt+1I1+rt+k^tyt+1<0−(1+rt+k^t2yt+1)αBt+1I1+rt+k^tyt+1≥0|Ft]=(−Wt)αmaxk^t∈[−B,−A]lt(k^t)=−(−Wt)αBt.



(A16)




Thus, Proposition 3 holds. □
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This assumption is made to render the portfolio problem tractable.
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Figure 1. The sensitivity for the parameter α. 
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Figure 2. The sensitivity for the parameter α. 
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Figure 3. The sensitivity for the parameter σ. 
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Figure 4. The sensitivity for the parameter μ. 






Figure 4. The sensitivity for the parameter μ.
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