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Abstract: We present a noise estimation and subtraction algorithm capable of increasing the sensitiv-
ity of heterodyne laser interferometers by one order of magnitude. The heterodyne interferometer is
specially designed for dynamic measurements of a test mass in the application of sub-Hz inertial sens-
ing. A noise floor of 3.31 x 10~ " m/+/Hz at 100 mHz is achieved after applying our noise subtraction
algorithm to a benchtop prototype interferometer that showed a noise level of 2.76 x 10~19m/+/Hz
at 100 mHz when tested in vacuum at levels of 3 x 107> Torr. Based on the previous results, we
investigated noise estimation and subtraction techniques of non-linear optical pathlength noise, laser
frequency noise, and temperature fluctuations in heterodyne laser interferometers. For each noise
source, we identified its contribution and removed it from the measurement by linear fitting or a
spectral analysis algorithm. The noise correction algorithm we present in this article can be generally
applied to heterodyne laser interferometers.

Keywords: heterodyne laser interferometer; displacement measuring interferometry (DMI); inertial
sensing; noise subtraction

1. Introduction

In the past decades, displacement measuring interferometry (DMI) has extended its
application to gravitational wave (GW) detection, including free-falling test mass mea-
surements in space-based gravitational wave detection as the Laser Interferometer Space
Antenna (LISA) and its technology demonstrator, LISA Pathfinder [1-5], intersatellite
displacement measurements as in the mission GRACE Follow-On that utilizes a Laser
Ranging Interferometer [6], and inertial sensor development for seismic activity monitoring
in ground-based Laser Interferometer Gravitational-Wave Observatory (LIGO) [7,8]. The
above applications require high sensitivity or, in other words, a low noise floor in the
frequency regime between tens of micro-Hz to a few Hz. The test mass motion is usually
expected to range from a few microns to several millimeters, where a DMI with a large
dynamic range is crucial to avoid phase readout ambiguities. Among various DMI tech-
niques, heterodyne laser interferometry has the advantages of multi-fringe measurement
range, inherent directional sensitivity, and fast detection speed. The development of a
common-mode rejection scheme in heterodyne interferometer [1,9] provides a promising
solution to displacement metrology applications due to the high rejection ratio to common-
mode noise sources. Further improvements on the interferometer performance towards
picometer level sensitivity require the knowledge of the residual noise sources and the
contribution of each noise source.

Efforts have been made to identify noise sources in heterodyne interferometry [10-24].
The inherent periodic error in heterodyne interferometry is mitigated by spatially separat-
ing the beams to reduce frequency and polarization mixing [10,11]. The effect of non-linear
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optical path difference (OPD) noise caused by electric sideband interference is investigated
in [12,13], where its origin and mitigation method by active feedback control are introduced.
The laser frequency, as the “ruler” of interferometric measurements, has been studied in
terms of noise behaviors [14] and various stabilization methods [15-18]. Photoreceivers are
characterized in [19], where the predominant noise sources are identified, and a photodi-
ode with low current noise is designed. The effects of temperature fluctuations in a low
frequency regime are analyzed in [20,21]. Other common noise sources in DMI, such as
environmental noises and phasemeter noises, are also identified in previous work [22-24].
However, an inclusive post-processing algorithm to characterize and correct multiple noise
sources in the system has not yet been published.

In this article, we present a noise identification and mitigation algorithm that can be
applied to general heterodyne interferometers. We have tested this in a compact laboratory
benchtop interferometer. In Section 2, we introduce the interferometer design, which is
built to have a high common-mode rejection ratio and be periodic-error free. In Section 3,
we analyze residual noise sources based on the differential measurement results. The con-
tributions from distinct noise sources including the non-linear OPD noise, laser frequency
noise, and temperature fluctuations, are identified and subtracted from the differential
measurement. The noise correction results show a noise floor of 3.31 x 10~ ' m/+/Hz
at 100mHz, which is enhanced by an order of magnitude from the original differential
measurement, reaching the detection system noise limit above 1 Hz.

2. Compact Heterodyne Laser Interferometer
2.1. Design and Benchtop Prototype

Figure 1a shows the layout of the compact interferometer design. After passing
through two individual acousto-optical frequency shifters (AOFS), two laser beams are
shifted by frequencies 6f; and Jf,, respectively. The heterodyne frequency fye; is the
difference between the two laser frequencies, where fno = 6f1 — éf2. The two beams
enter a 50/50 lateral beam splitter (LBS), generating four parallel beams. All four beams
propagate through a polarizing beam splitter (PBS) and a quarter-wave plate (QWP)
towards the mirrors on the measurement end. They are then reflected back into the PBS,
exiting along an orthogonal direction. In the second LBS, two beam pairs interfere and
are detected by photodetectors PDr and PDy, , respectively. The electric fields of the four
beams at the interferometer output are given by

E1 = Egexp[227t(f + 6f1)t + ¢n(0,8y) + Adm], (1)
Ey = Egexp[i27t(f + 6f1)t + ¢n(dx, Oy) + Adr], )
E3 = Egexp[i2rt(f 4+ 0f2)t + ¢n(0,0)], (3)
Ey = Egexp|i2rt(f + 6f2)t + ¢n(x, 0)], 4)

where Ej is the nominal amplitude of the electric field. The term ¢n(x,]/) denotes the
structual noises that imprints on the beam optical pathlengths while propagating through
the optical components from the entry plane to the plane defined by the mirror M. This
noise term ¢, is dependent on the beam path (optical axis) position, which is represented
by a coordinate (x,y) in the plane perpendicular to the beam entry directions, as shown in
Figure 1a. The phase terms A¢y and A¢r represent the additional contributions from the
optical pathlength differences between mirrors M and My, as well as between M and Mg.
As depicted in Figure 1b, two beams with the heterodyne frequency difference (E; and E3,
E; and E,4) are combined into one beam pair.

Figure 1b shows a top view of the interferometer. Optical components can be bonded
or cemented together to reduce the overall footprint, increase the system stability, and
simplify the alignment process. In this design, two interferometers are constructed: (a) the
measurement interferometer (MIFO) that measures the OPD between the target mirror My
and the fixed mirror M, where ¢n; = ¢n (0, dy) — ¢n(0,0) + Ay = ¢n(0,dy) 4+ A; (b) the
reference interferometer (RIFO) that measures the OPD between the reference mirror Mg
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PBS: Polarizing beam splitter
LBS: Lateral beam splitter
QWP: Quarter wave plate
M: Mirror

PD: Photodetector

and the fixed mirror M, where ¢r = ¢n(dx, dy) — ¢n(dx,0) + APr = ¢n(0,dy) 4+ A¢r. The
mirror M is affixed to the same base plate with the interferometer to provide a common
reference for MIFO and RIFO. The mirror My is mounted as closely as possible to My to
provide a local reference for target displacement. The irradiance signal detected by the
photodetectors PDr and PDy are described by

Ir = Iro + A cos (27 frett + ¢n (0, dy) + Adr), ®)
Iv = Ino + B cos (znfhett + ¢n (0, (sy) + A¢M) . (6)
The phases ¢\ and ¢r can be extracted by various methods such as phase-locked loops

(PLL) [25] or discrete Fourier transforms [1]. By taking the difference between individual
phase readouts, the target displacement d is calculated by

g BP _rR—Pm, AR~ Adm

2772 272 272 ! 7)

where A¢ is the differential phase readout, and A is the source wavelength. This is referred
to as the common-mode rejection scheme, where the noises in the common-mode optical
paths ¢, (0, dy ) are canceled with the presence of a common reference provided by mirror M.

LBS: PBS QWP Mwm
1 APum

E1 «E2 >
M

LBS2

(a) (b)

Figure 1. (a) The layout of the compact benchtop heterodyne laser interferometer design; (b) top view of the layout. Two

laser beams with different frequencies enter the lateral beam splitter (LBS) and split into four beams, constructing two

interferometers measuring interferometer (MIFO) and reference interferometer (RIFO). The MIFO is to measure the optical
pathlength difference (OPD), A¢\ and the RIFO is to measure A¢r. The actual displacement of test mass My is calculated
from the differential measurement between MIFO and RIFO.

We built a benchtop prototype with commercial optical components and mechanical
mounting parts, as shown in Figure 2. Optical components are clamped together mechani-
cally in this assembly to demonstrate the design concept. The laser source is a tunable diode
laser (NP Photonics) operating at a nominal wavelength of 1064 nm. Two AOFS (G&H
T-M150-0.4C2G-3-F2P) shift the frequencies upwards by 150 MHz and 145 MHz, respec-
tively, in two paths, generating a 5 MHz heterodyne frequency. A commercial phasemeter
(Liquid Instruments Moku:Lab) is used to extract the phase from the heterodyne signal
using a PLL algorithm with a sampling frequency of 30.5 Hz. All fibers in the system are
polarization-maintaining fibers (PMF) to preserve the interference visibility.
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Figure 2. Layout of the benchtop compact heterodyne laser interferometer based on the design
depicted in Figure 1. Only one static mirror M is used to characterize the system’s noise floor.
Commercial optical and mechanical components are used to construct the benchtop system.

2.2. Operation Environments

The benchtop system is tested in the vacuum chamber with a pressure of 3 x 10~ Torr
to reduce the effects from refractive index fluctuation, acoustic noises, and air turbulence.
The laser source is coupled into the system by a fiber feedthrough port, while the optical
signal is detected after transmitting through an optical window port. Figure 3 shows the
operation environment for the preliminary test. A pendulum platform consisting of a
breadboard and four stainless steel wires is set inside the chamber for vibration isolation
above its resonance. The first resonance mode of the pendulum platform has a frequency of
305 mHz measured by a ring-down test. Viton strips are inserted between the frame of the
pendulum platform and the base of the vacuum chamber to mitigate thermal conduction.
In addition, a thermal insulation box is built outside the chamber with Styrofoam to reduce
thermal coupling from the ambient environment.

(a). — )

Figure 3. Operation environments. (a) Pendulum platform inside the chamber; (b) styrofoam thermal

insulator outside the chamber. The compact interferometer is placed on a pendulum stage consisting
of a breadboard and four steel wires. Viton strips are applied between the pendulum frame and the
vacuum chamber to reduce ambient thermal coupling. The entire pendulum structure is fixed inside
the vacuum chamber.



Sensors 2021, 21, 5788

50f18

2.3. Preliminary Test

To evaluate the noise floor of the interferometer, we utilized a single static mirror
instead of using individual fixed, reference, and test mirrors. Figure 4 shows the mea-
surement results for MIFO and RIFO, as well as their difference, which represents the
sensitivity level of the overall interferometer. An eight-hour measurement is taken in the
operation environment described in Section 2.2. Figure 4a, the logarithmic average of the
linear spectral density (LSD) plot, shows that the individual interferometers MIFO and
RIFO achieve a sensitivity level of 1.64 x 1077 m/+/Hz at 100 mHz. The traces of MIFO
and RIFO overlap highly due to the common paths shared between the two interferom-
eters. With the common-mode rejection scheme, the sensitivity is enhanced to the level
of 2.76 x 1071m/+/Hz at 100mHz. Figure 4b shows the time series of the measured
displacement for the individual interferometers and the differential measurement, which is
measured to be 7.56 x 10719 m over the duration of 12 min.

107 3 5
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g . ]
T 10 4 g
£ &
£ a
€
8 408 ]
£ 10 ] )
3 Time [min]
K
& : :
B 19710 3 E 04 — Differential measurement
a ——LSD of MIFO £ ‘
g LSD of RIFO £ 0.2
E 12 ——LSD of differential measurement £ oH |
=108 | og-averaged LSD of MIFO § ‘
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—Log ged LSD of diff B -04f
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(a) (b)

Figure 4. Preliminary test results. (a) LSD and its logarithmic average of the MIFO, RIFO, and differential measurements,
respectively; (b) time series of a 12-min section of the MIFO, RIFO, and differential measurements. The traces of measure-
ment results from MIFO and RIFO highly overlap in (a). Experimental results show a noise floor of 1.64 X 10" m/vHz
at 100 mHz for individual interferometers, and a noise floor of 2.76 x 10719 m/+/Hz at 100 mHz for the differential mea-
surement, which is enhanced by three orders of magnitude from individual interferometers. The drift for differential

measurement is 7.56 x 10719 m over a period of 12 min.

3. Noise Source Characterization and Suppression

The preliminary test demonstrated that the benchtop compact interferometer reduces
the interferometer noise floor by rejecting common-mode pathlength noises, thus enhancing
the sensitivity level by three orders of magnitude. The residual noise sources in the
differential measurement are investigated in this section to determine their contribution to
the overall noise floor. The interferometer performance is further improved by combining
a linear fit method [26-28] with a spectral analysis method.

3.1. Non-Linear OPD Noise

The noise investigation of the LISA Pathfinder interferometer demonstrated that the
electromagnetic coupling of the radio-frequency (RF) signals between two AOFS drivers,
generates sidebands that imprint on the optical signals [12,13]. Figure 5 shows the measured
RF driving signals applied on both AOFS. The sidebands interfere with the RF signals at
nominal shifting frequencies, and lead to a heterodyne signal with the frequency equal
to the interferometer’s main heterodyne frequency fne;. Therefore, this "ghost" signal
is detected by the photodetector (PD) and mixed with the actual displacement readout,
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resulting in a non-linear noise that is dependent on the individual phase readouts ¢\
and ¢g.

amplitude [dBm]

-100 1 1 1 1 1 1
130 135 140 145 150 155 160 165

frequency [MHz]

0 T T T T T

40+ -

60 i

-80 .

amplitude [dBm]

-100 1 1 1 1 1 1
130 135 140 145 150 155 160 165

frequency [MHz]

Figure 5. Spectra of RF driving signals for both AOFS. The frequency interval between this sideband
and the main peak equals to the heterodyne frequency, leading to a ghost signal of unstable phase
responsible for the non-linear OPD noise.

Based on the analysis presented in references [12,13], the non-linear OPD noise caused
by the sideband interference can be expressed as

d¢porp = (Cl COS<¢M2+(PR> + G Sin(W)) -sin(q)M;(PR) (8)

+(Cs cos(¢m + ¢r) + Casin(Pm + ¢r)) - sin(pm — Pr)-

Equation (8) can be reformatted as

d¢opp = C - N(dm, ¢r)

cos ( ‘PM‘Z"“/’R . sin ( ‘/’M;‘PR

= [Clr CZ/ C3/ C4] . sin ( ¢M;¢R - sin 2 ’ (9)
cos(¢m + ¢r) - sin(Pm — ¢R)
sin(¢m + ¢r) - sin(

where C is the coupling coefficient vector, and N is the non-linear OPD term vector in
the phase measurement. A linear fit is then performed between the differential phase A¢
and the non-linear OPD terms to estimate the coupling factor C. The contribution of the
non-linear OPD noise is removed, following the equation

Apoppeorr = A — Sopp = Ap — C - N (P, Pr)- (10)

Figure 6 shows the LSD for the original differential measurement results and the
results after subtracting the non-linear OPD noise. Applying this noise correction leads to a
reduction in the noise floor from 2.76 x 1019 m/+/Hz to 3.86 x 1011 m/+/Hz at 100 mHz.
Table 1 lists the fitted coefficients C and estimated errors dC during the linear fit process.
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Figure 6. LSD logarithmic average of original differential measurements and the results after noise
correction, and the OPD noise contribution. The noise floor is reduced from 2.76 x 10710 m/+/Hz to
3.86 x 1071 m/+/Hz at 100 mHz after applying the noise correction algorithm.

Table 1. Linear fitting coefficients and estimated fitting errors.

i 1 2 3 4
C; 3.62 x 1073 1.11 x 1073 1.89 x 10 —251x10°°
6C; 1.96 x 10~° 1.96 x 1076 1.23 x 1076 1.24 x 1076

3.2. Laser Frequency Noise

The traceability of interferometric measurements is dependent on the accurate knowl-
edge of the laser source frequency. Therefore, fluctuations of the laser frequency in an
interferometer with unequal armlengths directly impact the interferometer phase following

the equation
2mAL

5¢freq = c ov, (11)
where AL is the pathlength difference between two arms of the interferometer, and Jv
is the laser frequency fluctuation. For the proposed interferometer, the phase readout
is the differential measurement of two individual interferometers MIFO and RIFO. The
contribution of laser frequency noise to the measurement can be expressed by

270V

OPtreq = Opm — SR = [(Lm1 — Lr1) + (Lm2 — Lr2)], (12)
where Ly is the length of the iw arm in MIFO, and Lg; is the length of the iw arm in RIFO.
For the nominal design, Lyy; is equal to Lg; due to the common reference surface provided
by the fixed mirror M. Therefore, the magnitude of the laser frequency noise is determined
by the axial distance between the reference mirror Mg and the measurement mirror My
that is mounted on the test mass. In the preliminary test, only one static mirror is used,
which means both terms (Ly;; — Lgy) and (Lyp — Lrp) are nominally canceled. However,
residual arm length differences remain due to the manufacturing tolerance as well as the
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imperfect alignment. To evaluate the magnitude of the residual laser frequency noise in
our benchtop system, a fiber-based delay-line interferometer (DIFO) is built and integrated
with the prototype interferometer as shown in Figure 7.

Vacuum
chamber
Heterodyne
interferometer
AOFS1
Laser
Isolator
2-meter
fiber
PDo é v PDr
(DIFO) PDu (RIFO)
(MIFO)

Figure 7. System layout with the delay-line interferometer integrated inside the vacuum chamber.
The delay-line interferometer is constructed by inserting a 2-m fiber in one arm of the fiber Mach—
Zehnder interferometer to amplify the effects of laser frequency noise.

The DIFO is a heterodyne interferometer with an intentionally designed unequal arm
length using a 2-meter fiber in one interferometer arm. The laser frequency fluctuation then
gets amplified when coupled into the DIFO phase readout ¢4 according to Equation (12).

Figure 8 shows the linear spectra of the interferometers when injecting a 2 Hz mod-
ulation to the laser frequency. The spectrum of DIFO at 2 Hz is 4.82 x 10~7 m, while the
spectrum of RIFO is 5.30 x 1071"m. It can also be noted from Figure 8 that, aside from
the injected laser frequency modulation peak and its harmonics, the noise floor of DIFO is
almost identical to RIFO due to predominantly common environmental noises. This makes
it difficult to extract any excess laser frequency noise from the DIFO readout. Therefore, we
first subtract the RIFO phase ¢r from DIFO phase ¢p, to mitigate the common path noise
effects. The residual phase, ¢, = ¢p — ¢, is used to estimate the noise coupling factor.
Moreover, the residual phase is band-passed in the frequency regime between 1 mHz and
1Hz to mitigate temperature fluctuation and mechanical vibration effects.
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Figure 8. Linear spectra of DIFO, RIFO, and the differential measurement to the injected laser fre-
quency noise by intentionally modulating the laser frequency at a rate of 2 Hz. The spectrum response
of DIFO to the laser frequency noise is 4.82 x 107 m while the RIFO response is 5.30 x 107" m at
2Hz. After performing the differential operation, the spectrum response is reduced to 5.07 x 10~ 12 m
at2Hz.

We perform a linear fit of the band-passed phase, ¢y, to the differential phase, to
estimate the coupling coefficient K. The noise correction procedure, which is applied to the
original data, can be described as

A(Pfreqcorr =Ap — &ﬁfreq = AP — K- 47]/) (13)

Figure 9 shows the results of identifying the laser frequency noise contribution based
on the OPD-noise-corrected differential phase described in Section 3.1. The laser frequency
contribution is identified to be 2.28 x 1012 m/+/Hz at 100 mHz in this case, and is not the
dominant noise source in this measurement. We injected a 2 Hz modulation to the laser
frequency in order to independently determine its coupling factor and the effective optical
arm length mismatch between the interferometers. The results are shown in Figure 8, and
we obtain an effective arm length mismatch, AL, of 2.31 x 10~° m. From Equation (11), it is
inferred that the effects of laser frequency fluctuations are suppressed by a small AL, and
therefore is not a limiting factor for the current experimental setup. By substituting AL into
Equation (11), the laser frequency fluctuations are estimated to be 3.47 x 10 Hz/+/Hz at
1mHz.
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Figure 9. Laser frequency noise contribution estimated by a linear fit, compared to the OPD-noise-
corrected differential measurement. The laser frequency noise is estimated to be 2.28 x 10~> m/+/Hz
at 100mHz, and is not the limiting noise source in our benchtop experiment.

3.3. Temperature Fluctuation Noise

Temperature fluctuations lead to OPD variations due to changes in the refractive index
of the air, and thermo-elastic distortions of the optical elements and mounts. Temperature
fluctuations usually limit the sensitivity of an interferometer in the frequency regime below
1 mHz [20,21]. Efforts such as inserting Viton strips and building Styrofoam boxes have
been made to mitigate their effects to the operational environment during the experiment.
To evaluate the residual thermal contributions to the differential measurements, ambi-
ent temperature is monitored by a temperature sensor attached to the outer wall of the
vacuum chamber.

In contrast to the two noise sources introduced above, thermal fluctuation effects are
recorded with a delay in the optical readout. In other words, the group phase between the
temperature measurement and the actual effect on the differential interferometer must be
considered in the analysis. Therefore, when analyzing temperature fluctuations, a spectral
analysis method [20] is adopted instead of a time-domain linear fit.

Before applying the spectral analysis method, we first evaluate the correlation between
the displacement and the temperature measurement by calculating the coherence between
them. Figure 10 shows the amplitude and phase of the calculated coherence, and we observe
a strong correlation (amplitude larger than 0.5) at frequencies below 1 mHz, while a non-
zero phase is observed in the same frequency bandwidth. In our case, this shows that the
major limitation presented by temperature fluctuations to our interferometer performance
occurs in the sub-mHz regime and has a delay effect on the displacement measurement.
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Figure 10. The amplitude and phase of the coherence function between the displacement and the
temperature measurements. In the low frequency regime below 1 mHz, it shows a strong correlation
between the displacement and the temperature measurement as the amplitude is large than 0.5, and
a time delay effect as the phase is nonzero.

In this spectral analysis method, the transfer function between the temperature and
the differential measurement is estimated by the equation

_ 5T¢(w)
~ Srr(w)’

H(w) (14)
where Sty (w) is the cross power spectral density of temperature to differential phase, and
Str(w) is the power spectral density of the temperature measurement. Once the transfer
function is determined, the contribution of the temperature fluctuation can be removed
from the differential measurement in the spectral domain following

A(Ptempcorr(“’) = Ap(w) — H(w) - T(w). (15)

Figure 11 shows the amplitude of the calculated transfer function between the dis-
placement and the temperature measurement. From Figure 10, the correlation in the high
frequency bandwidth above 1 mHz is negligible. Hence, directly applying the transfer
function in Equation (15) will add noises in the uncorrelated frequency regime. A low-pass
spectral filter is applied to the transfer function in order to remove its contribution, which
is also plotted in Figure 11. The cut-off frequency of this low-pass filter is set to be 1 mHz
based on the coherence results.



Sensors 2021, 21, 5788

12 of 18

—Transfer function ]
—Transfer function after low-pass filter ||

—
9
L
T

= =
9 9
& %
T T
1 1

amplitude [m/K]
=
|

1071 — =

10712 - 4

. |

M| P SR | sl 1l PR S S | PR S S |
107 1073 1072 107! 10° 10!
frequency [Hz]
Figure 11. Transfer function between the displacement and temperature measurements before and

after applying a 1 mHz low-pass filter. The amplitude of the transfer function is attenuated by a
low-pass filter in the frequency regime where the correlation is negligible.

Figure 12 shows the logarithmic averaged LSD of the OPD-noise-corrected differen-
tial phase and the temperature correction results based on the spectral analysis method
described in Equations (14) and (15). Temperature fluctuations clearly dominate in the low
frequency regime below 0.5 mHz. After subtracting this noise contribution, the noise floor
at 0.1 mHz is reduced from 6.5 x 10~ m/+vHz t0 9.8 x 10~ m/+/Hz.
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Figure 12. Contributions of temperature fluctuations estimated by a spectral analysis method, and the
measurement results before and after correction of this noise source. The noise floor is reduced from
6.5 x 107°m/+v/Hz t0 9.8 x 10~ m/+/Hz at 0.1 mHz after applying the noise correction algorithm.

3.4. Detection System Noise Limit

The photodetector (PD) technical noise determines the minimum noise floor that an
interferometric system can achieve, aside from fundamental limits such as shot noise. In a
PD system, typical noise sources include dark current noise from the photodiode, shot noise
originating from potential barriers, Johnson noise from thermal fluctuation in the resistor of
the sensor circuits, and capacitive noise from the photodiode and circuit [29]. While other
noise sources can be reduced by optimizing the circuit design [19], shot noise depends
exclusively on the optical power received by the PD and its responsivity. In a heterodyne
interferometer with a PLL phase readout, the minimum detectable displacement d i, can
be derived when the signal-to-noise ratio (SNR) of the system is equal to 1 [30].

Assuming a small displacement that can be modeled as Aq sin(wqt), the electric field
of the interference signal in a general case, is expressed by

Ep = E1 + E; = A expli(wit + ¢1)] + Az expli(wat + ¢ + Ag sin(wqt))], (16)

where A; are the amplitudes of the electric fields, w; are the optical frequencies, and ¢; are
the phase terms of the individual beams. The irradiance on PD then can be represented as

Pp = |Ey + Eo|> = |A1]> + |Az|? + 2A1 Ay cos [Awt + Ap + Agsin (wgt)].  (17)

By applying trignometric identities and Bessel expansion to Equation 17, the irradiance
on PD is rewritten as

Pp=P +P+ 2\/P1P2{]0(Ad) cos(Awt + Ag)

+ i Jom (Aq)[cos(2mwgt + Awt + Ap) + cos(2mwgt — Awt — Ag)] (18)

m=1

— i Jon+1(Ag){ cos[(2n + 1)wqt + Awt + AP] — cos[(2n + 1)wqt — Awt — Ad]} },
n=0
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where P; is the optical power in each inteferometer arm, J,(x) is the Bessel function of the
first kind. In this case, only small displacement is considered where A4 < 1. Based on the
small argument approximation for Bessel function where

x
Jo(x) =L Ji(x) = 5, )2(x) = 57, (19)
Equation (19) can be simplified as

Po=P+P+2y Psz{COS (Awt + A(P)

_ %[Cos(wdt + Awt + A¢) — cos(wqt — Awt — AP)] + O(Agl)}-

(20)

Therefore, the time average of the irradiance and the time-averaged incoherent square
sum of the irradiance on the photodetector are

(Pp) = P1 + P,

1)
(PB) = (P + P2)* + LR, AG,

The actual displacement to be measured, d, is converted by the relation d =
Aq/ (27 - 2). The PD system noise in this case can be decomposed to shot noise based on
analytical calculation, and other noises based on experimental measurements, following

the expression
2

. : ) Via
<112’D> = <l§h0t> + <l(2>ther> - 28p<PD>B + G2 ’ (22)

where p is the detector responsivity, B is the detector bandwidth, V), is the measured
output voltage from PD without incident optical signal, and G is the transimpedance gain
and is usually specified by the manufacturer. Assuming the interferometer has a visibility
of V, the SNR when PD noises are present can be expressed as

402P, P
SNR = /(I3)/ , 23
/ (op) \/ZepPOB+ (V2)/G? @)

where k is the wavenumber. When SNR is equal to 1, the minimum detectable displace-
ment is calculated as

V260 + (V) /(G2 B)
min — kPPOV [m/ \/E] : \/E (24)

For the benchtop system, the RMS of output voltage square without detecting signal
is (V) = 1.29 x 1077[V]?, the optical power on the detector is 4.5 x 107> W, and the
interferometer visibility is 0.45. By substituting the numerical values into Equation (24),
the minimum detectable displacement is calculated to be dpnin = 1.39 x 102 m/+/Hz.

3.5. Discussions

We investigated three common noise sources for heterodyne interferometry, including
non-linear OPD noise, laser frequency noise, and temperature noise. The correction method
for each noise source is identified, and the overall post-processing correction algorithm is
described in the flow chart in Figure 13.
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Figure 13. Flow chart of the overall noise correction algorithm. The non-linear OPD noise, laser
frequency noise and the temperature fluctuation noise are characterized, and the contribution from
each noise source is removed with this algorithm.

According to this correction algorithm, Figure 14 shows the differential measurement
results (blue trace), the overall noise correction results (red trace), and the contribution
of each noise source. The residual noise floor after noise correction shown in Figure 14
is 3.31 x 107" m/+/Hz at 100 mHz. It is worth mentioning that this algorithm applies to
uncorrelated noise sources in general heterodyne interferometry. If there are correlated
noise sources, for example as in the DIFO readout and the temperature readout, the data
needs to be pre-processed, before applying the correction algorithm to determine the
frequency range of their correlation.
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R R e Laser frequency noise
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Figure 14. Overall noise correction results based on the differential measurement and con-
tribution of each noise source. The residual noise floor is 3.31 x 107! m/+/Hz at 100 mHz,
and 9.8 x 107"'m/+/Hz at 0.1 mHz after correction. The detection system noise level is
1.39 x 1072 m/+/Hz and also marked in this plot.
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This post-processing noise correction algorithm provides an effective alternative to
improve the sensitivity of heterodyne interferometers without implementing active stabi-
lizations and can achieve high sensitivity over long-term measurements. Moreover, the
application of the post-processing algorithm allows us to maintain an overall compact sys-
tem footprint, and minimal complexity to the control system. The proposed interferometer
and noise correction algorithm achieve a performance that is comparable to a few other
techniques in GW applications, and has its own relative advantages, such as low hardware
complexity and simple interferometer layout.

In addition to the benchtop system we built in the laboratory, this noise correction
algorithm can be applied to general heterodyne interferometers [7,9]. Furthermore, this
algorithm makes it possible to improve the performance of existing heterodyne optical
readout systems without changing their configurations.

4. Conclusions and Outlook

We have presented a noise identification and noise correction algorithm that applies
to general heterodyne interferometry. A compact heterodyne interferometer has been
developed and tested to determine its performance, when applying this algorithm to its
measurement results. We have developed a mitigation strategy for typical noise sources that
are present in heterodyne interferometers such as non-linear OPD noise, laser frequency
noise, and temperature fluctuations. The contribution from each noise source is estimated
and subtracted from the main phase measurement. After correction, the noise floor is
reduced by an order of magnitude to a level of approximately 3.31 x 10~ m/+/Hz at
100 mHz.

There are a few modifications to be made in the future to further improve the interfer-
ometer performance over the bandwidth above 1 mHz. On the operation environment side,
the natural frequency of the pendulum platform can be reduced below 100 mHz to provide
noise attenuation to a broader frequency band. To mitigate the non-linear OPD noise, better
management of the crosstalk between RF signals can be implemented, such as building
electromagnetic shield for each individual AOFS RF amplifier to reduce the amplitude
of the sideband interference. On the instrument side, the interferometer design can be
optimized to minimize the common-path noise term, ¢, in Equation (5), in the individual
interferometers MIFO and RIFO. In addition, a laser source with a higher optical output
power will reduce the shot noise level and, therefore, the overall interferometer noise floor
at higher frequencies. Lastly, it will be interesting to investigate possible implementations
of this algorithm using machine learning techniques and predicting filters to achieve a
real-time operation and real-time sensitivity enhancement to laser interferometers without
adding complex hardware for active stabilizations.
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