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Abstract: While undergoing structural deformation, DNA experiences changes in the interactions
between its internal base pairs, presenting challenges to conventional elastic methods. To address
this, we propose the Discrete Critical State (DCS) model in this paper. This model combines surface
discrete frame theory with gauge theory and Landau phase transition theory to investigate DNA’s
structural deformation, phase transitions, and chirality. Notably, the DCS model considers both
the internal interactions within DNA and formulates an overall equation using unified physical
and geometric parameters. By employing the discrete frame, we derive the evolution of physical
quantities along the helical axis of DNA, including geodesic curvature, geodesic torsion, and others.
Our findings indicate that B-DNA has a significantly lower free energy density compared to Z-DNA,
which is in agreement with experimental observations. This research reveals that the direction of
base pairs is primarily governed by the geodesic curve within the helical plane, aligning closely
with the orientation of the base pairs. Moreover, the geodesic curve has a profound influence on the
arrangement of base pairs at the microscopic level and effectively regulates the configuration and
geometry of DNA through macroscopic-level free energy considerations.

Keywords: DNA; phase theory; torsion and bending; geodesic curve line; chiral conformation

1. Introduction

Understanding the mechanisms behind DNA conformational transitions and geomet-
ric deformations is of utmost importance in multidisciplinary fields. These transitions
encompass the exploration of various chiral DNA geometries, stability assessment, and the
arrangement behavior of double helix structures. As these structural changes occur, the
corresponding biological functions also undergo modifications, particularly with regard
to the interactions between internal base pairs. Efficiently studying the process of DNA
conformational transitions and deformations necessitates a rigorous and quantitative rep-
resentation of the DNA structure. However, directly observing the DNA’s representation
from experiments remains challenging.

Scholars have extensively researched DNA conformation and structure using various
experimental and theoretical approaches. For instance, the rotor magnetic bead tracking
technique has proven valuable in providing critical information on structural details,
particularly overall structural deformation [1]. Molecular dynamics simulations at both
atomistic and coarse grain levels have offered detailed insights into the sequence-dependent
statistical mechanics properties of DNA [2,3]. On the theoretical front, several models have
been employed to study specific aspects of DNA behavior. The modified Zhou, Zhang,
and Ou-Yang (ZZO) model, for example, has been utilized to investigate the impact of
salt ions and stretching force on DNA stretching transitions [4]. Additionally, the Poland-
Scheraga model and the Peyrard-Bishop-Dauxois model have been employed to explore
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DNA denaturation using statistical mechanics and extend the coupling between DNA
distortion and denaturation [5–7]. The elastic rod model and its extended versions have
been used to describe DNA supercoiling [8,9]. A noteworthy contribution is Wang’s free
energy model, capable of distinguishing different chirality and classifying DNA structures
effectively [10]. The free energy and stability of the elastic structure play vital roles in
the DNA conformational transition and geometric deformation processes, often under
the influence of extreme conditions [11–13]. Despite the progress made, certain aspects,
such as local structural properties and the underlying physical laws governing the surface
parameters of DNA during deformation, remain elusive using the aforementioned methods.
To gain a comprehensive understanding of the influence of these factors on DNA, it
becomes imperative to establish a systematic theoretical framework that delves into more
comprehensive information about the local and global aspects, thereby exploring the
microscopic mechanisms of DNA conformation and geometric structure deformation.

It is important to acknowledge that obtaining certain information directly from real
experimental data of DNA can be challenging. However, discrete frame theory serves
as a valuable and effective means to address this limitation. This theory has numerous
applications in computer graphics and geometry processing, including curve fitting, shape
analysis, and other related areas [14–16]. The integration of discrete frame theory with other
theoretical frameworks and experimental methods significantly enhances our understand-
ing of DNA behavior. This interdisciplinary approach enables precise and quantitative
analyses of DNA structure and function, paving the way for advancements in various
research fields that rely on accurate modelling and interpretation of DNA properties.

Characterizing the physical laws governing DNA conformational transitions and
geometric deformations presents a captivating and intriguing challenge. Our ultimate
objective is to develop a representation that goes beyond mere mathematical geometry and
is instead directly determined based on the fundamental physical essence of biological
objects. Moreover, our representation method allows for the extraction of essential phys-
ical characteristic parameters. These parameters enable us to explore the geometry and
stability during the conversion of different chiral DNA configurations and to investigate
the behavior of double helix structure arrangements. Beyond this, we envision that our
method and characterization results can find application in addressing biological two-
dimensional deformation problems, extending beyond the scope of DNA conformational
transitions and geometric structure deformations. By elucidating the physical principles
underlying these processes, we aim to contribute valuable insights into the broader un-
derstanding of biological systems and their dynamic transformations. Our aspiration is
for this research to pave the way for broader applications and advancements in diverse
multidisciplinary fields.

In this article, we present a critical state model, employing physical gauge field
theory to describe the local point-to-point interactions of DNA base pairs during chiral
conformational transitions in different DNA configurations. This model establishes a clear
relationship between geometric properties and energy changes in DNA. Next, we introduce
the Curved Surface Discrete Frenet Frame (CSDFF), an extension of the generalized curve
frame, which allows for the constraint of the curve within the surface, ensuring mutual
coherence between the curve and the surface. This frame is capable of describing two-
dimensional surface deformation. We not only provide the discrete frame for the local area
of the curve but also furnish the transfer matrix and Euler angles that describe the local
curve area. Subsequently, we apply the CSDFF to periodic DNA double helix structures and
employ the above information to explore the curved surface properties of DNA secondary
structures. Specifically, we visualize the microscopic details of DNA double helix surface
deformation using the discrete critical state (DCS) model. To validate our findings, we
calculated the DNA structures of different chiral types obtained from the Protein Data Bank
(https://www.pdb.org/, accessed on 8 November 2023) and constructed models that were
optimized through all-atom explicit solvent molecular dynamics (MD) simulations [17,18].

https://www.pdb.org/
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Through this approach, we identify and distinguish the various types of DNA by classifying
the parameters and uncovering their respective geometric and energy laws.

Overall, our research aims to shed light on the physical and mathematical parameters
underlying DNA structures and their conformational transitions. By combining theoretical
models and experimental data, we strive to deepen our understanding of DNA behavior
and contribute to advancements in the field of biological sciences.

2. Model

DNA is composed of base pairs and phosphate skeletons, which combine to form a
curved, double-stranded structure. This double-stranded structure is spatially considered
a banded geometric surface, which bends and rotates along the axis of the DNA helix. In
addition, the central axis of the geometric surface twists spatially, forming a DNA double
helix structure. Such helices are usually divided into left-handed and right-handed helices,
and they are generally considered to be chiral symmetric. So, we need to find an effective
model that can describe this curved surface double helix structure with a chiral structure.

For a DNA molecule with N base pairs, its conformational free energy is F =
N∫
0

Fds,

where the Landau Model is introduced by Okushima and Kuratsuji [19]:

F = Fs =
k1

2
dψ′†

ds
dψ′

ds
+

k2

2

∣∣∣∣ψ† dψ′

ds

∣∣∣∣2, (1)

where s is the arc unit on the DNA helical axis. The parameters k1 and k2 are related to
isotropic elastic bending and torsional elasticity and the details are shown in Equation (3)
in this section. ψ′† is the conjugate transpose of ψ′. Landau theory is considered to be the
fundamental theory describing phase transitions. It introduces the concept of symmetry
breaking and uses a power series expansion of the free energy density function with
ordered parameters to describe the behavior of matter during phase transitions. Through
the minimum value of the free energy density function, the equilibrium stability of the
material structure can be determined [20,21]. And the two-component spin-wave function

ψ which described the configuration of the moving frame
(
→
t ,

→
b ,

→
n
)

was

ψ =

(
ψ1
ψ2

)
=

(
cos

β

2
e−i α+χ

2 , sin
β

2
ei α−χ

2

)t
. (2)

This is parameterized by Euler angles [22]. The Euler angle is shown in Figure 1.
Structurally, we consider the configuration transition from B-DNA to Z-DNA, i.e., a

chiral symmetry structural change driven by the gauge field ρ from the considered gauge
transformation ψ′ = ψ(ia(s)) [10]. For a ladder-like DNA molecule that is not affected by
external forces, ρ > 0 or ρ < 0 if it is a right- or left-handed double helix, respectively.

By substituting the spinor ψ′ into Formula (1), the free energy satisfying the gauge
transformation that is obtained is as follows:

Fs =
B
2

[(
dβ

ds

)2
+

(
dα

ds

)2
sin2 β

]
+

C
2

(
dα

ds
cos β +

dχ

ds
− ρ

)2
, (3)

where B = k1
4 is the isotropic elastic bending and C = (k1 + k2)

4 is the torsional elasticity. In
Equation (3), dβ

ds , dα
ds , and dχ

ds represent spatial bending, spatial rotation, and cross-sectional
deviation trend of the DNA helix axis, respectively. The chiral gauge potential ρ added to
this formula ensures free energy gauge invariance and describes the non-local variation in
the twist angle of the DNA helical axis due to the application of a negative torque to the
DNA molecule. It is the rotational angle between consecutive base pairs and represents the
interaction between the inside of the base pairs.



Int. J. Mol. Sci. 2024, 25, 4 4 of 14
Int. J. Mol. Sci. 2023, 24, x FOR PEER REVIEW 4 of 15 
 

 

 

Figure 1. Euler angle and Euler rotation. α  is the angle between the x  axis and the x ′  axis; 
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and the n  axis. It changes as follows. First, the rigid body is rotated counterclockwise around the 
z  axis by angle α . Second, it is rotated around the y ′  axis by angle β . Finally, it is rotated 
around the t  axis by angle χ . 
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where nk  is the normal curvature of the helical axis, gk  is the geodesic curvature of the 
helical axis, and gτ   is the geodesic torsion of the helical axis. The parameter 

Figure 1. Euler angle and Euler rotation. α is the angle between the x axis and the x′ axis; β is the
angle between the z axis and the t axis; and χ is the angle between the y′ axis and the n axis. It
changes as follows. First, the rigid body is rotated counterclockwise around the z axis by angle α.
Second, it is rotated around the y′ axis by angle β. Finally, it is rotated around the t axis by angle χ.

As the double-stranded structure of the DNA double helix molecule is regarded as a
banded geometric surface [10] and differential geometry is used to describe it [23], the free
energy can be related to the geometric structure of DNA as follows:

Fs =
B
2

[
kn

2 + kg
2
]
+

C
2

(
τg +

dχ

ds
− ρ

)2
, (4)

where 
kg = − sin β dα

ds
kn = dβ

ds
τg = cos β dα

ds

, (5)

where kn is the normal curvature of the helical axis, kg is the geodesic curvature of the

helical axis, and τg is the geodesic torsion of the helical axis. The parameter k =
√

kn2 + kg2

is the overall curvature of the surface, and τ =

√(
τg +

dχ
ds − ρ

)2
is the overall torsion of

the surface.
For the steady-state DNA configuration free energy, the additional free energy cost

term due to changing the base pair structure along s, the effective potential should also be
taken into account [19], so the total free energy is

F =
B
2

(
k2

n + k2
g

)
+

C
2

(
τg +

dχ

ds
− ρ

)2
+

d1

2

(
dρ

ds

)2
+ τcρ. (6)

Equation (6) is called the critical state model. This model describes different DNA
in chiral conformational transitions by including the gauge potential and extends Lan-
dau’s theory of phase transitions. Moreover, the critical state model also clearly reflects
the relationship between the geometric properties and energy of DNA; it correlates the
structure and function of biomolecules and explains the possible behavior and direction of
biological reactions.

3. Frenet Frame of Curved Surface

We start with the description of a Frenet frame in surface theory. For the generalized
Frenet frame, we generally use it to describe space curves. In the classical differential geom-
etry curve theory section, it can well describe the geometric properties of one-dimensional
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curves such as bending and twisting. However, in the curved surface, the curve C falls
on the surface S, and the generalized Frenet frame and its motion formula will not reflect
the mutual constraint relationship between the curve C and the surface S. Therefore, we
establish a curved surface continuous frame, taking the DNA double helix structure as an
example, which is suitable for all curved surface torsion research.

3.1. The Continuous Frenet–Serret Frame of Curved Surface

For DNA, because of its special curved surface structure formed by double strand
winding, we need to study the helical axis at the center of the double-strand as a curve in a
curved surface to describe the structure of the DNA double helix. An orthogonal frame

field along the curve C, denoted as
(
→
r (s),

→
t ,

→
b ,

→
n
)

, is used to consider both the curve C

and the surface S.
The Frenet–Serret Frame is defined as follows [10,24].
The coordinates satisfy the following equation:

d
ds


→
t
→
b
→
n

 =

 0 kg kn
−kg 0 τg
−kn −τg 0




→
t
→
b
→
n

, (7)

where 
kg = − sin β dα

ds
kn = dβ

ds
τg = cos β dα

ds

, (8)

k =
√

k2
g + k2

n =

√(
dβ

ds

)2
+ sin2 β

(
dα

ds

)2
. (9)

For the DNA double helix in a double strand curved surface, the
→
r (s) is the parametric

curve of the helical axis, and
→
t is the unit tangent vector at a point of the helical axis:

→
t =

d
→
r (s)
ds

. (10)

Rotate the unit tangent vector counterclockwise by π
2 to obtain the in-plane

normal vector:
→
n = (cos β cos α, cos β sin α,−sinβ). (11)

Then the third unit vector is

→
b =

→
n ×

→
t = (sin α,− cos α, 0). (12)

The frame
(
→
r (s),

→
t ,

→
b ,

→
n
)

described the Frenet frame of the helical axis falling on

the DNA surface; see Figure 2. kg, kn, τg described the degree of curvature and twist of the
curved surface.

3.2. The Discrete Frenet–Serret Frame of Curved Surface (CSDFF)

For a two-dimensional surface S constrained by two curves li, li
′, we use a recursively

defined frame {Di} = {(ni, bi, ti)} to describe the position of the centerline C on the surface
S. The reason for this is that the DNA helical axis is located on a two-dimensional curved
surface composed of double nucleic acid strands. We need to use the helical axis as the
position parameter to describe the specific information of each site, and the helical axis is
just the center of the two chains. Therefore, we take the midpoint of the two chains as the
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position parameter ri of the spiral axis, and use ri to trace the position of the spiral axis C
curve at point i.
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The helix axis parameter ri is at the center of the two nucleotide chains li, li
′; we define

the position vector:

ri =
1
2
(
li+li

′), (13)

wherein are the position parameters of chain li and chain li
′ respectively, wherein the

symmetrical deoxynucleotides on the two chains at the i site are connected according to the
principle of complementary base pairing.

Next, we construct the Frenet frame at point i by using the position information at
points i − 1 and i + 1 of the spiral axis curve. The tangent vector of the curve at i point is

ti =
ri+1 − ri
|ri+1 − ri|

. (14)

The second vector consists of the parameters of the tangent vector at i − 1 and i:

bi =
ti−1 × ti
|ti−1 × ti|

(ti−1 × ti ̸= 0). (15)

The in-plane normal vector is

ni =
bi × ti
|bi × ti|

. (16)

The frame (ni, bi, ti) forms a discrete frame for the DNA curved surface shown
in Figure 2b. The frame gives an ordered collection of all the positions on the DNA
helical axis.

The transfer rule of the Frenet frame at i + 1 and i isni+1
bi+1
ti+1

 = Ri+1,1

n1
b1
t1

, (17)

which Ri+1,1 = Ri+1,i · Ri,i−1 · . . . · R3,2 · R2,1. Every Euler rotation here is relative to the
rotation of the base.
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We choose the (zyz) angles, and the transfer matrix is

Ri+1,1 =

cos α sin β cos γ − sin α sin γ − cos α cos β sin γ − sin α cos γ cos α sin β
sin α cos β cos γ + cos α sin γ − sin α cos β sin γ + cos α cos γ sin α sin β

− sin β cos γ sin β sin γ cos β

. (18)

The angle α, β and χ represents the Euler rotation angle of point i + 1 relative to point 1.
We set the transfer matrix as

Ri+1,1 =

r11 r12 r13
r21 r22 r23
r31 r32 r33

. (19)

Then the Euler angle at i + 1 is expressed as
αi = arctan2

( r23√
r2

13+r2
23

, r13√
r2

13+r2
23

)
βi = arctan2

(√
r2

13 + r2
23, r33

)
γi = arctan2

( r32√
r2

13+r2
23

, − r31√
r2

13+r2
23

) . (20)

In this way, we can get the Euler angle of each site by the Frenet frame of each site.
{Di} = {(ni, bi, ti)} and (αi, βi, γi) give a representation to describe the frame at any
position on the helical axis of the DNA.

3.3. Periodic Euler Angles

For periodic DNA helices, the Euler angles on the helical axis are also periodic. There-
fore, when calculating the Euler angle difference between each site and adjacent sites, its
periodicity needs to be taken into consideration. We do the following processing:

1. We set that the value range of the Euler angle is 0 to 2π. When using the 2-argument
arctangent (arctan2) function to calculate the Euler angle, the value range of this
function is −π to π, which cannot show the correct Euler rotation direction. So, we
need to place the value range of the result in 0 to 2π by determining the tangent value
of the corresponding position.

The 2-argument arctangent function is

θ = arctan2
(
sin θ, cos θ

)
. (21)

When
sin θ < 0, (22)

Then
θ → θ + 2π; (23)

2. We calculate the Euler angle difference of adjacent sites by adding the period. In the
calculation of the Euler angle difference near the edge of the cycle, we calculate the
Euler angle difference between adjacent points by adding a cycle 2π to the latter point
to ensure the correctness of the Euler angle rotation direction:

∆θ = θi+1 + 2π − θi. (24)

4. DCS Model and Test DNA

As a verification, we use the DCS model to study the different chiral structures of
DNAs, especially B-DNA and Z-DNA structures.
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4.1. DCS Model

To measure the actual free energy of the DNA, we discretize Formula (6). By discretizing
the critical state model, the free energy density at point i of DNA is expressed as

Fi =
Bi
2

(
kni

2 + kgi
2
)
+

Ci
2

(
τgi +

∆χi+1,i

∆si,i−1
− ∆ρi+1,i

)2
+

d1

2

(
∆ρi+1,i

∆si,i−1

)2
+ τc∆ρi+1,i, (25)

where geodesic curvature, normal curvature, and geodesic torsion at the point i are
kni =

∆βi+1,i
∆si,i−1

kgi
= −∆αi+1,i

∆si,i−1
sin βi

τgi =
∆αi+1,i
∆si,i−1

cos βi

, (26)

which ∆αi+1,i = αi+1 − αi, ∆βi+1,i = βi+1 − βi, ∆χi+1,i = χi+1 − χi. It should be noted
here that the frame {Di} = {(ni, bi, ti)} is obtained by the information through the site
i + 1 and i − 1 points. The value of the Euler angle is obtained through the information
of i − 1 and i − 2. Therefore, when calculating the difference between the Euler angle, the
information of the total four points of the head and tail is a blind spot. The parameter
∆si,i−1 =

∣∣∣→r i −
→
r i−1

∣∣∣ is the distance between adjacent base pairs, because each site is set
on the average location of each base plane, and the minimum unit is 1 bp. Here we set
∆ρ = ∆χ, because ρ is the rotation angle between consecutive base pairs in the helix.

The isotropic bending elasticity B and torsional elasticity C is

Bi =
b

∆si,i−1
KBTR =

b
∆si,i−1 × 10−1 × 4.1 × 10−21 J, (27)

Ci =
c

si,i−1
KBTR =

c
∆si,i−1 × 10−1 × 4.1 × 10−21 J. (28)

with parameter values d1 = D1/ω0
2, where D1 = 4.1 × 10−21 J and ω0 = 0.6 rad/pb [19].

The critical torque is τc = −7.9 × 10−21 J [25]. Bending persistence length b and Twisting
persistence length c refer to the literature [26].

4.2. Parameter Acquisition and Calculation

We obtain the three-dimensional coordinates of all the different atoms in DNA, in-
cluding two types of DNA, B-DNA and Z-DNA, respectively. The structure of B-DNA
was obtained from the PDB database. The PDB ids used in this article are shown in Sup-
plementary Table S1 [27–33]. Because of missing Z-DNA experimental structures with
sufficient length (containing at least one helical period), the structure of Z-DNA was con-
ducted by the homology model method (Accelrys. Discovery Studio 3.1. Available online:
http://accelrys.com (accessed on 8 November 2022)) and refined by the 200-ns explicit sol-
vent molecular dynamics (MD) simulations using GROMACS 2018.8 [34] and Charmm36m
force field [35]. Details of the simulation were published previously [17,18,36] and can be
found in Supplementary Information (Figure S6).

The geometric structures such as overall bending and twisting are described by the
central helical axis of the two DNA phosphate backbones li and li

′. When performing
backbone selection for both chains, a good set of positions needs to be selected to properly
describe the DNA helical structure. What we use here is to select the average position
of atoms C3

′, C4
′, O3

′ and C1
′ of each deoxynucleotide to represent the position on the

backbone chain li:

li =
C3

′ + C4
′ + O3

′ + C1
′

4
, (29)

The selection of another position on the chain li
′ according to the principle of comple-

mentary base pairing is also the above method. Of course, the method of definition is not

http://accelrys.com
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the only one. The reason for our choice is that deoxyribose is the intermediate unit linking
the base and the phosphate backbone, and taking the average of atoms can better represent
the position of the deoxyribose.

We modelled the helical axis by treating ri as vertices in a discrete piecewise curve,
and used it and the transfer matrix to characterize the frame and Euler angles describing
any position along the DNA helical axis. We used the Python program to parse the DNA
coordinates to give the frame and Euler angles along the helical axis. Then we calculated
the corresponding parameters such as the free energy density of the DNA and the physical
properties of its chiral configuration through Formula (25).

5. Results and Discussion

This section uses the DCS model, which combines surface discrete frame theory with
gauge theory and Landau phase transition theory, to identify and distinguish DNA with
different chiral structures, and uses the difference in free energy and physical properties
as characterizations to explore the microscopic properties and macroscopic mechanisms
during DNA structure changes.

Through the discrete frame approach, we have derived the evolution of various
physical quantities along the helical axis of DNA, such as free energy density, gauge
potential, geodesic curvature, geodesic torsion, and more. Other parameters besides those
in this section are listed in Supplementary Information.

5.1. Free Energy and Gauge Potential

The gauge potential of B-DNA is positive, and the distribution of gauge potential and
PDB in Figure 3 shows that it is mainly distributed around 0.6 rad. The gauge potential of
Z-DNA is negative and its value is mainly around −0.6 rad. This agrees with the results
in the literature [19,37]. The mean values of the gauge potentials of the two structures
are symmetrically distributed. From the Section 2, we know that the gauge potential ρ
describes the rotation angle between consecutive base pairs, and represents the interaction
between the base pairs. When the gauge potential is positive, adjacent base pairs rotate
counterclockwise and stack sequentially to form a right-handed helix, so the base pair
plane shows a negative twisting tendency along the helical axis to form B-DNA. Similarly,
when the gauge potential is negative, the adjacent base pairs rotate clockwise and arrange
in turn as a left-handed helix, so the base pair plane shows a positive twisting tendency
along the helical axis to form Z-DNA. Since the absolute values of the gauge potentials are
almost the same, the two structures are chirally symmetric.
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At the same time, we know from the Section 2 that the torsion is composed of geodesic
torsion, initial angle change rate, and gauge potential. Therefore, the interaction between base
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pairs not only affects the way adjacent bases are arranged, but also contributes to the twisted
part. In addition, it also contributes to the effective potential (Supplementary Figure S2).

The free energy and PDB distribution plots in Figure 3 show that B-DNA and Z-DNA
have significant differences in energy. The free energy density of B-DNA with a right-
handed helical structure is significantly lower than that of Z-DNA with a left-handed helical
structure, and the B-DNA is concentrated around 600, while the Z-DNA is distributed
around 970. This result well demonstrates the energetic and structural characteristics
of the two DNA secondary structures with chiral symmetry, and the free energy results
indicate that B-DNA is more structurally stable than Z-DNA. This is consistent with the fact
that DNA usually exists in the form of B-DNA with lower energy density in biologically
active cells. Only in biological processes such as transcription [38] may some Z-DNA
with higher energy density be generated. In addition to the overall free energy, we also
present the relationship between the total free energy density F and the global geometric
deformation-related free energy Fs in Supplementary Figure S1. Supplementary Figure S1
and Supplementary Table S1 show that Fs contributes a large and major part of the overall
free energy.

5.2. Curvature and Torsion

The PDB distribution of curvature and torsion in Figure 4 shows a significant difference
in geometric properties between B-DNA and Z-DNA. The curvature of B-DNA is slightly
higher than that of Z-DNA, with B-DNA concentrated around 0.4 and Z-DNA distributed
around 0.21; In the torsion section, Z-DNA has a greater torsion than B-DNA. The values
of B-DNA are mainly concentrated around 0.07, while the Z-DNA structure is at 1.1, and
their mean values are distributed symmetrically.
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This seems to imply that when the configuration of DNA changes, for B-DNA, there is
always a tendency to change the curvature, while the geodesic torsion remains relatively
stable (Supplementary Figure S3). This property makes DNA more prone to bending,
forming supercoiled structures. At the same time, it keeps the free energy density low
for stability. Based on this, B-DNA can easily wrap around octamers on a large scale to
form nucleosomes, further form chromatin, and then be compressed and assembled into a
small nucleus.

The greater torsion of Z-DNA seems to indicate that Z-DNA is less likely to be bent to
form a supercoiled structure. Z-DNA is more inclined to form geometric configurations
with more torsion. Forcibly increasing the curvature of Z-DNA may lead to the instability
of Z-DNA, and then lead to the damage of Z-DNA geometric configuration. The larger
torsion leads to the higher free energy density of Z-DNA. This also seems to imply that in
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the formation of the geometric configuration of DNA, the contribution of torsion to free
energy is greater, while the curvature is relatively small.

DNA has chirality, and the natural right-handed state is the best choice. DNA in this
state more easily maintains stability and has greater redundancy in curvature and torsion.
However, Z-DNA is an “unnatural” state. Larger curvature may destroy its geometric
structure, and there is a small redundancy in curvature and torsion. Therefore, it can be
speculated that there is an order in the change of the geometric configuration of DNA,
firstly the curvature, then the torsion. Second, the change of curvature and torsion of
Z-DNA has a small redundancy, which will only occur under certain conditions.

In addition, as shown in Figures 3 and 4, there are great differences in free energy and
geometric parameters between the right-handed conformation B-DNA in the blue part and
the left-hand conformation Z-DNA in the orange part. The main reason may be that the
interactions between base pairs are different. Specifically, we believe that the interactions
determine the chiral conformation and geometric arrangement.

5.3. Geodesic Curvature and Normal Curvature

We decompose the curvature into geodesic curvature and normal curvature, and
we get some important conclusions by analyzing the relevant data of B- and Z-DNA. It
can be seen from the curve in Figure 5 that whether it is B-DNA or Z-DNA, the absolute
value of their geodesic curvature is much larger than the normal curvature. Combining
Equations (8) and (9) and Supplementary Figures S4 and S5, the contribution of geodesic
curvature to the overall curvature is the main factor, and it can basically represent the
change in the overall curvature. The reason for this result is that the Euler angle β varies
very little with the arc element, so the normal curvature is very small. But α varies greatly
with the arc element, so the geodesic curvature is relatively large.

Int. J. Mol. Sci. 2023, 24, x FOR PEER REVIEW 12 of 15 
 

 

the formation of the geometric configuration of DNA, the contribution of torsion to free 
energy is greater, while the curvature is relatively small. 

DNA has chirality, and the natural right-handed state is the best choice. DNA in this 
state more easily maintains stability and has greater redundancy in curvature and torsion. 
However, Z-DNA is an “unnatural” state. Larger curvature may destroy its geometric 
structure, and there is a small redundancy in curvature and torsion. Therefore, it can be 
speculated that there is an order in the change of the geometric configuration of DNA, 
firstly the curvature, then the torsion. Second, the change of curvature and torsion of Z-
DNA has a small redundancy, which will only occur under certain conditions. 

In addition, as shown in Figures 3 and 4, there are great differences in free energy 
and geometric parameters between the right-handed conformation B-DNA in the blue 
part and the left-hand conformation Z-DNA in the orange part. The main reason may be 
that the interactions between base pairs are different. Specifically, we believe that the 
interactions determine the chiral conformation and geometric arrangement. 

5.3. Geodesic Curvature and Normal Curvature 
We decompose the curvature into geodesic curvature and normal curvature, and we 

get some important conclusions by analyzing the relevant data of B- and Z-DNA. It can 
be seen from the curve in Figure 5 that whether it is B-DNA or Z-DNA, the absolute value 
of their geodesic curvature is much larger than the normal curvature. Combining 
Equations (8) and (9) and Supplementary Figures S4 and S5, the contribution of geodesic 
curvature to the overall curvature is the main factor, and it can basically represent the 
change in the overall curvature. The reason for this result is that the Euler angle β varies 
very little with the arc element, so the normal curvature is very small. But α   varies 
greatly with the arc element, so the geodesic curvature is relatively large. 

 
Figure 5. Absolute value distributions of geodesic and normal curvatures of different DNA 
structures. 

Understand it from the point of view of differential geometry. For B-DNA and Z-
DNA, we can think that the helical axis is just on the helical surface, that is to say, the 
helical axis is a curved surface curve, so the geometric shape of the helical axis must be 
restricted by the curved surface. In a helical plane, the helical axis and the base-pair plane 
are nearly perpendicular. Our analysis indicates that the geodesic curvature of the helical 
axes of B- and Z-DNA is much larger than the normal curvature. This fact shows that the 
direction of the base pairs of B- and Z-DNA on the helical plane is closer to the geodesic 
curve of the helical plane, which is crucial for the arrangement of the base pairs. Because 
of the property that the shortest distance between two points on a surface must be along 
the geodesic curve, in DNA, only the base pairs along the geodesic curve can ensure that 
the distance between the base pairs is the shortest and their arrangement is the closest. 

Figure 5. Absolute value distributions of geodesic and normal curvatures of different DNA structures.

Understand it from the point of view of differential geometry. For B-DNA and Z-DNA,
we can think that the helical axis is just on the helical surface, that is to say, the helical axis
is a curved surface curve, so the geometric shape of the helical axis must be restricted by
the curved surface. In a helical plane, the helical axis and the base-pair plane are nearly
perpendicular. Our analysis indicates that the geodesic curvature of the helical axes of B-
and Z-DNA is much larger than the normal curvature. This fact shows that the direction
of the base pairs of B- and Z-DNA on the helical plane is closer to the geodesic curve of
the helical plane, which is crucial for the arrangement of the base pairs. Because of the
property that the shortest distance between two points on a surface must be along the
geodesic curve, in DNA, only the base pairs along the geodesic curve can ensure that the
distance between the base pairs is the shortest and their arrangement is the closest.

In addition, we calculated the free energy density function of DNA according to the
curvature and torsion of the helical axis. In fact, this is also a calculation of the geodesic-
related free energy density function on the DNA helical surface. In general, we can define
the Lagrange density function on the geodesic curve, and the action calculated with the
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Lagrange density function should be kept to a minimum. This also seems to indicate that
the orientation of the base pair in the helical plane close to the helical plane geodesic curve
is one of the conditions for DNA to maintain its lowest state of free energy density function.
This is important for maintaining a stable state of DNA.

From the perspective of base pair interaction, for geodesic curvature, it belongs to
the quantity of intrinsic geometry of the surface, and it is related to the essential reason
of double helix arrangement. In more detail, the change of Euler angle α with the arc
element can describe the angular twist caused by the steric hindrance effect of the chemical
structures of purine and pyrimidine and deoxyribose, which are not in the same plane.
The torsion of this angle can be expressed by geodesic curvature and geodesic torsion. In
other words, the deformation in the base plane is mainly expressed by geodesic curvature
and geodesic torsion. For the interactions between adjacent base planes, we describe them
by gauge potentials. Geodesic curvature, geodesic torsion, and gauge potential together
describe the DNA double helix arrangement of different chiral types.

6. Conclusions

In this study, the DCS model was proposed, innovatively combining surface discrete
frame theory with gauge theory and Landau phase transition theory. The aim was to
investigate the structural deformation of DNA and explore its phase transitions and chirality.
Compared to other methods, our model not only took into account the internal interactions
within DNA but also formulated an overall equation using unified physical or geometric
parameters. This approach struck a balance between studying DNA transformations at
the molecular level and providing a uniform description of global conformations, yielding
more straightforward insights into the underlying physical meanings.

By employing the discrete frame approach, we derived the evolution of various
physical quantities along the helical axis of DNA, including free energy density, gauge
potential, geodesic curvature, geodesic torsion, and more. Our results revealed that the
gauge potential played a pivotal role in determining the arrangement and chirality of the
double helix structure. Specifically, the B-DNA with positive gauge potential exhibited
lower free energy compared to the Z-DNA with negative gauge potential. This outcome
was attributed to the significant impact of local chiral structure changes on the overall DNA
structure’s torsion, and the curvature and torsion of the overall geometry significantly
contributed to the global free energy. Consequently, B-DNA, with its right-hand structure,
proves more stable than the left-handed Z-DNA.

Furthermore, our findings shed light on the geometric properties of DNA with differ-
ent chiral structures. B-DNA displayed larger curvature, facilitating bending and coiling
during nucleosome formation, enabling the assembly of large-scale DNA into compact
bodies in the nucleus. On the other hand, Z-DNA, an unusual form produced during
transcription [38], possessed smaller curvature, enhancing shape retention during tran-
scription, effectively maintaining a straight-line conformation.

Additionally, we discovered that the direction of DNA base pairs on the helical plane
closely aligned with the geodesic curve of the helical plane. This alignment allowed DNA
to maintain the lowest free energy density function, crucial for the stability of the DNA
double helix structure.

By exploring the law of DNA double helix structure formation and its influencing
factors, we identified that deformation in the base plane primarily depended on geodesic
curvature and geodesic torsion, while the interaction between adjacent surfaces was pri-
marily influenced by the gauge potential. These three parameters effectively described the
arrangement of DNA double helices with different chiral types.

In conclusion, this paper, based on the DCS model, provided an in-depth exploration
of the microstructure characteristics and macroscopic deformation mechanism during the
DNA structure change process. The results demonstrated the model’s effectiveness in
studying the deformation of two-dimensional surfaces and conformational transitions.
Moreover, we anticipate that with enough structural samples, our method could be ex-
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tended to analyze arbitrarily long 2D deformable bodies, facilitating the study of their local
and global biophysical characteristics during dynamic configuration transformations in
the future.
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