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Abstract: This paper concentrates on the finite-time He control problem for a type of stochastic
discrete-time Markovian jump systems, characterized by time-delay and partly unknown transition
probabilities. Initially, a stochastic finite-time (SFT) He, state feedback controller and an SFT He,
observer-based state feedback controller are constructed to realize the closed-loop control of systems.
Then, based on the Lyapunov—Krasovskii functional (LKF) method, some sufficient conditions are
established to guarantee that closed-loop systems (CLSs) satisfy SFT boundedness and SFT He
boundedness. Furthermore, the controller gains are obtained with the use of the linear matrix in-
equality (LMI) approach. In the end, numerical examples reveal the reasonableness and effectiveness
of the proposed designing schemes.

Keywords: Markovian jump systems; discrete-time systems; finite-time control; He, control; partly
unknown transition probabilities

1. Introduction

The structure or parameters of various practical systems often undergoes changes
due to environmental mutations, component failures, and other factors, resulting in a
decrease in system performance and potential instability [1]. How to ensure the stability
of mutation systems has been one of the hot topics for scholars. Markovian jump systems
(MJSs), a type of hybrid systems consisting of several subsystems, can be used to model
dynamical systems with structural mutations and have been extensively researched in both
the practical and theoretical domains [2,3]. An adaptive neural network-based control
approach was devised in [4] to address the problem of fault-tolerant control for nonlinear
M]JSs. In [5], the asynchronous filtering problem of MJSs affected by time-varying and
infinite distributed delays was studied by using the homogeneous polynomial method.
For stochastic T-S fuzzy singular MJSs, the robust Hy, sliding mode control problem was
studied in [6,7]. The authors of [8] studied the fault-detection filter design problem of
uncertain singular MJSs by means of the LKF and convex polyhedron techniques. In
addition, for the achievements regarding the stability and stabilization of MJSs, readers
may see [9,10] and references therein.

It should be emphasized that there is a qualification in references [4-10], that is, the
transition probability (TP) information of MJSs must be exactly and completely known.
However, due to the limitations of measurement costs and measuring instruments, this
condition is difficult to meet in the actual system modeling. As a result, it is essential and
significant to investigate MJSs with partly unknown TPs [11]. For networked MJSs with
partly unknown TPs, the event-triggered dynamic output feedback control problem and
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sliding mode control problem were solved in [12,13], respectively. For a type of singular
M]JSs with partly unknown TPs, the Hy, filtering problem was studied in [14,15]. The
authors of [16] achieved the event-triggered guaranteed cost control for time-delay MJSs
with partly unknown TPs, and some sufficient conditions were established to guarantee the
presence of guaranteed cost controllers. In [17], a state feedback controller was constructed
to ensure that MJSs with partly unknown TPs were stochastic stable. A sliding mode
controller based on an adaptive neural network was proposed in [18], and the reliable
control problem of uncertain MJSs with partially unknown TPs was studied.

Notably, most of the above research findings mainly concentrate on the asymptotic
behavior of systems in an infinite-time interval, namely, as in the Lyapunov stability theory.
However, in many practical systems, such as vehicle emergency braking systems [19],
aircraft-tracking systems [20], and ship-maneuvering systems [21], it is required that the
systems respond ideally to work in a finite time interval. To realize this practical need,
in 1961, Dorato proposed finite-time stability [22]. Since finite-time stability has a better
transient performance, a faster response speed, and a higher tracking accuracy, it has
been applied to MJSs [23-26], T-S fuzzy systems [27-29], nonlinear pulse systems [30,31],
mean-field systems [32-34], and so on.

In addition to requiring better transient performance, modern industries increasingly
emphasize the anti-interference performance of control systems. Both external distur-
bances and imprecise modeling can adversely affect the performance of control systems.
To weaken the effect of external disturbances, Ho, control has emerged. Recently, many
scholars have carried out plenty of research on finite-time He, control [35—-41]. Specifically,
ref. [35] introduced a new switching dynamic event-triggering mechanism, and discussed
the finite-time Hq control problem for switching fuzzy systems. In [36], the finite-time
He, control problem of nonlinear pulse switching systems was studied to guarantee that
the CLS was bounded. On the other hand, due to the constraints of measurement tech-
nology and measurement costs, the system state information is frequently challenging to
measure directly. In tackling this challenge, many meaningful results of finite-time He
observer-based controller designing schemes have been successfully attained; see [37-41]
and references therein.

At present, the study of continuous-time MJSs has obtained rich results. With the
popularization of digital controllers and the development of computer science and tech-
nology, the research on discrete-time systems has attracted much attention. Discrete-time
M]JSs provide a framework for modeling and analyzing a variety of complex systems in the
real world [42]. Through the discrete description of the system, it is easier to analyze the
dynamic behavior, stability, and convergence of the system [43]. This kind of modeling and
analysis is essential for understanding and predicting the behavior of systems [44], and is
widely used in control systems.

Inspired by the preceding analysis, this article presents the designing schemes of a
stochastic finite-time He, state feedback controller and a stochastic finite-time He, oObserver-
based state feedback controller for a discrete-time M]JS. Different from [17,38], the MJS
considered in this paper is influenced by a time delay and stochastic white noise, which is
more in line with the actual demand, but also increases the difficulty of the article derivation.
Compared with the existing literature, the primary contributions of this study include
the following:

(I) In this paper, the state feedback control strategy and the observer-based state
feedback control strategy are adopted. The concepts of SFT H., state feedback stabilization
and SFT H, observer-based state feedback stabilization for time-delay MJSs are defined
simultaneously for the first time. The results of [17,38,44] are extended to time-delay MJSs
with partially unknown TPs.

(II) By constructing a delay-dependent LKEF, several sufficient conditions are given to
ensure that the CLS is SFT He-bounded under two control strategies.

The article is structured as follows: Section 2 presents an introduction to the system
along with some preliminary knowledge. In Section 3, a state feedback controller is de-
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signed, and some sufficient conditions for the MJS to be SFT Ho, state feedback stabilization
are obtained through the LKF and LMI methods. Similar to Section 3, in Section 4 we
design an observer-based state feedback controller and verify that the MJS is SFT Heo
observer-based state feedback stabilization. In Section 5, the feasibility and effectiveness of
this work are validated through two simulation examples. Section 6 summarizes the entire
article and provides an outlook on future research directions.

Notation: A~! and AT represent the matrix inverse and transpose of matrix A, re-
spectively. The expression for a real positive definite matrix A is denoted as A > 0.
diag{Py, Py, - -, P,} is the block diagonal matrix with P;, P5, - - - , P, on the diagonal. We
denote I« as the identity matrix with n x n dimensions. N is the set of positive integers
and R is the real number set. R and R™*" are the m-dimensional Euclidean space with
2-norm | - || and the vector space of all m x n matrices with entries in R, respectively.
E{c} represents the mathematical expectation of . The symbol * implies the symmetric
hidden matrix entries. This paper presupposes that every specified matrix possesses the
necessary dimensions. For ease of understanding, the acronyms in this paper and their
corresponding meanings are shown in Table 1.

Table 1. The acronyms used in this article and their meanings.

Acronyms Meaning of Acronyms
MJS Markovian jump system
SFT Stochastic finite-time
LKF Lyapunov—Krasovskii functional
CLS Closed-loop system
LMI Linear matrix inequality
P Transition probability

2. System Description and Preliminary Knowledge

Consider an MJS with a time delay, as outlined below:

() x (k) + A (my) x(k — T) + By (mye)u (k) + Cq (mye)v (k)
[Az () x (k) + Ago (m) x(k — T) + Ba(mye)u(k) + Co(mye)v(k)]w(k),

D (my)x(k) 4 G(my)u(k), 1)
D1 (my)x (k) + Dy (my)x(k — ) + Gy (mp)u(k) + Ga(my)o(k), k€ {0,1,2,---,T},
l/)(ﬂ), ne {_T/ -7+, /O}/

where x(k) € R" is the system state, y(k) € R? is the measured output, z(k) € R" is
the control output, and u(k) € R is the control input. ¢(n), n € {—7,—7t+1,---,0}
are the initial conditions. T is a positive integer that signifies the fixed time delay. The
sequence w(k) denotes one-dimensional white noises on the complete probability space
(Q, F,P), and satisfies E{w(k)} = 0 and E{w(k)w(s)} = &ks, where J;, is the Kronecker
delta. v(k) € R! stands for the external disturbance, which satisfies the following:

i ol (kK)o(k) < h, h > 0. )
k=0

Ay (my), Ax(my), Ag (my), Aga(my), By (my), Ba(my), C1(my), Co(my), D(my), Dy (my),
Dy (my), G(my), G1(my), and Gy (my ) are coefficient matrices with appropriate dimensions.
These matrices depend upon the Markovian jump process {my, k > 0}, which is a discrete-
time, discrete-state Markovian chain taking values in a finite state space S = {1,2,--- ,N}
with transition probabilities 7r;;, where 7t;; = Pr{my, = jlmy = i}, i,j € S, denotes
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the transition probability from mode i at time k to mode j at time k + 1, and satisfies
Zjl\i1 T = 1, T > 0 (i €S). Whenmy =i, i € S, the system parameter matrices
are expressed by A1;, Az, Agi, Aapi, Bii, Bai, and so on. In addition, w(k) and my are
independent of each other.

In this paper, it is presumed that the information in the TP matrix is partially available.
In this situation, the TP matrix IT for an MJS with N modes may be represented by:

i1 T2 e TUN
o1 Ty -+ TN

IT= ; . ) , 3)
ANT 7IN2 ' TINN

where 7tij is the unknown TP, for all i € S, and the set S is defined as S = Sfc U S;k, where:
St ={j: m;j is known}, S, =1{j: mjj is unknowny}. 4)
Moreover, when S;'( # @, then it can be described as:

S;(:{€1/€2/'”/€Pi}’ pie{l'zl.”’N_Z}, (5)

where (¢ € Nt, g €{1,2,---,p;} denotes the g-th known element in the i-th row of the
TP matrix I1. Similarly, when S, # @, it can be expressed as follows:

Sitk = {@41/(-112/' o rguqi}, qi € {2,' . ,N}, (6)

where ;¢ € N*, ¢ €{1,2,---,4;} is the g-th unknown element in the i-th row of the TP
matrix I1.

Remark 1. Since Z]-lil mij = 1, there are at least two unknown elements in (3), and if there are
unknown elements in a certain row, their quantity is at least two.

Lemma 1. (Schur’s complement [38]) The LMI

S11 ST }
S = 121 <0
[ S12 S»

is equivalent to S11 — 5{25521512 < 0, where Sy, < 0.

Definition 1. (SFT stability) R
The MJS (1) with v(k) = 0 is said to be SFT-stable with respect to (p1,p2, R;, T), if:

sup  E{xT(ko)Rix(ko)} < p1 = E{xT(k)Rix(k)} < p2, Yk € {0,1,2,---,T} (7)
koe{—,- 0}

holds for matrix R; > 0, i € S, and given scalars 0 < p; < pa.

Remark 2. Definition 1 means that if the initial state is bounded, then the state trajectory of the
system does not exceed a predetermined boundary in a finite time interval under certain conditions,
which is different from asymptotic stability. An asymptotically stable system may not be finite-time
stable, if its state trajectory exceeds the given upper bound in a finite-time interval, and vice versa.

Definition 2. (SFT boundedness) R
The MJS (1) is said to be SFT-bounded with respect to (p1, 02, R;, T, h) if the system state
x(k) and the external disturbance v(k) satisfy (7) and (2), respectively.
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3. Finite-Time H, State Feedback Control
3.1. State Feedback Controller
We design the following state feedback controller for MJS (1):
u(k) = K(my)x(k), ®)

where K(my) is the state feedback controller gain to be designed and K(my) is denoted by
K; when my = i,i € S. Then, the resulting CLS can be described as follows:

x(k + 1) = Alix(k) + Adh-x(k — T) + Cl,»v(k)
+ [Agix (k) + Apix(k — T) + Cyv(k)|w(k), ©)
z(k) = Dyix(k) + Dayix(k — 7) + Gyiv(k),

where Ay; = Ay; + By;K;, Ay = Agi + BaiKi, D1i = Dri + G1iK;

Definition 3. (SFT He boundedness)
The CLS (9) is said to be SFT Heo-bounded with respect to (o1, 02, R;, T, h, y) if the subsequent
two conditions hold:
(a)The CLS (9) satisfies SFT boundedness with respect to (p1, 02, R;, T, h);
(b)Under the zero initial condition, for any external disturbance v(k) satisfying (2), the control
output z(k) satisfies

E{Zz k)} < 'yZE{Zv (10)
where R; >0,i€S,7>0,0<p; < pa.

Definition 4. (SFT He state feedback stabilization)

The MJS (1) is said to be SFT He, state feedback stabilization with respect to (o1, 02, R;, T, h, )
if there exists a state feedback controller (8) such that the CLS (9) satisfies SFT Heo boundedness.
Moreover, the controller (8) is called the SFT Heo state feedback controller.

3.2. Main Results

This section will present some sufficient conditions for the existence of a state feedback
controller (8) for system (1).

Theorem 1. The CLS (9) with partly unknown TPs is SFT Heo-bounded with respect to (01, p2, R,
T,h, ) if there exist the scalars « > 1 and vy > 0 and matrices M > 0 and P; > 0 foralli € S,
satisfying the following:

®{1 - “Pi + M+ D{iDli @; + D{iDdli @T + D11G21
* ®L —~M+DL Dy,  OL+DLGy | <0, (11)
* * O — 7’1 + GL,Gy;

"‘TPl SuP{AmHX(Pi)} + SUP{/\mux(Mz')}T + ’YZD‘Th < }gg{?\min(ﬂ)}m, (12)
i€S ieS
where @{l = 1_4{1&,1‘1411' + _A_%;"Fl'Azi/ @; = A{ilfiAdli + A_%;“FiAdZir
0L =ALY,C;; + Al¥,.Cy, O =A dl;{f Ani+ ALY iAni
04 = AjYiCii + AL YiCo, @61 = C¥iCyi + CZZ‘I’ c2l,

, _ 1
¥i =Yg, P+ (1= 1) (Tiest B, Bi=R; 'PR7:, M, = R, MR 2.

1
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Proof. For the CLS (9), we consider the following LKF:
V(x(k),my =i) = x"(k)Px(k) + Y xT(1)Mx(l). (13)

Then, we compute the following:
E{AV(x(k), my = i)} =E{V (x(k+ 1), mp0 = j)} — E{V( (k), my = i)}

=Y mxT(k+1)Px(k+1) + Z xT () Mx(I)

jes I=k+1-7
Tl - (14)
et - 7
=xT(k+1) Y m;Px(k+1) 4+ x" (k) [M — P]x(k) — x” (k — 1) Mx(k — 7).
jes

Since the TP matrix IT contains partly accessible information, not all the probabilities

mjj (j € S) are known. Thus, we denote = Zjes;; mjj. 7t are the unknown TPs of I1.
Moreover, from Z ~1 7tjj = 1, it is obvious that Zjesi i =1- n]i > 0. Supposing that
uk

7rk < 1, we can obtain the following;:

) 7P =) mP+ 2 i Pj

jes jest jesi,
=L b+ (=) L (15)
j€S; jES K k
< Z 7 Py + (1- 7'[]1()( Z Pj) =Y.
j€S; JESi

By (15), we can rewrite (14) as follows:

E{AV (x(k),m = i)} < xT(k+1)¥x(k+1) + xT (k) [M — P]x(k) — xT (k — T)Mx(k — 1)
wk) 1T @n-RtM 6y 6y x(k) (16)
:[x(k—r) * 0L -M ©OL [x(k—’r)].
v(k) “ « e’ (k)

From (16) and (11), we have the following;:

E{AV (x(k),my = i)} <(a = DE{x" (k) Pix(k)} + *E{o" (k)o(k)} — E{z" (k)z(k)}
<(a = DE{x" (k)Pix(k)} + ¥*E{o (kK)o (k) }
<(a = DE{V (x(k),my = i)} + E{o’ (k)o(k)}.

Thus, we can obtain the following:

E{V(x(k+1),meq =)} < aB{V(x(k), me = i)} + YE{oT (k)o(k)}. (17)

Observing that « > 1, from (17) we obtain the following:

k1
E{V (x(k), my = i)} <a*E{V(x(0),mo)} +~* Y & T 'E{oT (1)o(1)}
1=0 (18)

<wTE{V(x(O), mg)} + ’yzvﬁh.
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1

Letting P; = R, 2PR 2, M; =R,

1

—_

MR, 2. According to (7), we have the following:

Nf—=

—1
E{V(x(0),mo)} < sup{/\max(Pi)}E{xT(O)Rix(O)} + sup{ Amax (M;) }JE{ Z x"

ieS i€S l=—71
(19)
sup{ Amax (P;) } + sup{ Amax(M;) } 7| 01,
ieS i€S
and . ,
E{V (x(k),my = i)} > E{x" (k) Px(k)} = E{x (k)R? PiR?x(k)} 0)
> inf{Ain (P)VE(xT (R ().

Combining with (18)—(20), it can be inferred that:
E{xT (k) Rx(k)} < "‘Tpl [sup;cs{Amax (P) } + sup;cs{Amax (M) }7] + 77 o 1)

infjcs{ Amin (pl)}
Together with (12) and (21), it is clear that E{xT (k)R;x(k)} < po, k € {0,1,2,---,T}.

This implies that the CLS (9) satisfies SFT boundedness. Next, we demonstrate that the Heo

condition (10) holds under the zero initial condition. From (13), we can obtain the following:
E{V(x(k+1),my 1 = )} < BV (x(K), my = i)} — E{zT (K)2(k)} + 1 *E{o (K)o(K)}. 22)

Then, we have the following:

k—1
E{V (x(k), my = i)} <a"E{V(x(0),mo)} — }_ &F T E{T (1)2(1)}
1=0 (23)

+72E{k§ ock_l_lvT(l)v(l)}.

=0

Assuming a zero initial condition and recognizing that V(x(k), m; = i) > 0 for all
ke {0,1,2,---,T}, we have the following:

kiak*l*lE{zT(l)z(l)} < 'yZIE{ki akil*’vT(l)v(l)}. (24)
1=0 1=0

Noting that &« > 1, from (24) we obtain the following:

E{ Z z k)} < ¥°E{ E v (25)

Therefore the closed-loop MJS (9) is SFT Heo-bounded. O

Remark 3. It is important to note that Theorem 1 is preliminary, and since it does not provide a
way to choose K;, one can check (11), (12) on the closed-loop matrices, but this requires that K; has
already been chosen. The problem is solved in Theorem 2.

Theorem 2. Consider the state feedback controller (8); if there exist scalars « > 1, v > 0, p2 > 0,
oy > 0,81 >0, & > 0and matrices | > 0, X; > 0, and Y;, for all i € S, satisfying the following
conditions:
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CaXe 0 gli QIEZI’ Dl X;
2 T T T
* Y I Cy; . QCZi GZi 0
* * —X+ QAdli]QAdli 0 0 0 <0, (26)
* x * —X+Qa, ] 0 0
* < * s —I+ Dg;JDL, 0
I * * * * —J
UlRfl < X < R;l, (27)
SR <] < QR (28)
—a T +7°h o1 TP
* . <0, (29)
* x =0

where OF = [\/mg, (AuX; + BiY;)" /g, (AuXi + BuY)" - /7, (AuXi+ BiYy)"
V1= (AuX; + BuY) T (/1= i (AyX; + BY)T - M(Alixi + ByiYi)T],
[Tz, (A2iXi + BoiYi)T /7o, (AgiXi + BoiYy)T -+ /T, (AiXi + By V)T
V1= (A% X + By Yi)T (/1 = 7l (AgiXi + By Yi)T - H(Aﬁxi + By Y;)T],
Qgﬂm = lv ”iélAgu \/”iézAgu C /gy, Agli \/1 - ﬂlicAgli \/1 - nlicAgli Ty 1- niiAgu]/
T _ T T T i AT i AT i AT
Oy, = WG A VTG A~ /T, Adoi \/1 ~ A i \/1 — A )= AR
0L, = [y Cl yazCh -+ /g, Cha/1— miCh 1= mic - /1 - mic]],
OF, = [yAGCh vAGCh -+ /g, Ch /1 - mch \J1-mch - \J1-micl),
X = dlag{Xgl, X§2/ e ngpilxgull X@uz' Tt ’X.Cllli,' }/ Dll = Dllxl + GllYl’
then the CLS (9) with the partly unknown TPs is SFT Heo-bounded with respect to (01,02,R;, Ty, h),
i.e., MJS (1) is SFT He, state feedback stabilization, and the controller gain K; = YiXi_l.

or =
Agi

Proof. First, we demonstrate the equivalence between condition (26) and condition (11).
According to Lemma 1, (26) is equivalent to the following:

[ —aX;+ XX 0 0 Qf Qf  Df]
* -7t o0 Q%W Q) Dy,
* = QL 05, Gy | o) (30)
* * * —-X 0 0
* * * * —X 0
i * * * * * -1 |

Letting X; = Pl._l, J=M1, X=P K =YX~ L. Pre- and post-multiplying (30) by
diag{Xzfl, I,1,1,1,1}, we can observe that (30) is equivalent to (11) by using Lemma 1.
On the other hand, from Lemma 1, (29) can be expressed as the following inequality:

uchl (01_1 + Cl_lT) + ’Yzzxfh < p2. (31)

_ _1 1 _ _1 1
We note that P; = R; *P;R; > and M; = R; * MR, *; combined with conditions (27)
and (28), we can obtain that:

Sup{Amax(pi)} < 01—1/ inf{/\minuai)} >1, Sup{/\mux(Mi)} < g;l
iesS ieS ies

Therefore, it is easy to observe that (12) holds. This completes the proof. O
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Remark 4. Theorem 2 generalizes the results of [17] to a time-delay M]S, and gives sufficient
conditions for MJS (1) to be SFT Hc, state feedback stabilization.

Remark 5. It can be seen from Theorem 2 that the controller gain K; depends on X; and Y;, that in
turn depend on the system matrices of mode i. It is necessary to consider the dynamic characteristics
of the system in different modes and the transition probabilities between modes to ensure the stability
and the controller in each mode.

4. Finite-Time H,, Observer-Based State Feedback Control
4.1. Observer-Based State Feedback Controller

In the presence of a system state that is not fully measurable, the following observer-
based state feedback controller is designed:

X(k+1) = Ay(m)x(k) + Aq (mi) x(k — T) + By (mye)u(k) + H(m) [y (k) — y(k)],
y(k) = D(my)x(k) + G(my)u(k)
i (32)
u(k) = K(my)x(k),
x(n) yn), ne{-t,—t+1,---,0},

where % (k) is the estimated state and (k) is the estimated output, and K(n;) and H (1)
denote the state feedback gain and observer gain to be determined, respectively. The
estimated state error is defined as e(k) = x(k) — X(k), and 57 (k) = [ xT(k) e’ (k) ]. For
my =i (i € S), the CLS is represented by the following:

n(k+1) = Aun(k) + Agin(k — 1) + Crio(k)

+ [Aain (k) + Agin (k — 7) + Coo(k)|w(k), (33)
z(k) = Dyn(k) + Dagrin(k — 7) + Gyv(k),
~ [ Au+BuK  —Bik; > _|Ami O A~ _ | Cy
Where All - |: 0 All _ HlDl 7 Adll - 0 Adll 7 Cll - Clz 7

N Agi+ ByiK;  —ByK; } N { Api O ] A { Co }
Ay > Sl A= , Coi= ,
AZI [ Agi + BoiK;  —BpiK; Ale & i
Dy = [ D1+ GiK; —GiiK; |, Dgii = |
Definition 5. (SFT He boundedness)

The CLS (33) is said to be SFT Heo-bounded with respect to (01,02, Ri, T, h, ) if the following
two conditions hold:

(@)  The MJS (33) satisfies SET boundedness with respect to (01,02, R;, T, h);
(b)  Under the zero initial condition, for the external disturbance v(k) satisfying condition (2), the
control output z(k) satisfies the following:

E{Zz k)} < 72151{20 (34)
whereﬁi >0,i€S50<p; <p2,v>0.

Definition 6. (SFT He observer-based state feedback stabilization)

The MJS (1) is said to be SFT He, observer-based state feedback stabilization with respect
to (p1, 02, ﬁi, "T, h, «y) if there exists an observer-based state feedback controller (32) such that the
CLS (33) satisfies SFT Heo boundedness, and the controller (32) is called the SFT Hoo observer-based
state feedback controller.
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4.2. Main Results

Theorem 3. The CLS (33) with the partly unknown TPs is SFT He-bounded with respect to
(p1, 02, Ri, T, v, h) if there exist the scalars p > 1 and v > 0, matrix M > 0, and positive-definite
matrices P; for all i € S, satisfying the following conditions:

—BB,+M+TT +DIDy;  TL+DIDy; T + DTGy,
* It —M+DI.Dn;, TL+DI,Gy <0, (35)
* * Ié — 7% + GG

BTo1 [sup{Amax(P)} + sup {Amax (M)} | +22BTh < inf{Awin (B2, (36)
icS icS

i [
IT = ATY, Ay + ALY Ay, T3, = ALY A+ ALY Ay, TL = ALY,Cyi + ALY.Cy,

I:\ZZ = Agli{f}iA\tili + A\gzi‘?fgdZi/ F5TiA: A\g]j{}}iéli + Agzl’{fjiéﬁr F6TZ = é\{i‘/{}ié\li + égi‘?i@zi,
Y, = ZjGSff 7Tiij + (1 — nllc)(ZjGSZk P])

Proof. The proof procedure is similar to Theorem 1, and thus will not be reiterated. O

From the above discussion, system (33) is SFT He-bounded. Then, the following
theorem will develop the observer-based state feedback controller for system (33).

Theorem 4. The CLS (33) with the partly unknown TPs is SFT Heo-bounded with respect to
(1,02, ﬁi, T v, h) if there exist the scalars p > 1, v > 0, pp >0, 0o >0, 01 > 0, 02 > 0,
matrix | > 0, positive-definite matrices X;, nonsingular matrices Z;, and matrices Y; and F; for all
i € S, satisfying the following conditions:

| —pXi 0 Egli Egzl' D{i Xi _
A2 =T =T T
= e Cai 0
* * —X+ Ei agdli R 0 . 0 0 <0, (37)
* * * X+ dA\dZi]aA\dz' AO - 0
% - * * ~I+Dni/Djy; 0
| x * * -] |
D;X; = Z;D;, (38)
UzR\i_l < X,’ < R\i_l, (39)
R < T < 0RY, (40)
—B oo+ o1 /TP
* —m 0 <0, (41)
* * —Ql

al — [ AT AT —— AT 1 _ g AT J1— A AT AT

where & = [/ AL, ymg AL - /i AT \J1 - AL 1= AT -1 - mAT),
a2l — [ AT AT — AT 1 _ A AT J1— 4 AT [1— i AT
E4, = Whn Ay Vg Ay - /g, Ay \/1 Ay \/1 Ay 1= AL

’

A= AqiXi + By —ByiY; } Ay = { AgiXi+ ByiY;  —ByY; }

l 0 AyXi—FED; | 77 AyXi+ByY; —ByY; |
=T — — AT — AT ... — AT _ 4 AT — i AT L. _ g AT
S = WG Ag Vg Ani - /Mg, A \/1 A \/1 A 1= ARl
T = — AT —aT ... —AT — AT AT ... — AT
& = Wit Adi VT Agi /Tty Ao \/ 1= mAgp; \/ 1=l - /1= M Ap]

[x1
()= S

_ AT AT AT | AT i AT | AT
= [y Cl gl -+ i, Ch 1= miCh 1= 7 Cl - 1= 7 CT)
_ AT AT AT i AT i AT / | AT
o [V, Coi /Mg, Gy -+ Vg, Coi \/1 -Gy \/1 - mCy - 1=m Gyl

[x1
=

@)
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1?11‘ = [DiXi+GiYi —GiYi], }Ei = diag{X;, Xi}, ] = diag{],]}, R;=diag{R; R;},
X= dlag{xgl’ X@z’ e ’Xgpi'Xglll’ X@uzf T ’Xguqi }
Then, MJS (1) is called SFT Hoo observer-based state feedback stabilization, and the controller
gain K; as well as the observer gain H; are represented as follows:

Ki=YX1, Hi=Fz . (42)

Proof. Defining R; = diag{R; R;}, P; = diag{P, P}, X; = P!, X = P~',M = diag{M, M},
M=, I?Z- =YX, L H; = FiZ;l, and taking into account condition (38), (35) will be

~ ~_ 1l o1 ~l 1
obtained from (37) via Lemma 1. In addition, we denote P; = R; *P;R; *, M; = R; *MR; *.
According to the proof of Theorem 2, it is obvious that condition (36) will be guaranteed
by (39) to (41). O

Remark 6. Theorems 3 and 4 extend the results of [38,44] to M]Ss with partly unknown TPs.

Remark 7. Addressing condition (38) through the application of the LMI toolbox is a challenging
task. As a solution, constraint (38) can be approximated by the following inequality:

[D;X; — Z:D;)"[D;iX; — Z;Dj] < @], (43)

where @ represents an exceedingly small positive scalar. According to Lemma 1, the above inequality
can be formulated as follows:

—@l [DiXi - ZiDi]T <0. (44)
* -1
Remark 8. We can note that conditions (26), (29), (37), and (41) are not strict LMIs; however, once
we fix the parameters « and P, the conditions can be turned into LMI-based feasibility problems.
Therefore, the feasibility of the conditions stated in Theorems 2 and 4 can be turned into the following
feasibility problems with the fixed parameters « and B, respectively:

min (o2 + %) 45)
s.t. LMIs (26), (27), (28) and (29),
min (02 + 7v?)

(46)
s.t. LMIs (37), (39), (40), (41) and (44).

5. Numerical Examples

In this section, we present two examples to validate the effectiveness and practicality
of the proposed method. The first example is used to show the effectiveness of the state
feedback controller (8) design approach developed in Theorem 2 for MJSs (1) with partly
unknown transition probabilities.

Example 1. Consider MJS (1) with three modes, and the coefficient matrices are given as follows:

Mode 1 (i =1):
01 O 0.8 0 1 0.
An = { 0 0'1}Ad11 = [_0‘2 0.1] By = [ ] Cn = [01},1421 =
—0.1 0 -01 1
[ 0 0‘1},1%21_[ 0 01],321—{ } —{ } Dy =[ —02 1],
Dpp=[-01 0],Dy=[1 1],G=1, Gn——l Gy = 0.1.

Mode 2 (i = 2):

1 0 0 01 0.1 0.1
Az = [0.3 1 } Anz = {0.1 ~0.1 } B = [ ~0.1 } Ciz = [0.1 } An =
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01 O -01 1 —0.1
[ 0 0'1},Ad22=[ 0 0'1}/3222{ 01 ],sz [01],1312:[1 01 ],
Dz =1[01 01],D,=[2 1],G,=1,Ga=—1,Gp =02

Mode 3 (i = 3):

-1 0.1 —-0.1 0.1 1.1 0.1

Ay = [ 0 o1 ],Adls = [ 0 o1 ],313 = [_01 :|;C13 = [01 ],Az?) =

03 0 02 1 —0.1 0.1
[ 0 0.1}"4‘123_ [ 0 0.1}’323_[ 0.4 ]'CB_ {0.1}’[)13 [o1 1],
Dyps=1] —01 01],D5=[1 3],G3=1,Gi3=—1,Gp3 =0.1

The partly unknown TP matrix IT with three modes is given as follows
ﬁll 0.2 7/"[13
flyy frp 0.8 |,

H =
01 Az 7ss

where 7;;(i, j = 1,2,3) is the unknown element. One possible mode evolution is given in

Figure 1.

3 T

Mode i

1 1 1
15 20 25 30

1
0 5
time(s)

Figure 1. Markovian switching process of MJS (1) and CLS (9).
According to Remark 8, the minimum value of p, + - relies on the parameter a. We

can obtain the feasible solution of (45) when 1.01 < « < 2.01. Figures 2 and 3 show the
optimal values of py, 7* and p, + 7 with different a values. We can see that the optimal

values p, = 2.6437, 7% = 7.5107, and 72 + p» = 10.1544 when & = 1.02.
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14
0 1 1.2

(e

Figure 2. The values of p; and 72 with different a values.

10*
35 X T T T T T T T T T T

25

v 1.02

c
\ n,?+,,2 10.1544
| S -

7+ pa

15

102 1.024

05

1 1 L 1 1 1 1 1
1 11 1.2 13 1.4 1.5 1.6 1.7 1.8 1.9 2
«

Figure 3. The values of 42 + p, with different « values.

Next, letting T =3, it =3, T = 30, p; = 0.1,and R; = Ly, (i = 1,2,3), and solving
LMIs (26) to (29), we obtain 07 = 0.1888, 1 = 0.3535, and §, = 21.5646, and the gains of

the state feedback controller (8) are as follows:

Ky =[ —0.1176 02082 ], Ko = [ 0.9916 0.1625 |, K3 = [ 04783 0.3299 |.

Then, we set the initial value x(0) = [ 00 ] T for MJS (1) and CLS (9), and the external

disturbance signal v(k) = 0.4sink, which satisfies Y-{_, 0" (k)o(k) < h = 3.

Figure 4 shows the trajectories of x” (k) R;x(k) (50 curves) and E{x” (k)R;x(k)} of the
open-loop system (1) (u(k) = 0). It can be seen that the trajectory of E{x” (k)R;x(k)}
exceeds the upper bound p,, despite E{x” (0)R;x(0)} = 0 < p; = 0.1. This implies that the

open-loop system (1) is not finite-time bound.
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Figure 5 shows the trajectories of the system state x(k) for closed-loop system (9)
and the control input u(k) of MJS (1). The trajectories of x(k)R;x(k) (50 curves) and
E{xT (k)R;x(k)} of closed-loop system (9) are illustrated in Figure 6. From Figure 6, it is
seen that when E{xT(0)R;x(0)} = 0 < p; = 0.1, E{xT (k)R;x(k)} < p» = 2.6437, which
means that the CLS (9) is SFT Heo-bounded, that is to say, MJS (1) is SFT He, state feedback
stabilization. Therefore, it is proven that the state feedback controller (8) designed in this
paper is effective.

500 : . ' | \ | , l |
450 —
il —o— B{a” (k) Ric(k)}
350 -
300
250 / |
200 F } ,
150 |- / IA / ““ |
WY/ A
ol / 4’)/“'/'“\\"\" / A\ /k ‘,1’\%“"
50 4‘ "/": \\\ ’C,j,/;;‘\«\‘\l ‘ )MM ‘), ”/;:0
0 ‘A = '\ /") X
0

Figure 4. The trajectories of xT (k)R;x(k) and E{x” (k)R;x(k)} for open-loop system (1) (u(k) = 0).

3 T T T T T

z1(k) = =+ xa2(k) |_

System state x(k)

’ 0 ] 10 15 20 25 30
time(s)

Input u(k)

1 1 1 1 1 1

0 ] 10 15 20 25 30
time(s)

Figure 5. The trajectories of system state x(k) for CLS (9) and control input u(k) (8).
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14 T T T T T
—— 27 (k) Riz(k)
12F DT ;
—o— BT (k) Rix(k)}
10F
sl

| o =2.6437

Figure 6. The trajectories of xT (k)R;x(k) and E{x" (k)R;x(k)} for MJS (1) and CLS (9).

Next, the second example focuses on the effectiveness of the observer-based state
feedback controller (32) designed in Theorem 4 for MJS (1) with partly unknown transi-
tion probabilities.

Example 2. The parameters of MJS (1) with three modes and partly unknown TPs are given
as follows:

Mode 1 (i =1):
0.1 0

. 0.1 1 0
A = { 0 —01 ],Adn = { 0 ] B = [_0.1 ],Cn = {0'1 :|/A21 =
0

—-0.1 0 0.1 —-0.1 01
[ 0 —0‘2}’A‘m:[ 0 01}’ 21:{ 01 }’Cﬂ:[o.J’Dll:[Of’ 01],
Ddll = [ 0 05 ]’ Dl = [ 1 1 ]/ G] 1, G 11 — 09, G21 = —01

(o8]

Mode 2 (i = 2):
01 0.1 02 0 0.1 0.1 01 0
Au_[o.l 0.2}'Ad12_{ 0 0.2]'312_{0.1]'Clz_[o.l]'A22_[ 0 0.1}'
01 0 0.1 0.1
am=| 0y oy | B2=| 01 |c2=| 01 | =11 01)Dm=[03 01],
Dy=[2 1],G=1,Gip=1Gp =01

Mode 3 (i = 3):
01 0 —02 02 0.1 0.1
A = [ —02 0.1 }’A‘m - [ 01 02 }’B“’ - [ -0.1 }’Cl?’ - {0.1 }’AZS -

-02 0 0 02 1 0.1
[ 0 —0-2}’[“’2‘"’:[0-1 0-1}’323:{0.1}’@3:{0.1}’[)13:[0-1 -02],
Dpnz=[02 0],D3=[1 1],G3=2,Gi3=2 Gy =0.1

Then, letting @ = 10719, Ri = iy (i =1,2,3), the partly unknown TP matrix I'T and
the remaining parameters have identical values to those in Example 1. Similar to Example 1,
we can obtain the feasible solution of (46) when 1.01 < 8 < 2.04. The relationships between
B and 72 and p,, and between B and % + p, are shown in Figures 7 and 8, respectively.
From Figures 7 and 8, we can see that the optimal values are p; = 28.5424 and 7% = 92.5307
with B = 1.03.
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& 20004

1000

16

12 8

Figure 7. The optimal values of p, and 72 with different f values.

4
10
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500
400
3r 300
£ 1.03
q 200 ++p, 121073
100
25 M 1.02 1.04 1.06 1
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&
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1 - -
A
N
05 Kf{/ 4
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1 1.4 12 1.3 14 1.5 1.6 1.7 1.8 1.9 2

Figure 8. The values of 42 + p, with different 8 values.

Then, we compare the results of Theorem 4 with Theorem 2 in [44]. The optimal values
of py (i.e., T in [44]) and <y obtained from the two works are shown in Table 2.

Table 2. The optimal values of , p2, and 72 + 02.

Method Theorem 4 in This Paper Theorem 2 in Reference [44]
¥ 9.6193 105.9526
02 28.5424 150.4146

12+ 02 121.0731 11,376.368

From Table 2, it appears that the optimal values of 7, p2, and 72 + p, obtained in this
paper are smaller than those of [44], which indicates that the results of this paper are better.
In addition, ref. [44] assumed that the transition probabilities were completely known,
which means that the results of [44] are special cases of this paper.
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In addition, by solving LMIs (37), (39), (40), (41) ,and (44), we have o, = 0.1779,
01 = 0.9901, and g2 = 5.2268, and the gains of observer-based state feedback controller (32)
are as follows:

Ky =] -02337 —0.0433 |, K, = [ —0.4995 —0.0534 |,

Hy — [ —0.0501 ], Hy — { —0.0541 } Hy = { 0.0429 ]

Ks=[00599 00414 ],

0.0500 —0.0623 0.0527

Next, we set the initial value x(0) = ¥(0) = [0 0 ]T for systems (1) and (33),
respectively. The external disturbance signal v(k) is the same as in Example 1. The
Markovian switching process of MJS (1) and CLS (33) is shown in Figure 9. Figure 10 shows
the trajectories of x” (k)R;x(k) (50 curves) and E{x (k)R;x(k)} of open-loop system (1)
(u(k) = 0), which implies that open-loop system (1) is not finite time-bound.

3 T T T T

Mode i

1 1 1 1 1 1

0 5 10 15 20 25 30
time(s)

Figure 9. Markovian switching process of MJS (1) and CLS (33).

300 . ; . .
T (k) Rias(k)
ol [ B 0Raw) |
200 \
150 |- ‘ } \ I '
100 ‘ Q ‘ \‘,
h
\
Ly =28.5424 ' \‘ i
50___p__1____ l“t ’“ @,.“"’*M\
e 4 ) 1 "’"’*‘""
o s 25 30

t|me (s)

Figure 10. The trajectories of x” (k)R;x(k) and E{x” (k)R;x(k)} for open-loop system (1) (u(k) = 0).
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The trajectories of system state # (k) for CLS (33) and the curve of the control input
u(k) of (32) are illustrated in Figure 11. Moreover, Figure 12 shows the trajectories of
7T (k)R (k) (50 curves) and E{yT (k)R;;(k)} of closed-loop system (33). From Figure 12, it
can be observed that CLS (33) is SFT Heo-bounded, i.e., MJS (1) is SFT Ho, observer-based
state feedback stabilization. Furthermore, by comparing Figures 10 and 12, it can be proven
that observer-based state feedback controller (32) is effective.

!

o
3

System state (k)
=)

-0.5

"o 5 10 15 20 25 30
time(s)

_01 1 1 1 1
0 5 10 15 20 25 30

time(s)

Figure 11. The trajectories of system state 7 (k) for CLS (33) and control input u(k) (32).

3 T T T T T

o (k) Rin (k)
25k —o— Bl (Ra(k)} |

6. Conclusions

Based on existing results, the design schemes of a stochastic finite-time He, state
feedback controller and a stochastic finite-time He, observer-based state feedback controller
for MJSs with a time delay and partly unknown TPs were studied in this paper. A state
feedback controller and an observer-based state feedback controller were designed and
some sufficient conditions for the CLSs to satisfy SFT He boundedness were presented
via LKF technology. Then, the controller gains were obtained by using the LMI method.
Lastly, two examples were provided to verify the validity of the proposed design schemes.
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In the following work, the finite-time guaranteed cost control and event-triggered control
of discrete-time M]Ss will be studied on the basis of this paper.
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