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Abstract: In a hierarchical caching system, a server is connected to multiple mirrors, each of which is
connected to a different set of users, and both the mirrors and the users are equipped with caching
memories. All the existing schemes focus on single file retrieval, i.e., each user requests one file. In this
paper, we consider the linear function retrieval problem, i.e., each user requests a linear combination
of files, which includes single file retrieval as a special case. We propose a new scheme that reduces
the transmission load of the first hop by jointly utilizing the two layers’ cache memories, and we
show that our scheme achieves the optimal load for the second hop in some cases.

Keywords: linear function retrieval; hierarchical coded caching scheme; transmission load

1. Introduction

In order to reduce the transmission pressure of wireless networks during peak traffic
times, Maddah-Ali and Niesen in [1] provided a (K, M, N) coded caching scheme (MN
Scheme) where a single server has N files and connects K cache-aided users with the cache
memories of M files through an error-free shared link. A coded caching scheme consists
of two phases: (1) the placement phase, where the server is equipped with the data and
each user’s cache is also equipped with the size of at most M files without knowledge of
the users’ future demands; (2) the delivery phase, where each user randomly requests one
file and then the server sends the coded signal to the users such that each user can decode
its requested file with the help of its cached packets. It is shown that the MN Scheme
is generally order-optimal within a factor of 2 [2] and optimal under the uncoded data
placement when K < N [3]. The MN Scheme is also widely used in different networks,
such as combination networks [4,5], device-to-device networks [6], etc.

In practical scenarios, caching systems are transformed into multiple layers in order to
make transmission more efficient, such as the hierarchical edge caching architecture for
Internet of Vehicles [7], the three-tier mobile cloud-edge computing structure [8], and so
on. In this paper, we particularly study the hierarchical caching system [9], a two-layer
network as illustrated in Figure 1. A (K3, Ky; My, M; N) hierarchical caching system
consists of a single server with a library of N files, K; cache-aided mirror sites, and K;Kp
cache-aided users. For the first layer, the K; mirror sites are connected to the server through
an error-free shared link, and for the second layer, each user connects to only one mirror.
Our goal is to design a scheme to decrease the first load R; in the first hop (i.e., from the
server to all the mirror sites) and the second load R; in the second hop (i.e., from each
mirror site to its connected users).
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Figure 1. The (Ky, Ky; M1, Mp; N) hierarchical caching system with N=4, K1 =K; =2, M1 =2, and
M, =1.

The authors in [9] proposed the first hierarchical coded caching scheme (KNMD
Scheme). The MN Scheme is applied two times in two layers consecutively. Although
the KNMD Scheme achieves the optimal transmission load for the second hop, it involves
a significant increase in R; since it ignores the users’ cache memory when designing the
multicast message sent from the server. To improve the first load Rj, the authors in [10,11]
proposed new schemes that jointly use the two types of the MN Scheme together for the
mirror sites and users, respectively.

It is worth noting that all the schemes consider the single file retrieval case, i.e., each
user requests one file. The authors in [12] first considered the linear function retrieval
scheme (WSJT Scheme), i.e., a linear combination of files is requested from each user
through the shared link broadcast network. Clearly, linear function retrieval includes the
single file retrieval case. In this paper, we study the linear function retrieval scheme for
hierarchical networks and obtain the following results.

¢ We first propose a baseline scheme via the WSJT Scheme and KNMD Scheme where
the second-layer load achieves the optimal transmission load. However, we achieve
this by sacrificing the first-layer load.

*  Then, in order to reduce the first-layer load, we propose another scheme whose second
load also achieves optimality at the expense of increased subpacketization. Our
scheme also aids in reducing the redundancy for some special demand distributions.

The rest of this paper is organized as follows. Section 2 formally introduces the system
model and some existing schemes. Section 3 presents the main results. Section 4 gives an
example and the general description of our scheme, i.e., the scheme for Theorem 2. The
conclusion of this paper is given in Section 5.

Notations: For any positive integers a and b with a < b, let [a : b] = {a,...,b} and
[a] £ [1:a]. Let (U;]) £ {V|V C [b],|V|=t}, for any positive integer t < b. For a positive
integer 7, the n-dimensional vector space over the field I, is denoted by F;. For a given
matrix P with row size Xj, we divide it into Xj parts by row, which is represented by
P={P™)| x; € [X;]}. For any integer set T, define P as the sub-matrix of P by selecting
some rows from P, where the rows have indices in 7. The rank of matrix P is denoted as
rank(P). The transpose of P is represented by P .

2. Preliminary

In this section, we give a formal description of the hierarchical caching system and
review some existing related schemes for the hierarchical caching problem.
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2.1. System Model

Consider a hierarchical network as shown in Figure 1. It consists of a single server
with a library of N files, K; cache-aided mirror sites, and KK, cache-aided users. For
the first layer, the K; mirror sites are connected to the server through an error-free shared
link, and for the second layer, each user connects to only one mirror. My, represents the
kq-th mirror and the kp-th user attached to My, as Uy, t,, k1 € [Ki], k2 € [K3], and the set
of users attached to My, as Uy,. The server contains a collection of N files, denoted by
W={Wm, W@, WN1 each of which is uniformly distributed over F5, where B N*.
Each mirror and user is equipped with M; and Mj files, respectively, where M;, My > 0.
A (K1, Ky; My, Mp; N) hierarchical caching system contains two phases.

*  Placement phase: The mirror site My, caches some parts of the files by using a cache
function ¢y, :Fé\’ B %]Féw 1B, where % is the memory ratio of the mirror in the first layer,

M; €[0: NJ. The cache contents of mirror My, are

Zr, =g, (W), k1 € [Kq].

The user Uy, 4, caches some parts of the files by using a cache function ¢y, , :F5'5—

IFQA ZB, where % is the memory ratio of users in the second layer, M; € [0 : N|. Then,

the cache contents of Uy, , are

Zk],kz :¢k1,k2 (W)’kl € [Kl}’kz € [Kz]

*  Delivery phase: Each user Uy, x, randomly requests a linear combination of the files

Lo =di i WO a2 WO ™) Wi,
for any ki € [Ky], k2 € [K3], where d, x, = (d,(ci)k2 d(N) ) €FY denotes the demand
vector of user Uy, r,- When each user requests a smgle f2 le, the demand vector dy. x,
is a N-length unit vector. For example, if user Uy, i, only requests the 1-st file, then
the demand vector is set as d, x, = (1,...,0) € Fy',k; € [Kq], k2 € [K3], which is a
special case of our proposed scheme. We can obtain the demand matrices of all users
as follows:

d, 1 DM
D) — ; , D= : . 1)
di, k, D(&1)

where D*1) represents the demand vectors of Uy, - Given the demand matrix D, we
should consider the following two types of messages.
—  The messages sent by the server: The server generates signal X**"V*" by using an

KiKoN X FNB—>]FRlB

encoding function x : I, , where

Xserver :X(D/ W)

and then the server sends X%¢™V¢' to the mirrors. The normalized number of
transmissions R; is called the transmission load for the first layer.
-  The messages sent by the mirror: Based on X**V*', Z; , and D, each mirror My,

generates a signal X,?Tirror by using the encoding function « : Fg 2N o FéVIlB

Xser"er—ﬂFg ZB, where

Xlirlﬁrror — K(D (k1) , Zkl , Xserver) .
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and then mirror My, sends Xi‘l‘irror to its connected users. The normalized number
of transmissions R; is called the transmission load for the second layer.

For the retrieval process, each user Uy, x, can decode its required linear combination
of files from (D, Z, ,, Xmi”"r) which means that there exist decoding functions

Gy FKlKZN X FMZB X ]FRZB—>FB k1 € [Kq], k2 € [Kp], such that
ir 1 N
&k (D, 21, kyr Xy o) = d,(( )k w4+ d,(q,,zzw(l\’).

We define the optimal transmission loads for the two layers as R} and Rj separately.

R} = inf,
R; = inf,

X558y ey ey €Ky L g € (Ko { 1}
X558y ey ey €Ky L op € Ko { Ro}.

Our goal is to design schemes in which the transmission loads Ry and R; are as
small as possible.

2.2. Existing Schemes

In the following, we review the KNMD Scheme for the hierarchical caching problem
and the WSJT Scheme over the binary field [Fo, which will be useful for the hierarchical
caching system with linear function retrieval. First, let us outline the MN Scheme.

(1) MN Scheme [1]: Set t & MK/N, when t € [0 : K], N > K, each file is partitioned

into F= () packets, i.e., for each n€ [N], W) = (Wf(r )) where T € ([ Y. In the placement
phase, for each user Uy, k € [K]. The cache content of user Uy is Z = {Wf(r" ) |n€[N], ke

T,Te ([Itq )}. In the delivery phase, the file W, is requested by each user Uy, where di € [N].
Fixing a user k € S, the user k requests the subfiles W; s\ () when it is presented in the
cache of any user k' € S\ {k}. Then, the server transmits the coded signal @cs Wy, s\ (x}-

where S C [K] of |S|=t + 1. The transmission load Ry = %

(2) KNMD Scheme [9]: This scheme uses the MN Scheme in each layer of the hierarchi-
cal network. More specifically, for the first layer between the server and K; mirrors, it uses
the (Ky, M1, N) MN Scheme Kj times to recover all K; K, requested files, and then each
mirror My, , ki € [K;] works as a server whose library contains Kj files that are requested
by users in Uy, and finally it utilizes the (K3, M, N) MN Scheme between My, and Uy, .

Then, each user can retrieve its requested file with the transmission load as follows.

Ki —KyM;/N Ky — KoMy /N

Rj = Ky 77T R — .
P22 KM /N+17 2 KMy/N+1

However, the MN Scheme only works for single file retrieval. The authors in [12] proposed
a scheme (WSJT Scheme) that is suitable for the linear function retrieval problem.

(3) WSJT Scheme [12]: Using the placement strategy of the MN Scheme, each user
Uy where k € [K] requests a linear combination of files with demand vector d; € F}.
After revealing the demand matrix D= (dir JU d;;)—r with dimension K x N, the server
broadcasts some coded packets by modifying the transmission strategy of the MN Scheme
such that each user is able to recover its demanded linear combination of files with the
transmission load

(i) — (TP

K

(¢)
It is worth noting that when D is row full rank, Rwgjr is optimal under the uncoded
placement.

RWS]T: , tG[OZK].
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3. Main Results

In this section, we first propose a baseline scheme via the WSJT Scheme where R;
achieves optimality when the sub-matrix D1), k; € [Ky], is full rank. Then, we propose
another scheme that improves R; while the R, remains unchanged compared with the
Baseline Scheme. Finally, some theoretical and numerical comparisons are provided.

For the sake of convenience in proposing another scheme for some special demand
distributions, the following definitions of the leader mirror and user sets are necessary.

Definition 1 (Leader mirror set). For a K1Ky x N demand matrix D in (1), we call a subset
of mirrors the leader mirror set, which is represented by Ly = {l1,..., 1z}, Lm C [Ki], if it
satisfies the following condition for k1 € [Ky], k2 € [K3]

k k
dk1/k2 :1)(5 1)d]]/k2 +...4+ (X\(ﬁlpi\dl\EM\rkZ' 2)

and it has the minimum cardinality among all the subsets satisfying (2), where (zxgk]), e “\(2,)1\) €
Fye,

Definition 2 (Leader user set). For a K x N demand matrix D%1) in (1), we call a subset of

users the leader user set, which is represented by Ly, = {n,.. .,l‘lﬁk ‘}, Ly, C [Ky], if, for any
1

k1 € [Ky], ko € [Ky], it satisfies the condition (3) and it has the minimum cardinality among all the

L
subsets satisfying (3), where (ay, ..., Xz, ‘) GFlz Ky I:
1

®)

di g, =adg 1+ + gy, ‘dkl,l"ﬁkl -

Now, we introduce the Baseline Scheme, which is generated by using the KNMD
Scheme in [9] and the WSJT Scheme in [12]. We utilize the WSJTC Scheme to replace the
MN Scheme in the KNMD Scheme, and then we obtain the Baseline Scheme, which is
suitable for the linear function retrieval problem in the hierarchical network.

Theorem 1 (Baseline Scheme). For any positive integers K1, Ky, t € [K1], tp € [Kp] and the
demand matrix D in (1), there exists a (K1, Kp; My, My; N) hierarchical coded caching scheme for a

linear function retrieval problem with memory ratios My Mo b2 and transmission loads
N "K’'N &

_ Kl B K1 — |£M| K1
Rbasel_K2<(t1+1> < t1+1 )>/<t1>
K, Ky — mnk([)(kl))) <K2>
< _ B .
o ((20) - (572

where Ly is defined in Definition 1.

In fact, the transmission loads are related to the placement strategy and demand dis-
tribution, respectively. The KNMD Scheme considers the first and second layers separately
and ignores the users” and mirrors’ cache memories, which leads to good performance on
R, but results in a large transmission load R;. For the second layer, it can be regarded as a
(Ky, M, N) shared link caching problem in which the WSJT Scheme achieves the optimal
transmission load under certain circumstances, i.e., when the sub-matrix D(kl), k1 €[Kq],
is full rank, Ry,sep = Rj. For the purpose of improving Ry, we propose another scheme,
stated below, and the proof is included in Section 4.
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Theorem 2. For any positive integers Ky, Ko, t1 € [K1], tp € [Ky] and the demand matrix D in (1),

there exists a (Ky, Kp; My, My; N) hierarchical coded caching scheme for a linear function retrieval

j jos M1t My __ 1t jssi
problem with memory ratios g+ = g, ¢ = g and transmission loads

(50 (SEMEN ) o
s = () - (TP ()

Now, let us consider the performance of our two schemes. For the first layer, we claim
that Ry < ﬁRbasel, where t, > 0 since

Rq

R (65 - LA R (&
Rt (0 = (O 10D) (D) Rl

. K>! tz!(Kz—tZ)!
_Kz Kz!(fz-l—l)!(Kz—tz—l)!
_ B Ky — 1) (Ky — tp — 1)!
K5 tz!(t2+1)(1<2—t2—1)!
:KQ—tz ' 1 < 1 .
K; thh4+1 7 th+1

Obviously, this scheme has the same performance as the Baseline Scheme, i.e.,, Ry = Rpage2,
which also achieves the optimal transmission load when the demand matrix D*1), k; € [K{],
is full rank.

Finally, we perform a numerical comparison to further show the performance of our
scheme. In Figure 2, we compare the Baseline Scheme with the scheme for Theorem 2
with fixed parameters (Ki, Ky, |Lpm|, N) = (20,10,10,200) and varying the memory ratio
M; /N from 0 to 1 with a step size 0.1. As seen in Figure 2, compared to the Baseline
Scheme, the scheme for Theorem 2 can reduce the transmission load R; significantly, as
this scheme utilizes both the user’s cache and the mirror’s cache when constructing the
multicast message sent by the server. The scheme for Theorem 2 achieves the same R; as
the Baseline Scheme, while our scheme has a lower transmission load Rj.

N=200 K;=20 K>=10

17.51 .
—— The basel ine Scheme
15.01 —e— Scheme for Theorem 2
12.51
10.04
—
oC
7.51
5.04
2.5
0.0
0.2 0.4 0.6 0.8 1.0
M1/N

Figure 2. R; on N = 200, K1 =20, K, =10.
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4. Scheme for Theorem 2

In this section, we first give an illustrative example of our scheme. Then, the general
description of the scheme is provided. Before the description, we first introduce the
following lemmas regarding the message sent by the server and mirrors, whose proofs are
included in Appendices A and B, respectively.

Lemma 1 (The messages sent by the server). Given a demand matrix D in (1), the leader mirror
set Ly, and a user set B € (t[zKJf]l), if there exists a mirror set C € (|£M[|K+131+1), where Ly C C,
let B be the family of mirror set V, V C C, where each V satisfies Definition 1. Then, we have

Yves, Xe\v,5 =0, where Xc\y 5 represents the message sent by the server, which is defined in (8).

Lemma 2 (The messages sent by the mirror). Given a sub-matrix D%V, k; € [K{] of D, the
(K2]
|£k1 [+t+1

Ly, €', let By, be the family of all set V', V' C C’, where each V' satisfies Definition 2. Then, we

leader user set Ly, and a mirror set Ty € (Ufll]), if there exists a user set C' € ( ), where

have Yy v, X(T ()Jf\V’ =0, where X(T g,\v, represents the message sent by the mirror My, , which
is defined in ).

By Lemma 1, for any mirror set A € (t[lKJi]l), LyNA =@, and the message X 4 5,
Be( t[zK-ﬁ]l) can be computed directly from the broadcast messages by using the following
equation

Xas= ). Xews ®)
VG‘Bc\,CM

where C=AU L.
By Lemma 2, for any user set B = ([KZ] ), Ly, NB = @, the message X(T]:L)S’ can be

tr+1
computed directly from the broadcast mess?ages by using the equation
(k1) (k1)
Xmp=_ 2. Xpeww ©
VIEWIC, \Ekl

where C' = BJ Ly, . After receiving the messages sent by the mirror My, user Uy, x, is able
to recover its desired linear combination of files.

4.1. An Example for Theorem 2

When K; = 3, K = 2, t; = t; = 1, we can obtain an F-(Ky,Ky; My, M; N) = 6 —
(3,2;2,3;6) coded caching scheme as follows.

. Placement phase Each file from F% is divided into (?) (%) =6 subfiles with equal size,

ie, W {W1 1 Wl( 2), . Wénl), W(n)} n € [6]. For simplicity, we represent a set that
is the subscnpt of some studied ob]ect by a string. For example, 7, 5, is represented
by Ti2. The contents cached by the mirrors are as follows:

= (W} Wy e (6]}, Zo= (W), Wiy nel6l}, Za= (W), w3 Ine 6]},
The subfiles cached by the users are as follows:
311—221—331—{‘/\71(7;,WZ(?,WWWEH}
Zi0=200=Z3p={W3, Wiy, Wil [ne 6]}

*  Delivery phase: In the delivery phase, the demand vectors with length 12 are d, 1 =
(1,1,0,0,0,0), dy,» = (0,0,1,1,0,0),k; € [3]. As we can see, D) = D) = DO,
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Without loss of generality, we set L)y = {1}. We denote a linear combination of subfiles
as

Loy 1,707 = GZU:V i, Wi
n

where 77 € {{1},{2},{3}} and T, € {{1},{2}}, k1 € [3], k2 € [2]. Then, the messages
sent in this hierarchical system consist of the following two parts.

—  The messages sent by the server: The server generates signal X 4 5 satisfying
Ae ([;}),BG ([%]) and A (N Ly # 9 as follows:

X1202=Ldy ;22 D Lay 21 @ Lay ;10 ® Ly,
~(@ie) (W53 © W(3)) ® (Dicppy (W3] @ W),
X1312=Ld;1,32 D Ldy,,31 ® L1012 D Ly
=(®icpy (Ws(,lz) & W1(,12))) ® (Dicpza) (Wéfl) ® Wl(,?))'
In this example, we have Ly ={1}, and A= {2,3} has no intersection with Ly;.
Here, we have C=LpM U A={1,2,3} and Ve ={{1}, {2}, {3} }. By Lemma 2, we
can generate X312 = X12,12 + X1312 = (D) (W, ?52) ® Wz(z))) ® (Biep: 4](W3§1) ®
Wz( % )). Thus, the transmission load of the first layer is Ry === =1/3.
-  The messages sent by mirror M, : Here, we take mirror M; as an example. From
DWW, we have £; = {1,2}, and M; transmits X%?B, where 77 € ([‘;’]), Be ([i]),
BNL1#Q,ie.,

X;E_,ll)z =X12,12 — X§ 1)2 (Biep W2(2)) D (Bicu Wz(,il))/

Xg,ll)z =X13,12 = X§,31)2 = (Diep] Wé,z)) D (Bieu WB(ll) ),
(1)
X

—_w (2) () (4)
1i2=Wiz ®Wpi; @ Wiy @ Wiy

Then, the transmission amount by mirror M; is 3 packets, and the transmission load

of the second layer is Ry =32 =1.

User Uy 1 can decode Wl(lz) &) Wl(zz), W( ) &) Wz(z) W(l) ® W3(22), from Xi 1)2, Xéll)z, Xg 1)2,
respectively, as it has cached {Wl,l , Wz(,l)' Wé"l lnel6]}.

Compared with the Baseline Scheme, which achieves Ryage1 = %, Rpaser = %, our
scheme has a significant improvement in R;.

4.2. General Description of Scheme for Theorem 2

Given a (Kj, Kp; My, Mp; N) hierarchical caching system, we have an F-(Ky, Ky, My,
M3, N) coded caching scheme where F = (Ifll)(lfzz), t1 €]0 : Kq], t2 € [0 : Kp]. The scheme
consists of two phases.

*  Placement phase: Firstly, we divide each file into ( ) equal-size subfiles; then, we
further divide each subfile into ( 2) sub subfiles. The index of subfiles consists of
two parts, 7; and T3, i.e, W(" {W | Th € ([Kl]) T € (K b 2}, n € [N]. Each

mirror site My, k; € [Kq] caches subfiles W7(-1 )7-2 according to the following rule, which
is mainly related to the first subscript 77.

Zkl_{w(”) T, € <[It<11]),7'ze (Us]>,k1€7},n€[N]}.

T2
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Similarly, each user Uy, x,, k1 € [K1], k2 € [K3] caches subfiles W% )7-2 according to the

following rule, which is mainly related to the second subscript 75.

B = {wﬁ L |Te <[It<ll]>,7'2€ ([I:;]),kzeﬁ,ne [N]}.

Under this caching strategy, we can verify that it satisfies the memory constraints

stated in Theorem 2. Each mirror caches (Kl 11) (KZ)N subfiles and each user caches

(Ifll)(l<2 1)N subfiles, where each subfile is B/ (Kl)(K2) bits. Thus, the memory ratios

of the mirror and user are 1\]/\1]1 = It<1 and MZ = It<2 , respectively. For any user’s demand

vector dy, 1, = (d](;)k2 ,dy (N) +,) of N-length, we use the notation as follows to denote
a linear combination of subtllles
win) [K1] [K7]
Ldkl,sz/B Z dk] ¥ 7—1 Ty T € ( ¢ , € ; . ?)
ne(N] 1 2

Delivery phase: For the convenience of the subsequent discussion, we first give the

following two definitions of the signals transmitted in the first layer, say X 4 5, and
(k1)

the second layer, say X '5;. For any mirror set containing 1 + 1 mirrors defined as
A e ( t[1K+1]1)' any mirror site set containing f; mirror sites defined as 77 € ([1;1]), and
[Ka]

any user set containing ¢, + 1 users defined as B € (. %), we define

tr+1
Xap= Y 1 Lay g A\(ki}B\ (ko) ®)
kieAkeB
7'1 B_ Z diey oy T1 B\ k2 }+ ©)

After the demand matrix D of size K;K; x N and its sub-matrix D) of size Ky x N in
(1) are revealed, we have the leader mirror set £y according to Definition 1. For each
sub-matrix D*1) of D, k; € [K;], we have the leader user set Li,, Ly, € [Ky] according
to Definition 2. There are two types of messages transmitted by the server and mirror,
respectively.

—  The messages sent by the server: For each A € (t[ +]1) Be (t[z-‘rl) LvNA#Q,
the server transmits X 4 g to the mirror sites.

)

-  The messages sent by the mirror: Mirror site M, transmits X (k1
rules.

(1) For each T € ( )k1¢7-1,u4 Ti Uik}, BE(tKj]l) BN Ly, # D, mirror My,
k1)

transmits XEG,B by subtracting Yk eT; X;\ik’l 1B from X 4 3, i.e.,

1 Via the following

x
T Z XA\{k’ },B°

(2) For each 77 € ([Kl]), ke, Be (t[Kj]l), BN Ly, # @, mirror My, directly
(k

transmits X 1) 5 to its connected users generated from its cached content Zj .

As regards the messages X 4 3, A Lm =@, and XT B BN Ly, =@, which are also
necessary for the users, these messages can be Computed from the sent messages by
using Lemmas 1 and 2. More precisely, X 4 3, A Lm =@ can be obtained by (5), and

T B' B Ly, =@ can be obtained by (6).

Now, we prove that each message X 4 5 transmitted by the server is decodable, i.e., after
each mirror subtracts some packets from X 4 5, the rest of the message only contains coded
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packets required by the users in Uf,. Then, we further prove that each message X%’flg)

transmitted by My, is decodable, i.e., after user Uy, x,, k1 € [K1], k2 € [K3], subtracting some
(k1)

packets from X7z, the rest of the message only contains coded packets required by user
Uk, by

4.2.1. Decodability of Mirror

For each mirror My, k1 € [K1], it can receive or recover all the X 4 5 A C [Ky], B C [K3],
from the server. By (8), we have

Xap=, Y Loy, A\fkiy5\(k}
kyeAk,eB

( )
B % 10)
L o WA 812

B W
=Y ¥ W B

kreBne[N]

R o d ’ (11)
K, € A\{k1 } k2€B ne[N] A\{k }B\{k2}

= X(kl)

- A\{k1},B
———
The coded packets required by users in Uy, .

* am w
k’ef%{kl}kz%sne% Kk DA\ (K LB\ (ko)

The coded packets cached by My, .

where (10) holds directly from (7), and (11) holds by separating k; from .A. Moreover, (11)
holds by (7) and (9). The first term of (11) denotes coded packets that will be transmitted to
Uy, and the second term denotes packets cached by My, because k; € A\ {k}}.

4.2.2. Decodability of User

For each user Uy, x,, k1 € [K1], k2 € [K3], it can receive all the Xgr gg, T1 C [Kq], B C [K3],
ko € B, from mirror My, . By (9), we have

(k1) _ (n) 1a7(1)
Xr's = ) Lay 1, 7.8\{k} = Y A Wr B (k) (12)
koeB ne[N]

requested by user Uy, i,

(
+ Y, L "lk1 K, WT:IB\{k’}' (13)
Kb eB\ {ka} ne[N]

cached by user Uy, x,

where (12) holds directly by separating k> from B. It is clear that user Uy, x, can decode its
desired linear combination of packets, i.e., the first term of (12), by subtracting the cached
contents, i.e., the second term of (12), as ko € B \ {k}}, which means that Uy, x, has already

cached the packets from X%ll)g.

4.2.3. Performance

From the placement phase, each file is firstly divided into ( 11) subfiles and then
each subfile is further divided into ( 7) subfiles, so the subpacketization is (Kl)(iz) Each

subfile is B/ (Kl) (Kz) bits, each mirror caches (It<11_11) (I;Z)N subfiles, and each user caches

(Ifll)(K2 1)N subfiles. Thus, the memory ratios of the mirror and user are % = ;(—11
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and M2 = It<2 which satisfy the memory constraints in Theorem 2. In total, the server

transmits (, 1K+11) - (Klt:_‘flM‘)( f Jrl) multicast messages, and the mirror transmits (

(Kz*ratrlli(lD <k]))) (Kl) multicast messages. Each message contains B/ ( I t22> bits, so the trans-
mission loads of the first layer and the second layer are as illustrated in (4). Although

the scheme for Theorem 2 has a higher subpacketization level of ( )(IfZ) compared with

ty +1)

(Ifll) + (t2 ) of the Baseline Scheme, we achieve a much lower transmission load R; under

the same transmission load Rj, where both schemes achieve the optimal transmission load
of the second layer when the sub-demand matrix D*1), k; € [K1] is full rank.

5. Conclusions

In this paper, we studied the linear function retrieval problem for hierarchical cache-
aided networks. We proposed two schemes, where the first scheme achieves the optimal
transmission load for the second layer for some demand distribution and our second
scheme further reduces the load of the first layer while maintaining the same transmission
load in the second layer.
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Appendix A. Proof of Lemma 1
Proof. Without loss of generality, we assume that Ly = [|Ly|]. From (8) and (7), we have

Y Xews= ), X X Lo o\0vulahb\k
Veye VeBe kieC\V kB

=Y Y X yray W(") (A1)
VED ¢ kyC\V keB ne[N] fuke OV URD Bk

If the occurrence number of each subfile W% ?7-2, Ti€ ([Ifll]), Ty € ([KZ]) n € [N] is even in
Yvey, Xc\y 5, then the coefficient of W%I )7—2 in the summation is 0. Note that if we focus

on W%’ ,)7-2, then ky = B\ 75, which is a fixed user label. W% )7-2 appears in } ycay. Xc\v 8
if and only if there exist some mirrors My, ky €C \ Tq, which satisfy the two conditions:
d]((:l’)kz #0,C\ ({k1} U T1) €V¢. Moreover, for each k1 €C \ T satisfying the two conditions,

there exists one coded message that contains W%I )7-2 Thus, we only need to prove that the
number of mirrors My, ki €C \ T satisfying the two conditions is even.

Assume that mirror kq satisfies the two conditions; then, we have d,(él)kz #0and C\
{k}UT)eDe. Let L, =C\ {x}UTh)={l,.. <l |} and L} is also a leader mirror

set satisfying Definition 1. Then, by (2), we have d;, x, = agkl)

Then, there must be k} mirrors in agkl)dlllkz +...+ zx‘( L') o dl\ﬁ’ k, satistfying 4" ky k #0 and the

(k1)
dllrkz oo+ “\E/ ‘dl\y ‘,kz'

corresponding coefficient zx ;é 0, iy € [|L3y]]- K] is an odd number; otherwise, d,(cl )kz =0.1It

is easy to check that these k’1 mirrors also satisfy constraints d]({??kz #0,C\ ({k1}UTh) €De.
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Thus, there are in total k} + 1 mirrors in C \ 77, which is an even number, satisfying the
two constraints. [

Appendix B. Proof of Lemma 2
Proof. Without loss of generality, we assume that £, = [| Ly, |]. From (9) and (7), we have

Z XTlC’\V’ Z Z Ldkl,szﬂ,cl\(V'U{kz})
V’em’ V’e%’ kZGC’\V’

=Y X T A W )

V’em/ koeC'\V' ne[N]

If the occurrence number of subfile W7(- )7- isevenin )y v, pel then the coefficient

1)
N

7(-1,) in the summation is 0. Wf(r)T appears in Zvlem/ Xg_ C)f/\V’ if and only if there
exist some users Uy, ., x€C’\ T, which satisfy the following two conditions: d,((’:,)x #0and
C'\ ({x} UTa) € g

Moreover, for each x € C' \ T, satisfying the two conditions, there exists one coded
message that contains W%l )7-2 Thus, we only need to prove that the number of users Uy, ,
x€C’\ T, satisfying the two conditions is even.

Assume that user Uy, , satisfies the two conditions; then, we have d ;é 0 and

C'\({x}UT2) €Vp. Let £ =C"\ ({x}UT2) ={L,... Ay '}, and £ is also a leader
1

user set among users in Uy, , where rank(D 1)) =rank(D cl ). Then, we have
1
d d d Fy) !
Kk =0y oty (dig <, r(“lr.--r“|ql|)€[ 2] ThL

. L,
Then, there must be x’ users in aydy, ;, + ... + &) \dkulw . (al,...,oc|£l/(1|) € [Fz]‘ k!

satisfying d 7& 0 and the corresponding coefficient ay 7é 0, k1 € [|£ - x" is an odd
(n)

number; 0therw1se, dk1 . = 0. It is easy to check that these x" users also satisfy C’\

({x}UT2) €0, Thus, there are in total x’ + 1 users in C"\ 7/, which is an even number,
satisfying the two constraints. [
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