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Abstract: The value at risk based on expectile (EVaR) is a very useful method to measure financial
risk, especially in measuring extreme financial risk. The double-threshold autoregressive conditional
heteroscedastic (DTARCH) model is a valuable tool in assessing the volatility of a financial asset’s
return. A significant characteristic of DTARCH models is that their conditional mean and conditional
variance functions are both piecewise linear, involving double thresholds. This paper proposes
the weighted composite expectile regression (WCER) estimation of the DTARCH model based on
expectile regression theory. Therefore, we can use EVaR to predict extreme financial risk, especially
when the conditional mean and the conditional variance of asset returns are nonlinear. Unlike the
existing papers on DTARCH models, we do not assume that the threshold and delay parameters are
known. Using simulation studies, it has been demonstrated that the proposed WCER estimation
exhibits adequate and promising performance in finite samples. Finally, the proposed approach is
used to analyze the daily Hang Seng Index (HSI) and the Standard & Poor’s 500 Index (SPI).

Keywords: expectile-based VaR (EVaR); double-threshold autoregressive conditional heteroscedastic
(DTARCH) models; weighted composite expectile regression (WCER) estimation; risk measurement

1. Introduction

Scientifically and accurately measuring financial risk is the core part of the financial risk
management process. Developing efficient statistical methods of financial risk measurement
is essential for effectively controlling financial risk. We aim to develop financial risk
models that account for extreme events, thereby enhancing the accuracy and efficacy of
risk assessments in the field of finance. Due to the increasing complexity, time-variation
and randomness of financial markets, nonlinear time series models are used to provide a
more reasonable description of the markets” behaviors or phenomena, the double-threshold
autoregressive conditional heteroscedastic (DTARCH) model is one of nonlinear time series
models which are designed for this purpose (see [1] for details). A significant characteristic
of DTARCH models is that their conditional mean and conditional variance functions
both are piecewise linear involving double thresholds. Our investigation will focus on
developing an expectile-based value at risk (EVaR) model with a DTARCH structure.

DTARCH models are very useful and flexible in analyzing asymmetric financial time
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composite quantile regression procedure, which includes quantile regression as a special
case while significantly improving efficiency and inheriting robustness. Ref. [4] investi-
gated DTARCH models with restrictions on parameters and proposed both unrestricted
and restricted weighted composite quantile regression estimation for the model parameters,
which can be utilized to construct the likelihood ratio-type test statistic. However, these
papers are all based on the known threshold and delay parameters of DTARCH models.

The risk measure EVaR proposed by [5] is based on expectile regression theory. Ref. [6]
proposed the concept of expectile. The expectile is a one-to-one mapping relationship with
the quantile and has similar properties as the quantile. So, the expectile can be regarded
as an estimation of quantile; see [7-10] for details. Expectile has gained popularity in
recent years as a subject of interest. Ref. [11] discovered that similar to quantiles, time-
varying expectiles can be estimated using a state space signal extraction algorithm. Ref. [12]
proposed a new model based on expectile regression—-geoadditive expectile regression
model. Ref. [13] proposed regularized expectile regression with smoothly clipped absolute
deviation (SCAD) penalty for analyzing heteroscedasticity in high dimensions when the
error has finite moments. Ref. [14] considered penalized linear expectile regression using
SCAD penalty function. Ref. [15] proposed aggregated expectile regression by exponential
weighting. Ref. [16] derived joint weighted Gaussian approximations of the tail empirical
expectile and quantile processes. Ref. [17]focused on the semi-parametric estimation of
multivariate expectiles for extreme levels of risk. Ref. [18] proposed expectHill estimators,
which are used as the basis for estimating tail expectiles and expected shortfall. Ref. [19]
built a general theory for the estimation of extreme conditional expectiles in heteroscedastic
regression models with heavy-tailed noise. Ref. [20] developed a weighted expectile
regression approach for estimating the conditional expectile when covariates are missing at
random. Ref. [21] studied the problem of the nonparametric estimation of the expectile
regression model for strong mixing functional time series. Ref. [22] considered model
averaging for expectile regressions. Ref. [23] exploited the fact that the expectiles of a
distribution F are in fact the quantiles of another distribution E explicitly linked to F,
in order to construct nonparametric kernel estimators of extreme conditional expectiles.
Ref. [24] dealt with the problem of the nonparametric estimation of the functional expectile
regression, and so on.

Since EVaR is derived from expectile theory and utilizes a squared loss function as its
loss function, it exhibits higher sensitivity to extreme values and is mathematically easier
to handle. In addition, EVaR is a weighted average of the lower risk (expected shortfall,
i.e., ES) and upper risk in conditions. Currently, several research papers on EVaR have
been published, exploring various aspects of its application and properties. For example,
Ref. [11] proved that EVaR is a consistent risk measure when the confidence level p is
less than 0.5. Ref. [25] studied risk measurement EVaR under a variable coefficient model.
Ref. [26] proposed a weighted composite expectile regression estimation for autoregressive
models. Ref. [27] discussed the financial meaning of EVaR, compared them with VaR and
ES, and studied their asymptotic behavior. Ref. [28] considered a new class of conditional
dynamic expectile models with partially varying coefficients in assessing the tail risk of asset
returns for S&P 500 Index. Ref. [29] proposed a class of semiparametric composite expectile
models with varying coefficients. Ref. [30] proposed a semi-parametric model with varying-
coefficients to analyze the EVaR under the assumption of a-mixing. Ref. [31] forecasted the
expectile-based risk measures by using the expected-based procedures. Ref. [32] provided a
basis for inference on extreme expectiles and expectile-based marginal expected shortfall in
a general -mixing context that encompasses ARMA and GARCH models with heavy-tailed
innovations. Ref. [33] developed a single-index approach for modeling the expectile-based
value at risk. Ref. [34] studied the estimation of extremal conditional expectile based on
quantile regression and expectile regression models. Considering the advantages of EVaR,
we will propose the estimation of the DTARCH model based on expectile regression theory.
Unlike the existing papers on the DTARCH model, we do not assume that the threshold
and delay parameters of DTARCH models are known.
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The rest of the paper is organized as follows. Section 2 investigates the estimation
problem of DTARCH models based on expectile regression theory. We propose WCER
estimation of DTARCH models in Section 2.3, and the proposed expectile regression estima-
tion in Section 2.2 is a special case of WCER estimation, while the least squares estimation
in Section 2.1 is a special case of the expectile regression estimation. In Section 2.4, we
show that the asymptotic efficiency of WCER estimators calculated using weights obtained
through data-driven methods is the same as those of WCER estimators calculated using
known weights. We compare the least squares estimation, quantile regression estimation,
expectile regression estimation and weighted composite expectile regression estimation of
DTARCH models based on the maximum likelihood estimation in Section 3. The proposed
methodology is also applied to analyze the daily Hang Seng Index (HSI) and the Standard &
Poor’s 500 Composite Index (SPI) in Section 4. We summarize our work in Section 5. Also,
for readers interested in the theoretical basis of our results, the proofs of our theoretical
results are provided in Appendix A. In addition, some of our simulation results are given
in Appendix B.

2. Estimation of the DTARCH Model

Ref. [1] proposed the DTARCH model based on the autoregressive conditional
heteroskedasticity model (ARCH) model (see [35]) and the threshold model (see [36]).
The DTARCH model can handle situations where both conditional mean and conditional
variance specifications are piecewise linear based on previous information. Given a time se-
riesyy, t =1,2,-- -, n, let F; be the o-field generated from the realized value {y;, y;—1,-- - }
at time f. Assume that y; is generated by

yr = ijw(j) +ey, ifrig <yrg<r 1
wherej = 1,2, .-, m; the delay parameter d is a positive integer; the threshold parameters

b
rjsatisfy —co =19 <11 < o0 <1y = 09 Xp; = (1,yt_1,--- ,yt,p].) is a (pj—l—l) x 1

) . - N T
vector of lagged variables; and al) = (a(()]),ocgj),- .- ,a%)) is a (p]- + 1) x 1 parameter

vector. The stochastic error satisfies €; = /h¢(y)u; with
m(r) = Ll (0 + e+ ale,), )
j=1

. N AT
where I;; = I(rj,l <y;_4< rj>, and ¢ = Vec(’y(l),- . ,’y(m)) with 40) = < é]),7§]),o . ,'y,;]))
isa (q;+ 1) x 1 parameter vector, j = 1,--- ,m. Because (2) is an ARCH process, the innovations
u; are independently and identically distributed random variables with E(u;) = 0, Var(u;) = 1,

the parameters 'yé]) > 0, 'yl(]) >0(=1,-,q;) and Z?Ll 'ylm < 1. This is the DTARCH model
proposed by [1]. A significant characteristic of DTARCH models is that their conditional mean and
conditional variance functions both are piecewise linear involving double thresholds.

We have made a slight modification to the DTARCH model under consideration. As reported

by [3,4], the stochastic error satisfies €; = h;(B)u; with

m(B) = Y1 (B + BV et a1+ + B ler—g ) = Y 12,87, ®)
=1 j=1

T , N NT
where 2 = (1’ ‘etfl‘/ cee, |€t—%|> , B = VeC(ﬂ(l), . ’ﬁ(nl)> with ﬁ(]) = <‘B(()]>,ﬁg])’ ce ’ﬁg];)>

G =1,---,m), and ,B((]j) > 0, ﬁl(j) >0 (i =1,--,q;). The innovations u; are independently
and identically distributed random variables with an unknown distribution F(u#) and a density
function f(u).

Leta = vec (a(1>, e ,oc("”),xt =vec(li1x¢1, -+ JpmXem), 2t = vec(Ii 1241, - - It mZtm), and de-

note 2}”:1 (pj + 1) = pand Z}"Zl (qj + 1) = g. Then Equations (1) and (3) can be written as
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Y = xtTax + €, (4)

and €; = h(B)u; with
hi(B) =z B, @)

respectively. As in [1,3,4], we denote the model defined by (4) and (5) by
DTARCH(pll e /Pm/'q1/ e /5]m)/

where py, - - -, pm represent the autoregressive model (AR) orders in the m regimes and q1, - - - , qm
denote the ARCH orders in the m regimes. We use the DTARCH model with a conditional scale,
rather than a conditional variance, because modeling the conditional scale is very important. Previous
studies emphasized that such a scale provides a more natural dispersion concept than the variance
and offers substantial advantages in terms of robustness. The advantage of such an approach with
conditional scale instead of conditional variance can be found in [37—-41] and so on.

2.1. Least Squares Estimators of the DTARCH Model

Most of the research papers on DTARCH models are based on the condition that the threshold
parameters {rg, 71, - - ,rn} and delay parameter d are known. But in real data analysis, we know
that this condition is hard to meet. In the literature on threshold models, there are also a few studies
that are based on scenarios where the threshold or delay parameters are unknown. For example, [42]
proposed the least squares (LS) estimators for a threshold AR(1) model with an unknown threshold
and proved that LS estimators of the threshold parameters were strongly consistent. Ref. [43]
proposed the conditional least squares (CLS) estimators for the threshold autoregressive model
with unknown threshold and delay parameters and proved that CLS estimators of the threshold
parameters were convergent in distribution. In this paper, we propose the parameter estimation
methods for the DTARCH model based on expectile regression theory, which includes the expectile
regression estimation and the weighted composite expectile regression estimation of the DTARCH
model. Note that the expectile regression estimation can be seen as a special case of the weighted
composite expectile regression estimation when the expectile takes on a certain value (see Section 2.3
of this paper for details), while the least squares estimation can be seen as a special value of the
expectile regression estimation (see Section 2.2 of this paper for details). Under some conditions, we
can show that the proposed estimators of the threshold and delay parameters are consistent.

Using the least squares estimation method, we can obtain the least squares estimation of

T\ T
the DTARCH model DTARCH(p1, - - , Pm; 91, * »Gm), ((ﬁgs)T, ( 65) ) . Denote the threshold

parameters (rg, 71, - - , rm)T = 1, the least squares estimator of r by ?65, and the least squares estimator

of the delay parameter d by c%s . However, these estimators are biased. Obviously, the distribution of
|et| is skewed and the log-transformation is an intuitive mechanism that can make the distribution
less skewed; see [44] for details. Thus, in light of [3,4], we introduce a modified form of the model
DTARCH(p1,- -, Pm;q1,- - ,qm)- Let

log{le:(a)[} = log{h:(a, B)} + e, (6)

where ¢; = log{|u|}, and
e, B) = Y 1o (B + BY ler 1 (@) + -+ + B ler— ()] ).
j=1

hi(w, B) is equivalent to 1 (), as we can see that 1 () is also related to a. Therefore, we re-
name h¢(B) as hi(a, B). Apply the least squares method again, we can obtain LS estimators of
T\ T

DTARCH(p1, -, Pm; 91, - - ,qm) denoted by ((&LS)T, <,BLS> ) , T and dLS, respectively. We

study the properties of the least squares estimators under the following conditions.
Forj=1,2,---,m, suppose that X ; are all Markov chains. Their [-step transition probability is

denoted by P! (xj, Aj), where x; € RP and A; are Borel sets. Later on, we will need the following set

of regularity conditions.
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(C1) {Xt,j} admits a unique invariant measure n]-(~) such that 3 Kj, pj <1, Vx]- c RP, an e N,
[P (xj,-) = m; ()] < K;j(1+ |xj|)p7f, where || - || and | - | denote the total variation norm and
the Euclidean norm, respectively.

(C2) Ely¢|*>t% < +oofor d > 0,and {y;} is strictly stationary and ergodic.

(C3) {y:} has the first derivative, and the stationary distribution of the derivative admits a density
positive everywhere.

(C4) Error e; has the cumulative distribution function G(-) with density g(-) being positive and
having a continuous second derivative. Furthermore, E(e}) < +oo.

Let a*, B*, d* and r* be the true values of «, B, d and r, respectively. Then, we can obtain the
following theorems and corollary.

~LS
Theorem 1. Suppose that the conditions (C2) and (C3) hold. Then, the estimators (%LS) are strongly

() == ()

Under some additional conditions, we have the following corollary.

consistent, that is,

Corollary 1. Suppose that the conditions (C1), (C2) and (C4) hold. Then it follows from Theorem 1 that the
estimator dLS is strongly consistent, that is,

&‘LS a.s. a*
Theorem 2. Suppose that the conditions (C1), (C2) and (C4) hold. Then, the estimator T converges to r* in
distribution, that is,

15 D
S 2y

According to Corollary 1 and Theorem 2, both the threshold and delay parameters converge to
their true values. Therefore, after obtaining estimated values for threshold and delay parameters,
estimating the remaining parameters of the DTARCH model will yield convergence properties that
are equivalent to those obtained by estimating the parameters using the known threshold and delay
parameters. In order to simplify the theoretical analysis, without loss of generality, we assume that
the threshold and delay parameters are known throughout the remainder of this paper.

2.2. Expectile Regression Estimators of the DTARCH Model

The definition of expectile regression proposed by [6] states that the T-th expectile of a random
variable u can be obtained minimizing the following check function,

Q= { 15 o

Tu?, u>0,

N [ I-7u, u<go, o
and the derivative EQT(M) = { w, ©>0 satisfies
EQ:(u) =0,

ie.,
(1-1) '/7000 uf(u)ohH—T(/Ooo uf(u)du =0,

where f(-)is the density function of u. Therefore, the T-th expectile of u is 0.
Let €;(a) = y: — x;' « = (e, B)u and the 7-th expectile of u; be (7). Based on Theorem 1
in [6], the T-th conditional expectile of €; given F;_; is

pr(€r|Fr1) = he(e, B)p (7).

The 7-th expectile regression (ER) estimator of « and f can be obtained by minimizing

y Qf{hf(ti—f‘;)—bf}, @)

t=s+1
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over br, w and B, where 0 < 7 < 1,s = max(p1, -+, Pm, 41, - - - ,qm) and br is the T-th expectile of u;.

- T faonTY |
Let the resulting estimators from (7) be (be, @5%) ( ER) ) . Not surprisingly, these estimators

are also biased. To correct the bias, we should still perform expectile regression estimation on the
DTARCH model (6) that has undergone a logarithmic transformation.
From model (6), the 7-th expectile of log|e; ()| given F;_q is

(loglet(a)[|Fi-1) = log(ht(a, B)) + ¢z,

where c; is the 7-th expectile of ¢;. Applying the expectile regression scheme, we can obtain the
expectile regression estimators of ¢z, « and § by minimizing

ilgmoguet(am ~log{lu(a, )} — cx), (®)
t=s+

over ¢z, « and B. Obviously, when T = 0.5, the expectile regression estimators are the least square
estimators in Section 2.1.

T TN T
Let the resulting estimators of (CT,aT, ,BT> be (EER, (&ER)T, (ﬁER> > . To derive the

asymptotic property of the proposed estimator, we introduce some notations and conditions. Let ¢}
be the 7-th expectile of e;, €; = € (a*), hy = hi(a*, B*), 1 = :f + }fl—f, with

m .
fr=—) Ly (0/ sgn(er—1)Xp—1, - /Sgl'l(etfq/-)xtqu)ﬁ(])/
=1

.
pooo= (W) withow = B and = E(u/h),
= (G5 52 ) with o, = B(me/ =E(Zr] - T2 _ (T T
0= (QrTz QZ> with £y _E(rtrt )’er _E<hfrf )andQZ _E<Zfzt hy )andH— I, I

with I, = Var(r;), IT,; = Cov (rt, Z—:) and IT, = Var(i—:). We assume that

(C5) Covariance matrix IT is positive definite.

TN T
Then we have the following asymptotic results for (E’ER, (RER) T, (,BER> ) .

o NTN T
Theorem 3. Suppose that the conditions (C2), (C4) and (C5) hold. Then, (?ER, (&ER)T, (,BER> > converge

T T T . . . . .
to (ci, ()", (B¥) > in distribution, that is

\/ﬁ(ﬁfR _ e, (aER B “*)T’ (ﬁER _ ﬂ*)T)T D, N(0,¥),
where Y is a block matrix with blocks
¥ =g(14p 0 ), ¥ =—g(pT1Y),
¥ = —§<H71ﬂ>/ Yoo = 1T,
with { = 1[(1—27)G(ct) + 1) *E[Q2(e; — ¢b)].
By Theorem 3, it follows that
Vi (EER —ct) = N(0,¥n),

QER —

B\ER _ ,3*
2.3. Weight Composite Expectile Regression Estimators of the DTARCH Model

Refs. [45-47] considered the composite quantile regression (CQR) estimation, which is obtained
by incorporating the information of multiple quantiles into the objective function. This estimation

al

) L N(0,¥20).
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method incorporates more comprehensive model information. Subsequently, ref. [29] introduced
an estimation called composite expectile regression (CER) and established large sample properties
of the resulting CER estimator. However, both CQR and CER estimations assign equal weights
to different quantiles and expectiles, respectively. Intuitively, using different weights for different
quantile regression (QR) and expectile regression (ER) models might lead to improved efficiency.
Hence, ref. [48,49] proposed the weighted composite quantile regression (WCQR) estimation method.
The standard deviation (SD) of the WCQR estimator is smaller than the SD of the COR estimator and
OR estimator as discussed in [4]. Furthermore, ref. [26] proposed a weighted composite expectile
regression (WCER) estimation for AR models and established its large sample’properties.
From model (6), the 7;-th expectile of log|e ()| given F;_q is

(loglet(a)[|Fi-1) = log(ht(a, B)) + cx,

where ¢4, is the Ti-th expectile of e;. Applying the WCER scheme, we can jointly estimate the AR and
ARCH parameters by minimizing

K n
Y wr ), Qulog(ler(a)]) —log{hi(a, B)} — cv), ©)

k=1 t=s+1

over cq, & and B, where w = (wy, - - - ,wg) ' is a vector of weights such that ||w|| =1, with || - ||
denoting the Euclidean norm. Without loss of generality, we assume that 0 < 7y < --- <71 < 1.
If w; = 1/V/K, the estimation obtained from Equation (9) is CER estimation. Obviously, the weight
wy, is the contribution rate of the 7;-th expectile. Since Q, (log(|e¢(«)|) — log ht (&, B) — ¢4 ) may not
have a positive correlation, it is possible for the weight component w to be negative. Therefore,
the WCER estimation is not a simple extension of the CER estimation. Due to the limited space, we
will not discuss the CER estimation in detail.

. . T o\ ~ ~ o1\
Let the resulting estimator of (¢, -, ¢, &', B be (ch,- -, O, B and cik be the
true value of the Tj-th expectile of e;. Under certain conditions, we have the following asymptotic

ke
results for <5Tl, e ,ETK,&T/BT> .

T
Theorem 4. Suppose that the conditions (C2), (C4) and (C5) hold. Then (811, s B, &, ET > converge

% % o\ T T T, . . .
to (CT1,~~ S Ch (&), (BY) > in distribution, that is

ﬁ(aﬁ e By~ @), (B ﬂ*)T)T 2, N(o,3),
where ¥. is a block matrix with blocks
Ep = ¢+ o) (p )T, S = —X(w)ie (pTi),
To1 = —2(w)1’ ® <H_1y>, Tor = 02 (w)IT7},
with1= (1,---,1)", &is a K x K matrix with the (j, k)th element being

E [QT, (et - C%) QTk (ef - C'T'k)j|

Cik = ’
4[(1-27)G(c3) + ] [(1 - 27)G(c3) + ]

o (w) = w'Aw 5, Nis also a K x K matrix with the (j, k)th element being

[T @ (12106 (e )+ |

. 1 . .
A, k) = ZE{QT]. <et - c%)QTk (er — C’;k)}
= /’Tka —1il(er < 7)) — wl(er < C.’;]) +1(er < c%_ Acz)

x [ef = (c5 + 3 )er + c5.¢% | dG er).
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2.4. Selection of Optimal Weight

By Theorem 4, we have

\/E(%: 0;;) 2, N(0,%5),

where ¥y = Uz(w)H_l. Because IT does not contain weight w, to obtain the optimal weight, we
only need to minimize 02 (w) under the condition of ||w|| = 1, which yields

N2
Wopt = (gTA 2g) A 1g,
where .
g = ((1-21)G(ch) + 7, , (1 - 20)G(c) + )

The cumulative distribution function G(-) with density g(-) of error {e;} can be obtained by the
kernel smooth estimation. Then, the nonparametric estimator of woept is given by

—1/2 .
Alg,

&)

= (@, @) = (g"A %)

so that estimator of (

B Bo
K n
min ) & ), Qn(log(ler(a)]) —log{hi(a, B)} — cx)- (10)

o MBIl =51

a) denoted by ({0) can be obtained by the following formula,

. . . . [
Then, under certain conditions, we have the following asymptotic results for ( EO) .
0

~ *
Corollary 2. Suppose that the conditions (C2), (C4) and (C5) hold. Then (%0) converge to (;; ) in
0

) Bv(o e )

distribution, that is

—1 [
Note that o2 (wopt) = < g Al g) . When wopt is known, the asymptotic covariance of (E\O)
0

o~

. . . 4 . . .
is the same as the covariance variance of ( E) . In other words, the asymptotic efficiency of WCER

estimators calculated using weights obtained through data-driven optimal weighting is the same as
those of WCER estimators calculated using known weights.

3. Comparison of Estimation Methods

In this section, we compare the least squares estimation, quantile regression estimation, expectile
regression estimation and weighted composite expectile regression estimation of DTARCH models by
using the maximum likelihood estimation (MLE) of DTARCH models as the benchmark. We consider
the following DTARCH(2,2;2,2) model:

v = { “gl)yt—l + 'Xél)yt—z e, ify1 <0,
“Pytﬂ + l’ééz)ytfz +er, ifyi1 >0,

where (agﬂ,,xgﬂ) = (0.25,0.30), (af),af)) = (0.45,0.20) and ¢; = hyuy, with

e = { By + By leral + By leral, ifyi1 <0,
By + By e | + B leral, ifyig >0,

where (ﬁgﬂ,ﬁgﬂ,ﬁ@) = (0.03,0.30,0.50), (ﬁé”,ﬁﬁ”,ﬁé”) = (0.06,0.45,0.35).

We consider three types of innovation variables, which are distributed as N (0, 1), t(6) and x?(4).
They are centralized and normalized so that the medians of the absolute innovations are 1, i.e., u; is
normalized to satisfy Median(|u;|) = 1. The sample size n is chosen are 100, 300, 800, 1500 and 2500.
All the simulation results are based on 500 Monte Carlo replications. Seven equally spaced expectiles
in (0,1) are chosen for each simulation setting when we apply the WCER estimation process. For QR
and ER estimation, we take T = 0.25 and 0.75, respectively. In each simulation, the root mean squared
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error (RMSE) for different estimators are calculated, and they are reported in Tables 1-3. In addition,
the parameter estimators obtained from different estimation methods of the DTARCH model are
listed in Tables A1-A3 in Appendix B.

Table 1. RMSE comparison of various estimation methods, e; ~ N(0,1).

n =100
. 1 1 2 2 1 1 1 2 2 2
Estimate a§ ) zxg ) ocg ) oé ) (() ) /35 ) ﬁg ) (() ) [&g ) ,Bg )
MLE 13.14 1143 10.14 11.07 1.63 1738 1411 1.82 15.03 10.08
LS 1483 1272 11.63 1197 193 1997 1537 231 16.61 11.27
QRp25 21.16 2347 20.09 2343 3.09 2897 2762 399 2538 24.13
QRg.75 2237 2564 2147 2331 331 2993 2589 368 2715 2447
ERg 25 2251 2418 2121 2219 314 2991 2671 401 2693 2451
ERp.75 22.79 2465 2135 24.09 319 3007 2696 399 2724 2548
WCER 1875 19.78 16.71 1845 198 20.09 15.61 241 1752 11.98
n = 300
Estimate agl) txgl) a§2) aéz) (()1) 51) ;1) ((,2) gz) gz)
MLE 9.21 9.47 8.96 9.11 092 1029 941 1.01 9.34 6.49
LS 10.11 1038 9.11 932 099 1110 954 114 949 6.75
QRp25 1798 2142 1598 1876 219 2389 1891 259 2199 1849
QRy.75 1899 2139 16.09 1894 229 2394 1899 263 22.03 18.53
ERg 25 1891 21.01 16.67 1892 222 2371 1885 267 2231 18.56
ERg 75 19.12 21.05 16.71 19.01 232 2379 19.01 268 2245 18.67
WCER 1342 13.32 9.58 997 1.01 1143 9.88 1.12 10.12 7.8
n = 800
Estimate 041) txél) ’xiz) “gz) (()1) 51) gl) ((]2) gz) gz)
MLE 6.81 7.01 5.72 6.52 049 8.19 745 071 421 3.68
LS 7.45 7.21 6.14 7.11 0.54 8.92 794 0.79 4.35 3.81
QRp25 1496 1657 1268 1438 1.79 17.09 1448 1.89 16.71 13.09
QRp.75 1499 1666 1274 1446 1.88 17.04 1449 194 16.79 13.11
ERg .25 15.02 1665 1265 1431 1.86 1692 1446 192 16.62 13.16
ERg 75 1536 1678 1287 1441 196 1698 1452 2.02 16.87 13.18
WCER 7.65 8.05 6.86 756 0.60 9.21 819 0.86 4.56 3.99
n = 1500
ptmate o) o) o W g0 0 g0 g0 g0 g0
MLE 4.78 5.46 3.27 349 028 6.79 394 042 293 2.07
LS 4.84 5.79 3.41 362 036 690 404 047 311 2.18
QRypos5 992 10.14 8.11 952 121 10.09 1021 1.01 11.34 892
QRp.75 999 10.20 8.23 9.51 1.28 10.07 1028 099 11.26 8.89
ERg 25 995 10.13 825 943 117 1113 10.12 1.04 1126 8.86
ERg 75 10.10 1024 8.37 944 125 11.09 1025 1.02 11.66 892
WCER 5.03 5.98 3.68 3.84 041 7.12 423 056 324 2.37
n = 2500
Estimate ocgl) agl) 042) ocgz) (()1) 51) gl) ((]2) gz) gz)
MLE 2.21 3.13 1.56 1.70 0.11 3.99 1.98 020 1.15 0.98
LS 2.30 3.47 1.72 1.89 018 4.14 215 028 1.30 1.13
QRp25 4.65 5.84 4.01 444  0.51 7.10 549 059 579 4.24
QRp.75 4.68 5.89 4.04 450 054 7.08 5.51 057 5.76 4.29
ERg 25 4.64 5.86 4.05 446 050 7.12 542 0.60 5.75 4.22
ERp 75 4.70 5.92 4.08 442 055 715 544 058 5.77 4.27
WCER 2.42 3.56 1.84 2.01 022 4.23 226 036 1.39 1.21

Notes: All RMSEs are multiplied by 102.

As expected, the oracle MLE performs the best, while the WCER estimators outperform both
the QR estimators and the ER estimators. As can be seen from Tables 1 and A1, the WCER estimators
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slightly underperform LS estimators only when the residual error follows a normal distribution. From
Tables 2, 3, A2 and A3, we can see that the WCER estimators greatly outperform the LS estimators
in terms of RMSE when the error follows a heavy-tailed or asymmetric distribution. In studies
that apply time series models to study financial data, it is more realistic to assume that the error
follows a non-normal and heavy-tailed distribution. For example, [50] considered the heavy-tailed
nature and extreme volatility of asset returns, and demonstrated these statistical characteristics using
financial data. Ref. [51] introduced a new heavy-tailed distribution to characterize errors in the
ARCH/GARCH model and applied it to financial data. Furthermore, [52] assumed that there are
two different types of heavy-tail distributions for GARCH model errors: the student’s t-distribution
and the normal reciprocal inverse Gaussian distribution. They compared the application of these
distributions to South Korea’s daily stock market returns.

Table 2. RMSE comparison of various estimation methods, €; ~ £(6).

n =100
Estimate ocgl) lxgl) aiz) txgz) [(,1) ,Bgl) gl) (()2) 52) gz)
MLE 13.72  11.69 1098 11.06 176 17.89 14.61 194 1443 10.61
LS 20.54 2398 1991 2198 275 2784 2332 349 2325 1994
QRg25 20.08 2381 20.01 2199 281 2811 2406 3.52 2399 19.98
QRo.75 20.01 23.86 20.14 2212 290 2820 24.01 3,60 2412 21.11
ERg 25 19.56 23.89 20.13 2220 278 2816 24.16 347 2400 20.22
ERy.75 20.75 2345 20.16 22,67 283 2856 2470 355 2405 2053
WCER 19.12 21.62 1659 1965 1.89 2571 17.84 256 19.08 12.19
n = 300
Estimate aﬁl) agl) aﬁz) agz) (()1) 51) S) (()2) 52) éz)
MLE 8.72 8.89 8.36 8.61 0.94 9.74 8.94 0.96 8.87 5.05
LS 1698 1939 1444 1592 198 19.09 15.63 211 1842 1399
QRo25 17.62 20.01 1498 1692 211 2038 1611 226 1999 15.13
QRg.75 17.69 1992 1487 16,57 222 2097 16.04 231 20.08 15.24
ERg25 1759 20.02 15.07 1691 2.07 2046 16.01 237 2013 15.72
ERq.75 18.01 2043 1516 16.13 212 2071 16.07 241 20.34 15.83
WCER 1256 1248 9.06 9.52 1.05 10.67  9.37 1.12 9.62 6.26
n = 800
Estimate 041) agn 042) aéz) (()1) gl) gl) gz) gz) gz)
MLE 6.13 6.16 5.33 6.02 0.39 7.36 6.89 0.63 3.83 3.16
LS 12.30 1387 1039 1199 134 1382 12.03 151 11.87 10.01
QRg25 1241 1390 1098 1214 145 1472 1258 1.72 1261 10.99
QR 75 1247 1399 11.13 1231 149 1470 1264 186 1259 11.07
ERp25 1243 1398 11.17 1251 147 1462 1263 1.68 1256 11.09
ERg 75 12.69 13.78 1123 1263 158 14.67 1272 190 1249 11.03
WCER 7.22 8.11 5.64 7.31 0.57 8.16 7.87 0.78 4.53 3.92
n = 1500
Estimate ail) ugl) aiz) ugz) [(,1) ,Bil) gl) ((,2) 52) gz)
MLE 4.27 5.13 3.02 4.01 0.23 5.65 3.38 0.40 1.98 1.95
LS 8.80 9.96 7.60 7.93 099 10.54 9.33 0.94 8.98 7.56
QRo25 9.33 10.43 7.87 8.13 1.01 1098 10.11 1.05 9.38 791
QRo.75 9.30 10.58 7.82 8.17 1.02 1093 10.07 1.08 9.45 7.87
ERg25 9.40 10.70 7.98 8.09 1.03 1118 10.06 1.03 9.97 7.85
ERg.75 9.45 10.78 7.78 8.11 1.01 1099 10.19 1.07 10.01 7.86
WCER 5.11 5.89 3.67 4.27 0.39 6.74 4.19 0.59 2.92 2.59
n = 2500
Estimate N
MLE 2.32 3.07 1.44 1.78 0.12 3.96 1.92 0.18 1.09 0.96
LS 4.63 5.81 3.96 4.39 0.44 7.01 5.39 0.56 5.68 415
QRo25 4.72 5.87 4.04 441 0.47 7.16 5.42 0.59 5.73 4.23
QRy75 4.68 5.89 4.09 4.45 0.49 7.19 5.45 0.57 5.75 4.27
ERp 25 4.76 5.92 4.06 4.40 0.46 7.21 5.41 0.58 5.71 4.21
ERq.75 4.78 5.90 4.08 447 0.47 7.20 5.44 0.60 5.72 4.25
WCER 249 3.29 1.56 1.89 0.21 4.15 217 0.28 1.27 1.15

Notes: All RMSEs are multiplied by 102
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Table 3. RMSE comparison of various estimation methods, €; ~ x2(4).
n = 100
Estimate ocgl) txél) ’xiz) agz) (()1) 51) gl) ((]2) gz) gz)
MLE 11.32  11.06 1009 985 159 1753 1327 1.82 1358 11.03
LS 2056 2345 19.82 20.89 317 2796 2438 395 2250 21.94
QRg25 20.11 2324 1959 2052 3.03 27.02 2411 391 2243 21.87
QRg.75 2052 2337 1981 2078 311 2721 2410 398 2252 21.99
ERp25 1948 23.13 1941 20.19 299 2687 24.07 3.80 2237 20.20
ERp 75 20.78 2358 1998 21.04 324 2801 2489 399 2263 22.06
WCER 1834 1964 1557 1599 197 20.16 1413 252 1659 13.09
n = 300
Estimate o) o) o® @ g0 g0 0 gD p® g
MLE 824 836 769 813 092 1033 885 095 948 741
LS 1783 1945 16.05 1653 2.02 1932 1745 230 19.63 16.71
QRg25 1749 19.10 16.07 1631 201 19.15 1731 222 1947 16.56
QRg.75 1758 19.21 16.02 1643 207 1920 1741 228 1958 16.61
ERp 25 1735 1898 1588 16.13 192 1898 1724 215 19.38 1640
ERp75 1798 1948 1613 1675 211 1960 1758 238 19.75 16.82
WCER 1224 1271 1017 10.09 1.09 1404 1089 117 10.29 10.57
n = 800
Estimate agl) aél) 042) oéz) (()1) 51) gl) (()2) gz) gz)
MLE 6.11 624 532 549 048 723 667 071 481 371
LS 13.66 1452 11.65 13.03 1.77 1515 1321 181 1512 1201
QRg25 1328 1447 1121 1278 1.68 1508 13.12 1.80 1498 11.99
QRg.75 1342 1458 1135 1292 179 1519 1323 1.87 15.07 12.03
ERg 25 1296 1435 1099 1263 159 1498 1297 1.74 1487 1175
ERp.75 13.72 1463 1174 1318 179 1526 1326 186 1524 12.09
WCER 706 788 639 717 064 892 751 082 512 451
n = 1500
Estimate a§1) zxgl) ugz) aéz) (()1) 51) gl) (()2) gz) gz)
MLE 375 352 311 3.68 029 564 317 047 291 1.87
LS 997 933 877 865 112 11.14 1023 128 10.09 9.26
QRg25 925 928 854 833 111 1110 1011 1.21 10.07 9.20
QRo.75 943 937 876 859 117 1119 1021 1.30 10.11 9.27
ERq 25 899 9.08 794 817 106 1019 99 119 997 9.14
ERp.75 1002 949 889 878 123 11.19 1031 131 10.14 9.33
WCER 498 469 375 408 037 691 451 061 328 271
n = 2500
Estimate agl) txél) aiz) “gz) (()1) 51) ﬁgl) ((,2) gz) gz)
MLE 227 269 156 184 011 38 1.8 017 103 094
LS 468 578 401 442 047 708 542 055 572 421
QRg 25 477 589 412 450 049 719 549 057 583 430
QRg.75 474 592 414 448 048 723 551 059 585 4.28
ERp25 476 598 415 444 051 725 555 056 581 427
ERp.75 478 596 413 447 054 721 550 0.60 587 426
WCER 241 298 176 193 022 399 205 027 119 1.08

Notes: All RMSEs are multiplied by 102.

Therefore, it is possible to obtain a WCER estimator with favorable statistical properties similar
to those of the MLE, even when the distribution of the error is unknown. Moreover, the RMSEs of
all estimation methods decrease with the increase of sample size 7, indicating that all estimators

are consistent.
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We also make an empirical analysis of the DTARCH model with delay parameter d # 1. Similarly,
based on the maximum likelihood estimation, we compare the QR estimation, ER estimation and WCER
estimation of this DTARCH model. We present the simulation results in the supplementary materials.

4. Real Data Analysis

In this section, we use the proposed method to analyze the Hang Seng Index (HSI) and the
Standard & Poor’s 500 Index (SPI) daily from 7 February 2013, to 6 February 2023. The formula for
calculating returns series y; uses the daily returns of the exponential market, which are represented
by the first-order difference of the logarithm of the closing prices of the index on adjacent days,

yt = log(x¢) —log(x;-1),

where x; represents the closing price of the HSI or SPI on day t. The sample size for SPIis n = 2516,
and the sample size for HSI is n = 2453. We are interested in the asymmetry of the conditional mean
and conditional variance of the stock market.
First, we need to identify the values of m, the delay parameter d and the threshold parameters
r;. Applying the same method as in [3], we obtain the values of m, d and r; asd = 1, m = 2
and (rg,71,72) = (—00,0,400). This aligns with stock market observations and supports our goal
of examining the asymmetry in conditional mean and variance. Similar to [3,4], we employ the
generalized Akaike information criterion (GAIC) and the generalized Bayesian information criterion
(GBIC) methods to determine the orders of DTARCH models before fitting the models to HSI and
SPI. We find out that both GAIC and GBIC reach their minimum values for HSI and SPI with
p =2 and q = 4. The minimum GAIC and GBIC values for HSI are 0.3144 and 0.3876, respectively.
The minimum GAIC and GBIC values for SPI are 0.2975 and 0.3463, respectively. This designates a
DTARCHY(2, 2;4,4) model for the return series. Thus, the following DTARCH model is taken into
account for the return series Yt,
ye = { 065?%—1 + “%)ytfz +er, ify1 <0, (11)
oY1+ ay >yt72 +e, ifyr >0,

and €; = hyuy, with

o LB BVl + B leral + B le sl + B e al, ifyia <O, 12
E=N ) L) &) ) ) - )
.Bo + ﬁ1 |€t71| + /32 |€t—2| + /33 |€t—3| + 54 ‘€t74‘/ ify; 1> 0.

For comparison, we calculate the proposed WCER estimate, ER estimate, QR estimate and LS estimate,
respectively. Seven equally spaced expectiles in (0,1) are chosen when we apply the WCER estimation
process. For QR and ER estimation, we take T = 0.25 and 0.75 respectively.

These estimates and their standard errors are listed in Tables 4 and 5, which show some interest-

(1) ~(1) ~(2) ~(2)

ing results. First, the estimated (ﬁl S0y, 0 ,Ez ) are all negative, which suggest that if current
and past returns are negative, the forecasted mean return will be positive; if they are positive, the fore-
casted mean return will be negative. Second, all the estimated coefficients B(()l), <B\gl), ng, Egl), Bil)),

B(()z> and (/’3\52), ,’géz), Bé”ﬁf’) are positive, which aligns with the expectations as the DTARCH
models assume non-negative volatility coefficients. Third, the values of (B(ll),‘gél), Eg”, Ep) are

significantly different from those of <//3\(12), E&z), EgZ), Bf) ) These show that the volatility of HSI and

SPI exhibit obvious asymmetry. Fourth, the absolute values of the parameter estimates of HSI are
almost greater than those of SPI. This shows that the market volatility of HSI is higher than that of
SPI. Indeed, over the past 20 years, the volatility of the S&P 500 Index has been lower than that of the
Hang Seng Index, leading some to believe that the former’s returns would be lower than the latter.
However, since the S&P 500 Index has experienced smaller market drops in the past compared to the
Hang Seng Index, its absolute returns have been higher over the past 20 years and both its short-term
and long-term risk-adjusted returns are higher as well.



Entropy 2023, 25, 1204 13 of 29

Table 4. Estimates of parameters for HSI.

Estimates LS ORg25 ORg.75 ERg25 ERg.75 WCER

Dc§1 —0.1199 (0.18) —0.1212 (0.23) —0.1124 (0.19) —0.1293 (0.20) —0.1237 (0.19) —0.1279 (0.08)
(1 —0.0909 (0.21) —0.0921 (0.20) —0.0914 (0.19) —0.0937 (0.23) —0.0955 (0.22) —0.972 (0.08)
—0.0424 (0.23) —0.0492 (0.25) —0.0433 (0.21) —0.0481 (0.23) —0.0475 (0.23) —0.0487 (0.07)

—0.0360 (0.15) —0.0345 (0.15) —0.0379 (0.14) —0.0388 (0.17) —0.0375 (0.16) —0.0372 (0.04)

0.0059 (0.07) 0.0059 (0.08) 0.0062 (0.08) 0.0061 (0.07) 0.0058 (0.09) 0.0061 (0.05)

0.1798 (0.85) 0.1759 (0.79) 0.1694 (0.88) 0.1707 (0.84) 0.1763 (0.80) 0.1748 (0.47)

0.2901 (0.50) 0.2892 (0.48) 0.2859 (0.41) 0.2866 (0.44) 0.2873 (0.43) 0.2817 (0.22)

0.1837 (1.11) 0.1861 (1.14) 0.1790 (1.09) 0.1811 (1.17) 0.1843 (1.01) 0.1893 (0.89)

0.1298 (0.60) 0.1305 (0.63) 0.1321 (0.58) 0.1313 (0.55) 0.1355 (0.61) 0.1349 (0.21)

0.0077 (0.05) 0.0079 (0.06) 0.0074 (0.05) 0.0076 (0.07) 0.0078 (0.05) 0.0077 (0.04)

0.2877 (0.60) 0.2841 (0.62) 0.2763 (0.58) 0.2788 (0.64) 0.2859 (0.57) 0.2856 (0.34)

0.2134 (0.99) 0.2209 (0.89) 0.2098 (0.82) 0.2177 (0.86) 0.2106 (0.84) 0.2081 (0.68)

0.1298 (1.54) 0.1343 (1.62) 0.1266 (1.49) 0.1331 (1.57) 0.1276 (1.44) 0.1315 (1.19)

0.1923 (1.21) 0.1904 (1.30) 0.1898 (1.26) 0.1867 (1.19) 0.1854 (1.12) 0.1834 (0.93)

Note: Estimated SEs are given in parentheses, and all SEs are multiplied by 102.
Table 5. Estimates of parameters for SPL
Estimates LS QRg25 QRyp.75 ERg 25 ERg 75 WCER

a(l) —0.0840 (0.18) —0.0919 (0.21) —0.0850 (0.22) —0.0976 (0.17) —0.0938 (0.17) —0.0963 (0.09)
,xil) —0.0750 (0.23) —0.0736 (0.18) —0.0709 (0.18) —0.0769 (0.25) —0.0801 (0.24) —0.0798 (0.07)
,;4(2) —0.0385 (0.24) —0.0395 (0.21) —0.0392 (0.19) —0.0403 (0.22) —0.0359 (0.25) —0.0361 (0.07)
a?) —0.0257 (0.13) —0.0214 (0.17) —0.0290 (0.14) —0.0276 (0.15) —0.0265 (0.14) —0.0282 (0.05)
(1) 0.0037 (0.09) 0.0038 (0.08) 0.0038 (0.08) 0.0039 (0.09) 0.0039 (0.09) 0.0039 (0.04)

) 0.1635 (0.69) 0.1634 (0.76) 0.1692 (0.72) 0.1609 (0.68) 0.1628 (0.73) 0.1596 (0.31)

) 0.2697 (0.54) 0.2614 (0.52) 0.2527 (0.49) 0.2496 (0.51) 0.2469 (0.55) 0.2445 (0.29)

) 0.1965 (1.24) 0.1912 (1.19) 0.1958 (1.31) 0.1892 (1.22) 0.1881 (1.25) 0.1786 (0.98)

) 0.1011 (0.41) 0.1280 (0.32) 0.1222 (0.37) 0.1173 (0.43) 0.1123 (0.35) 0.1094 (0.14)

) 0.0045 (0.10) 0.0044 (0.12) 0.0044 (0.11) 0.0046 (0.11) 0.0046 (0.11) 0.0045 (0.05)

) 0.2389 (0.68) 0.2347 (0.73) 0.2372 (0.70) 0.2452 (0.76) 0.2410 (0.81) 0.2433 (0.43)

) 0.1754 (0.78) 0.1731 (0.72) 0.1801 (0.75) 0.1780 (0.69) 0.1799 (0.77) 0.1823 (0.45)

) 0.1125 (1.43) 0.1083 (1.58) 0.1136 (1.61) 0.1101 (1.51) 0.1098 (1.47) 0.1037 (1.01)

?2) 0.1593 (1.09) 0.1436 (1.12) 0.1449 (1.19) 0.1498 (1.02) 0.1473 (1.11) 0.1505 (0.82)

Note: Estimated SEs are given in parentheses, and all SEs are multiplied by 102.

To evaluate the predictive performance of the models we built, we split the dataset into two parts:
a larger part for model building and a smaller part for model validation. For example, we split
the SPI dataset with sample size n = 2516 into two subsets: sample 1 (the sample from 7 February
2013 to 21 December 2022) of size n; = 2486 and sample 2 (the sample from 22 December 2022 to
6 February 2023) of n, = 30. We build a DARCH model using the sample 1, and then apply the
model to predict the dataset from 22 December 2022 to 6 February 2023. We compare the predicted
values with the sample 2 to evaluate the performance of different estimation methods. The chosen
evaluation metric is Median Absolute Percentage Error (MAPE), calculated as the median absolute
difference between predicted values ij; and observed values y; (i = 1,2,...,n3). This approach is
similar to that used in [29]. We perform the same procedure on the SPI and HSI datasets with sample
2 of different sizes, specifically ny = 10, 20 and 30. The results obtained are shown in Table 6 and
Table 7, respectively.

Based on the MAPE from Tables 6 and 7, it can be see that the WCER estimation consistently
produces lower MAPE values compared to the other methods. Therefore, we conclude that the WCER
estimation method outperforms other methods.
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Table 6. Comparing the fitted values and predicted values of HSI using MAPE.

Estimates LS QRg25 QRg.75 ERg 25 ERg.75 WCER

np =10 0.0178 0.0181 0.0185 0.0174 0.0187 0.0120

np =20 0.0223 0.0234 0.0239 0.0219 0.0239 0.0157

ny =30 0.0252 0.0268 0.0271 0.0248 0.0273 0.0186
Table 7. Comparing the fitted values and predicted values of SPI using MAPE.

Estimates LS ORy.25 QORy.75 ERg25 ERg.75 WCER

ny =10 0.0171 0.0176 0.0174 0.0176 0.0179 0.0105

ny =20 0.0214 0.0223 0.0219 0.0222 0.0229 0.0144

np = 30 0.0249 0.0256 0.0252 0.0258 0.0261 0.0179

5. Concluding Remarks

In this paper, we develop an estimation method for DTARCH models based on the expectile
theory. We propose the WCER estimators for DTARCH models and derive the large sample properties
of the proposed estimators. Unlike the existing papers on the study of DTARCH models, we do
not need to know the threshold and delay parameters. We conduct a simulation study to test the
proposed theory and find that our WCER estimator outperforms the LS estimator in terms of RMSE,
particularly when the errors follow a heavy-tailed or asymmetric distribution. The simulation results
are consistent with our theoretical results. Even if the common distribution of errors is unknown,
we can still obtain a WCER estimator with good statistical properties like the MLE. Furthermore, we
apply the proposed WCER estimation method to estimate the parameters of DTARCH models using
daily returns data for HSI and SPL

It is noted that the proposed WCER estimation method is more effective for DTARCH models
when the errors follow a non-normal heavy-tail distribution. This finding is consistent with real data
examples, which adds to the practical significance of our study. Therefore, our future work will focus
on further practical data analysis using the proposed methods. In addition, considering the high
dimensionality of many real datasets, one of our next key steps is to come up with estimates based
on expectile regression theory in such a scenario. This is one of the important research tasks that we
will undertake.
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€; ~ t(6); Table S3: RMSE comparison of various estimation methods, €; ~ x*(4); Table S4: Pa-
rameter estimate of various estimation methods, ¢; ~ N(0,1); Table S5: Parameter estimate of
various estimation methods, €; ~ £(6); Table S6: Parameter estimate of various estimation methods,
€t ~ )(2 (4)
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Abbreviations

The following abbreviations are used in this manuscript:

MLE Maximum Likelihood Estimation

LS Least Squares

ER Expectile Regression

QR Quantile Regression

CER Composite Expectile Regression

WCER Weighted Composite Expectile Regression

EVaR Expectile-based Value at Risk

DTARCH  Double-threshold Autoregressive Conditional Heteroscedastic
RMSE Root Mean Squared Error

Appendix A

This appendix contains proofs of the various theorems and corollaries used herein. The proofs
of Theorem 1, Corollary 1 and Theorem 2 are similar to those of [42,43], which will not be listed in
detail here. Theorem 3 is a special case when k = 1 and w = 1 in Theorem 4, and hence its proof is
omitted. Corollary 2 can be obtained in the same way as Theorem 4. Thus, we only give the detailed

proof of Theorem 4, in which the following lemmas are needed.
Lemma A1. Suppose that the conditions (C2), (C4) and (C5) hold. Then,

w(v,6,u) = Zwk Z{QTk o~ D) — ka(sfk)}r

k=1 t=s+1

which is defined in (A11), can be written as

lp(v,8,u) =L 0+0"GO+0,(1),

where 0 = (VT,(ST,uT>T; L, = <LT L LT )T, with

nls =n2s

T
Ly = (w1%,1, T /qun,K) s nk = Z Q‘rk CTk ( =1,---
=s+1
LYo 3 Ouleei)
an = —— Wi QT ey — C* Iy,
ﬁ k=1 t=s+1 ' *
1 1 - Zy
Liz=——=) w Y, Qqlet—c3)i
Vo Eeh * by

G= <G“ Gn) is a block matrix with each block being
G G

G11 = diag(wl [(1 — ZTl)G(C%) + Tl], e, WK [(1 — ZTK)G(CTEK) + TK]),

G = [Gul]®u', Gy = [1TG11] @, Gp =1"G;1Q.

Proof of Lemma A1. To facilitate the proof, we denote by

Hpq HtlZ)
H; = ,
! (Hm Hi»

9*log{h (e, B)}

where H; = — 279"

isa 2 x 2 block matrix with ¢ = (;) , Y= (

H=EH; = (H“ H12>.

7

Hy1  Hp

*

ﬁ*

; ),and
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Note that for arbitrary positive number a, we have
-1/2, T

n X, 0

P[5 <o) 1

Then, it follows from Taylor’s expansion for the natural logarithm log |e;(«)| that

€t

T T
7 N _7xt57i5 xtxt(s 1
tog es(w)| —log e (") = — 72— 5 = +op(n1).

(Al)

And by Taylor’s expansions for the natural logarithm log{h:(«, B)}, we have

log{h:(a, B)} —log{h:(a", ")}

£ z/u 1 1 .
= \/ﬁht + \/ﬁht 2715 Hi16 — —u thzu— 75 Htuu—l—op( ),

(A2)

where
m .
— Z It,j (0, sgn(et_l)xt_l, ceey sgn(et,q].)xt,qj)ﬁ(]).
j=1
By substituting Equations (A1) and (A2) into Ay, where the definition of Ay is given in the proof of
Theorem 4, we can obtain that

+ zTu n 5+ 1 ﬁTxtxt(F
1 1 _
- ﬁﬁTHtlﬁ - EUTthzu - ZaTHt12u+0p (n 1>,

Ay =

where r; = ’eij + ]%

Note that £,,(v, §,u) is convex in (VT, 5T, uT)T. Showing that ¢, (v, §, u) converges pointwise
to its conditional expectation is enough, and the convergence is uniformly valid on any compact set
of (VT, 57,u")T, which is because of the convexity lemma in [53].

En (V, 5/ u)
K n .
= Z Wk Z E{ QTk Atk QTk(S;k) + QTk(ka)Atk|xt/ Zt}
k=1  t=s+1 (A4)
K n )
=Y W Y, Qu(Si)Au + Ryx(v,6,u),
k=1 t=s+1

where

Qu (S — M) — Qu (Sfk) + Que (Spi) A
= (1-2%) (S — Al (1S} < M) — LS} < 0)] + (1 — 1) AZI(S}, < 0) + TAZI(S}, > 0),

and
* * * 1 .
E{[I(Sf < An) = 1(Sji < O)l|xe, 20} = 8(c5) A+ 58(ck) A% + 0 (%),

E{er[I(Sji < Au) = L(Sji < O)lixi,zi} = chg(er) A+ 5 [(e5) + chg(ch) | ok +o(a% ),

Xt,Zt}

= (c3) 8 (eh) At 5 [205 8(c5) + ()26 (ch) | A% +o(a%):

E{ eF{I(Sj < Au) —1(Sji < 0)]
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From the above equations, we can obtain that

Zwk Z E{ Q. (S} — M) — Que(Si) + Que(Si) Ak |xe, 24

k=1 t=s+1
T T
= Z wi[(1—27)G(c3,) + ] <vk,§ ,u >
k=1 (Ab)
1 1 T 1 z[
alimst1l  wlimsn T i1\ [op
1ymn 1yn T 1lyu iz 5 0 1
X a Xbmsq1 Tt 3 Lpmsr1 U 3 Mg—si1 +0p| =
1yvn Z; 1y Zzl‘fT ZIZT u n
n Zt:erl hy n Z‘d.‘:s#»l Th Zt s+1
By the Chebyshev’s weak law of large numbers, we obtain that
1 1 T 1 z,
i i=si1 1 t=st1 T % Di=stl 7y 1w
1 T 1 iz p T 2
n Zt s+1 Tt 3 Zt s+1 rfrffT Zt s+1 [h,[ —\m O Q) =T
1 1 ZiT, 1 7z (@) Q
DN ENEE D AT D ';th Pz SRz Rk
By substituting the above equations into Equation (A4), we can obtain that
Ly (v d,u)
== Z WOk —= Z QTk Z Wi—= Z QTk cq, rt [
\F t=s11 \F t=s+1 '
z/
- Z Wk —= E QTk Tk ;Tu
=t t
+ }: wk‘ST Z Qn (er — ¢ Ht12:|
=1 n S ‘ (A6)

K 1 n
+k21wku 7 Y Qule Cik)Ht22:|u

t=s+1

K T [ * thz—
+Zwk5 27’[ Z QTk CTk) Htllf 62 6

k=1 t=s+1 i
K
+ Z we[(1—27)G(c3,) + 1] 9;1"9;{ +0p(1) + Ry (v, 5,u),
k=1

T .
where 6, = (vk, JT,uT> . Since E[Qq (et —c3)] = 0, by the Chebyshev’s weak law of large

numbers, we obtain that

1 & . "
” Y Qu(er—ct)Hno o,
t=s+1

1 u . * 14
= Y. Qu(er—cf)Hp — 0,
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Subsequently, we obtain that
ly(v,6,u)
= - Z Wk —= Z QT
\[t s+1 k Tk
- Wk —= QT rt )
Z f ; ;l e (A7)
7
_ Z Wy —F—= Z QTk CTk ]’liu
st t

+ 2 wr[(1—21%)G(ch) + )0 T + 0p (1) + Ry i (v, 5, u).
k=1

According to Lemma A2, we can obtain that
Ry(v, 8,u) = 0, (n71) = 0p(1),

which combining with (A7) and performing some straightforward calculations, we arrive at the
conclusion of Lemma Al. O

Lemma A2. Suppose that the conditions (C2), (C4) and (C5) hold. Then,
Ry k(v,d,u) =0, (nil) =0p(1),

which is defined in (A4).

Proof of Lemma A2. We can manipulate Equation (A4) to obtain the following form

E{ly(v,6,u)}
=E{E{{ly(v,d,u)|x,z}} — [ {Zwk Z Q. (S5 Atk}
t=s+1
_E{Zwk Z E{ Qq (Sjk Atht,zt}} +E{R, x(v,6,u)},
k=1 t=s+1
which yields that
E{R, x(v,6,u)} =0. (A8)

According to Equations (A6) and (A11), we obtain that

R”k v, 9, u Zwk Z {QTk tk Atk) QTk(S:k)"‘QTk(SZFk)Atk}
k=1 t=s+1

(A9)

— Z wi[(1—21)G(ch) + 1] 0 TO) + 0, (1).
k=1

By Lemma 2 in [9], we obtain that

Var{R, x(v,8,u)} =n Z wiVar{ Qr, (S5 — Aw) — Qu (Sh) + Qn—(sfk)Atk}

<n Z wrE{Qx (Sj, — Ai) — Qu(Sfy) + Qrk(st*k)Atk}z

ie.,

Var{R, x(v,6,u)} = o(nfl). (A10)
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From (A8) and (A10), it follows that
Ryk(v,d,u) = o0p (n71> =o0p(1).
This completes the proof of Lemma A2. O
Lemma A3. Suppose that the conditions (C2), (C4) and (C5) hold. Then,
Ly = N(0,x°),

0 0
where Ly is defined in Lemma A1, and 20 = (2(1)1 ;1)2) is a block matrix with blocks 2(1)1 isa K x K matrix
21 =2
with the (j, k)th element being

291, k) = wjwE [er (et )Qn (e — Tk)] ;
), = [2(1)11} o' 2y [1T211] @ p; £y =172910.
Proof of Lemma A3. Note that

\/’ I =s+1 QTl( C%)wl

Lnl :
Ly=|Lpn]|= \f Z —s+1 QTK (et Cj‘fk)wK
Ln3

ﬁ Zk:l W s i1 Qq (er — )
—ﬁ 2521 Wi Z?:s+1 Qe (ef C’l’k) %

By the Cramer-Wald device and the Central Limit Theorem, we obtain that
We now calculate p#; and X0, respectively. It is easy to show that

BL = Ok ptq)x1

$0 _ (Z‘gl Zgz) )
Z‘21 Z22
QTl( Cr ) wr —Qx (e (er — Cy G )wr
h=E : ’
7Q‘TK (et - C'T’K)(UK 7Q‘TK (et - C'*fK)wK

which is a K x K matrix with the (j, k)th element being

Let

where
T

211(j,k) = ijkE(Qrf <€t - C%) Qq (e — C%))

= dwjwy /)Tjrk —Til(er <cz) —wller < C%) +I(e < c% Aez,)

x [3% - (C% + ¢z, )er + C%C;k}dG(et).
We can obtain the expressions of X1, Y1 and X similarly. Thus,
Ly A N(O, ZO),

which completes the proof of Lemma A3. O
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Proof of Theorem 4. Let \/n(a —a*) = J, /n(B— B*) = u, /n(cy, —c3) = v, v=(v1,--- oK)
and

Sty = log |et(a)| — log{ht(a, B)} — c
= log |et(a* +n1/28)| — log{ht(tx* +n7125, 8 + n’1/2u)} - (ka + n71/2vk).

Define S}, = log |e;(a*)| — log{h:(a*, B*)} — 3. = et —Cy, Dy = Sji — Sy, and

n

K
(v, 8,1) = 2 2 {Qrk<stk)fQTk(etfca>}

(A11)

n

Z Qrk Atk) QTk(S?k)}-

I
I Mx

Then minimizing the objective in (9) is equivalent to minimizing ¢, (v, §,u). By Lemma A1, we
obtain that

1
ly(v,8,u) =L 0+ EeT(zc)eJrop(l), (A12)
-
where 6 = (vT,JT,uT) Ly = (LTl,L;,rz, LL) , with

.
Ly = (01Gn1, - WKGnK) + Guk = Z Quler—cy)(k=1,---,K),
=s+1

H2 - T T = Z Wy Z Q‘L'k CTk I,

= t=s+1
1 K z;
LnS = - = Wi Z QTk T ) ;
k
V= s+1 h

G= <GH G12) is a block matrix, with each block being
G Gz
Gy = diag(w1 [(1 —21)G(cy,) + 1], -+ ,wr [(1 —21)G(c5, ) + &]),

G =[Gul]@pu', Gy = [1TG11] @u, Gy =1 G110,

We further perform transformation calculations on matrix G, resulting in

c_ G Gull@pu’
= [1TG11]®;1 1761110

1/2 1/2 1/2
(.. Gll/12 0 (1 0 ) Gy [Gn 1] ou'
16l en 1)\0 1Tenin)\ o i
1/2 1/2 1/2
_ Gy o0\/1 o I 0 G [clf1]en”
[1TG}1/2} op 1/\0 176111 0 17Gy1I1 0 i

G2 0\ /1 0 1/2 Gl 0\ /1 0 /277
~\[1Telen 1 (0 lTGan) TGl en 1 (0 1TGH1H> ’

that is to say, G is a positive matrix. Furthermore, according to Lemma A3, we obtain that
Ly 2 N(o, 20),

0
/i
21 X
with the (j, k)th element being

where 20 = < ) is a block matrix, and each block is, respectively: 2‘1)1 is a K x K matrix

=0 k) = wjeorE| Qs (e — ¢ ) Qu (er = e3,) ]
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0 0 T. 50 T50 .50 T50
Xpp = [2111} ®p Uy = [1 Z11] ®p; Ip =1 Xj10.
Therefore, by Theorem 2 in [54], we can obtain that
~ 1
RN N(O, Z(;*120(;*1).
T

. . T
Note 0 = \/ﬁ(?ﬁ —Cf, Oy —Ch (B — a*)’, <[3 - ,B*) ) . Now, we obtain that

. ™ T 1
\/ﬁ(ﬁﬁfC;‘jp“,ETKfcf«K,(&fa*)T,<ﬁfﬁ*> ) &N(n,ic—lz()c—l),

next, we need to compute %GilzoG’l.
Gll GlZ
Denote G~ = (

G2l Gzz) , by applying the inverse operation rules of block matrices, we can
obtain that

Gy1 = Gy — G21Gy;'Ga
=1"G; 10 - {[1TG11] ®ﬂ} {[Gnl]@ﬂ }

=1'G1 [Q — yyq .

I1, = Var(%),yz =E f—) thenIT, = Q, — yzyz . Because ), = E(Z‘rt ) 11, = Cov(rt, i ),
then HTTZ = Cov(%,rt =0y,
Q—pp' =

Substituting the above formula into Gy; 1 yields

K
G22.1 = 1TG111H = { Z Wi [(1 — 2Tk)G(C-tk) + Tk} }H
k=1

So, we can obtain the expressions for G111, G12, G2! and G?2 as follows:
11 -1 -1 1 1
G =Gy + Gy G126y 161Gy
-1
=65 +Gp{lenen’ {1 eu} {[17en] @ ujcy!

it i) frow i (17 o)

-1
-G 11 n [1TG111} [”Tnflﬂ] 17 (A13)
dla ( .. 1 )
E\wil —zn G(er)+ )" wkl[(1—21%)G(c%,) + ]
p "
K * 4
Zk:1 Wi [(1 - ZTk)G(CTk) + Tk]
G2 = -GGG,
-1
= —Gﬂl{[GHl] ®]JT}{1TG111H}
(A14)

~(176m) e [T
1 _
- _Z,Ile we[(1—27)G(c%,) + 1] 1 [FTH 1};
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21 -1 -1
G™ = =Gy 166Gy

() 1o -
1 —
T YK [(1 - 210G (k) + 1] 17 & [H 1’4}1_

and

-1
G2 = Gy = 176y
1 (A16)

= .
Yh o we[(1—27)G(c%,) + ]

Denote
- Y11 Z12 71 10 _171 Gl Gl12 2(1)1 2(1)2 Glt g1z
== (221 Yn) 4G =G Ta\c? c2)\x) =9,)\c* c2)
next, we have to calculate X1, X5, Xp1 and Xy, respectively. First of all,
1
I = 5 [GUEh G+ G G+ GG + 6Pl E, (A17)
where
1150 ~1
ey el
-1 T 1, 1447 g0 [ At T 1, 44T
=:{Gq +[1 Gnl} [;4 IT y}ll 296Gy + [1 G111] [Il I ”}11

-1
= GREh Gy + Gt [T G| [T ]

n [ITGHl] -1 {ﬂTH—ly] 1759,G; ! (A18)
+[176n1 - [ 11750 [17 G - [ 1
= G'2h Gl + ”1:21111” [Gaizhm” + 1= 6 + ”1112;1111” ] 2(1T2?11) 1’;
G12221G11
_ {_ (1TGH1) e [;ﬁn*l] } { [1594 ® y}
{Gl—ll + [1TG111] —1 [l‘TH_ly] HT} (A19)
- _"ITTncllll”nnglcl—ll - [I;TTHQ: 2(1T)2(1)11>11T;
G130, = [Glzzglcn]T
A20
- ”1?;111” Glx9m’ [”1 TI;;” (=)’ -
G12282G21
_ {_ <1TG111 e {;ﬁn—l] }{ﬂzglm}{— (1TG111) 17 ® [H—ﬂ }
- 1TG111) ? 1Tz§)11) (;FH*QH*;J) 17 (A21)
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So, by substituting the results of (A18)-(A21) into the expression for X1 in (A17), we can obtain the
value of Xq; as

1
Li =g [61158,6" + G220, 61 + G}, 6P + G12E, 67|
1 __ _ 1 -2 _
= 166y + 4 (17en1) T (1TEh) (u T )1 (A22)
=+ 0% (w) (p T )1,
where ¢ is a K x K matrix with the (j, k)th element being
E [QT] (et — c%) Qq (er — C%)]
4[(1 —277)G(ct) + Tj} [(1—27)G(c% ) + ]

Sik =

5 w'Aw
r(w) = 57
|:le<<:1 wk((l — ZTk)G(C:f—k) + Tk)]

with A is a K x K matrix with the (j, k)th element being A(j, k),

A(j k) = EE{QT] <€t - C%-)Q.Tk (et - C?;k)}

= /’Tka —1il(er < c7) — wl(er < c%) +1(er < c%_ Acq)

[etz - (c% +c e + C%cﬂ dG(et).
Secondly, we have
T = % [G1'5,6'2 + G229, G12 + G1E},62 + 622,672, (A23)
where
G112(1)1G12
_ {Gil + [1TG111} - [;ﬁrrly] 11T}z(f1 { - (1TG111) e [;ﬁnﬂ }
- —(1TG111>71 (Gﬁlzg’ll) ® (;ﬁn—l)
- (1TG111> - (,ﬁn*ly) (1T2911)1 ® (;ﬁnfl);
GlZZglclz
={=(rem) e [ erd{-(Tenn) e [} ()

= (17em) - (=) ()10 (W)

(A24)

G112?2G22
_ {Gl_ll i [1TG111] ! {yTH_ly] 11T}{ {2‘{11} ®;¢T}{ [ITGHlHZ] 71}
— (1TG111)71 (en'zh) @ (w1 )

+(176m1) - (v'07') (172010 (W),

(A26)
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G1259,G2 = {— <1TG111) 1© [ -1

] }{ﬂzg’lm}{ [ﬂcnm} _1}
@ (n o)

TS IS
@ (wm)
7<1TG111) 17291 )( - y)1®(;ﬁrr1).

So, by substituting the results of (A24)—(A27) into the expression for X1 in (A23), we can obtain the
value of X1, as

- lTG111> 17

( (s
:_<1TG111> z(ﬁzgl )1@
( (1" =)

K

—2
~(176n1) (1=

1
Ty = Z[G“Z%G“—&—GHZ%GH+G112?2G22+G12282G22]
_ LT 2/ Ts0 Tr-1 A28
= —;(1T6n1) “(1'=h)1e (') (A28)

= (w1 (yTH*l).

Thirdly, we have
221 = (le)T = *(TZ(W)lT &® (H_1ﬂ> (A29)
Fourthly, we have
Sy = %[Gzlz(l)lclz +G250,G12 + Gx0,G2 + G22232G22], (A30)

where

G20 G2 = {— (176u1) T 1174 }291{— (1TG111)711 @ [p'r ] }

(A31)
_ (1TG111> - (1T2911) (H*lyﬂn*);
62,6 = { [T G| {7z ] suh{ - (176n1) 1 [uTrr ]} -
S (1TG111) - (1T20 ) (H—lmﬁn—l);
GAx,62 = (62, 612) ~(17Gn1) (1Tz‘1)11) (-t 1), (A33)
G239,G2 = { [17 G - } {1Tz‘flm}{ [17 Gy 71}
= (176u1) (175 (mlan ) (A34)

= (176m (1 =0 1) [ (T T )17

)
:(1TG111) (1 2911) [H I T IT ]
(

So, by substituting the results of (A31)—(A34) into the expression for ¥y, in (A30), we can obtain the
value of ¥y, as

1
Ty = Z [Gzlz(l)l G2 4+ 622281G12 + Gzlz(l)zczz + Gzzzgzczz]
_ 17 2/ T50 -1 (A35)
- Z(l Gut) (1'zf1)n
= 0% (w)IT .

Therefore, we obtain that

~ ~ « s & N »
Vir(Es —ch o En - @-an) (B-p) ) 2 NOD),
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where ¥ = (

Appendix B. Partial Results of Simulation Studies

Table A1l. Parameter estimate of various estimation methods, €; ~ N(0,1).

X1
Y01

)
V)]

) . We have now concluded the proof of Theorem 4. [

n = 100
Bstimate  ofV  WfY WP WP gV g gV g 2
MLE 0.2357 0.2902 0.4264 0.1868 0.0349 0.2864 0.4907 0.0638 0.4346 0.3369
LS 0.2342 0.2878 0.4228 0.1854 0.0354 0.2852 0.4881 0.0641 0.4333 0.3357
QRg 25 0.2141 0.1569 0.4113 0.1019 0.0441 0.2249 0.4344 0.0789 0.3899 0.2959
QRg 75 0.2148 0.1752 0.4134 0.1089 0.0439 0.2256 0.4356 0.0792 0.3901 0.2981
ERg 25 0.2099 0.2123 0.4134 0.1099 0.0430 0.2257 0.4312 0.0794 0.3914 0.2953
ERp.75 0.2084 0.2101 0.4129 0.1098 0.0441 0.2241 0.4346 0.0791 0.3913 0.2953
WCER 0.2159 0.2257 0.4265 0.1439 0.0354 0.2459 0.4753 0.0671 0.4056 0.3149
n = 300
Bsimate  of)  WfY WY WP gV gV § & ® A
MLE 0.2417 0.2913 0.4396 0.1907 0.0327 0.2903 0.4936 0.0623 0.4403 0.3421
LS 0.2404 0.2902 0.4390 0.1902 0.0331 0.2902 0.4925 0.0631 0.4391 0.3404
QRg 25 0.2209 0.2387 0.4242 0.1499 0.0401 0.2512 0.4548 0.0717 0.4024 0.3080
QRg 75 0.2213 0.2389 0.4244 0.1508 0.0398 0.2508 0.4539 0.0729 0.4011 0.3079
ERg 25 0.2203 0.2399 0.4233 0.1508 0.0399 0.2489 0.4553 0.0727 0.4013 0.3086
ERg 75 0.2202 0.2380 0.4239 0.1511 0.0392 0.2513 0.4546 0.0741 0.4006 0.3089
WCER 0.2295 0.2604 0.4376 0.1701 0.0339 0.2824 0.4869 0.0642 0.4248 0.3302
n = 800
Bsimate  of)  ofY WY WP gV plY § % ® &
MLE 0.2449 0.2928 0.4446 0.1925 0.0316 0.2944 0.4958 0.0617 0.4434 0.3449
LS 0.2441 0.2919 0.4443 0.1919 0.0318 0.2941 0.4951 0.0620 0.4430 0.3441
QRy 25 0.2311 0.2578 0.4313 0.1641 0.0372 0.2588 0.4661 0.0687 0.4099 0.3191
QRy75 0.2306 0.2584 0.4321 0.1644 0.0371 0.2580 0.4656 0.0689 0.4101 0.3195
ERp 25 0.2301 0.2579 0.4311 0.1658 0.0376 0.2594 0.4659 0.0692 0.4108 0.3188
ERy.75 0.2294 0.2581 0.4314 0.1654 0.0374 0.2587 0.4648 0.0696 0.4106 0.3191
WCER 0.2409 0.2802 0.4418 0.1814 0.0322 0.2901 0.4918 0.0624 0.4337 0.3379
n = 1500
Estimate “51) agl) a?) “gz) ﬂ(()l) [351) gl) (()z) gz) gz)
MLE 0.2467 0.2955 0.4462 0.1954 0.0306 0.2977 0.4971 0.0605 0.4465 0.3473
LS 0.2462 0.2944 0.4460 0.1951 0.0308 0.2972 0.4968 0.0606 0.4460 0.3469
QRg 25 0.2361 0.2732 0.4435 0.1862 0.0336 0.2704 0.4761 0.0651 0.4241 0.3269
QRp.75 0.2368 0.2738 0.4437 0.1858 0.0339 0.2711 0.4758 0.0651 0.4239 0.3263
ERg o5 0.2355 0.2721 0.4435 0.1864 0.0338 0.2701 0.4759 0.0649 0.4231 0.3277
ERy 75 0.2364 0.2718 0.4432 0.1871 0.0341 0.2705 0.4755 0.0652 0.4229 0.3266
WCER 0.2446 0.2903 0.4459 0.1945 0.0307 0.2924 0.4964 0.0607 0.4451 0.3467
n = 2500
Bsimate  of)  ofY o WP gV pY § % ® 2
MLE 0.2485 0.2978 0.4483 0.1976 0.0302 0.2988 0.4985 0.0602 0.4483 0.3487
LS 0.2483 0.2972 0.4479 0.1970 0.0304 0.2983 0.4980 0.06004 0.4478 0.3484
QR 25 0.2424 0.2858 0.4463 0.1924 0.0316 0.2858 0.4877 0.0625 0.4362 0.3373
QRg.75 0.2439 0.2856 0.4465 0.1926 0.0319 0.2851 0.4875 0.0626 0.4364 0.3371
ERg 25 0.2428 0.2853 0.4465 0.1925 0.0318 0.2853 0.4872 0.0624 0.4361 0.3378
ERg 75 0.2437 0.2850 0.4462 0.1922 0.0320 0.2850 0.4874 0.0625 0.4363 0.3376
WCER 0.2474 0.2960 0.4477 0.1965 0.0305 0.2980 0.4979 0.0605 0.4475 0.3482
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Table A2. Parameter estimate of various estimation methods, €; ~ ¢(6).

n = 100
Estimate  of" " o af” A" L & By 5
MLE 0.2362 0.2762 0.4302 0.1822 0.0346 0.2869 0.4903 0.0638 0.4337 0.3394
LS 0.2135 0.2057 0.4181 0.2707 0.0409 0.2341 0.4424 0.0765 0.4004 0.3038
QRg 25 0.2119 0.2044 0.4189 0.2756 0.0412 0.3689 0.4418 0.0759 0.3988 0.3030
QRg 75 0.2121 0.2055 0.4180 0.1248 0.0410 0.3692 0.4411 0.0761 0.3980 0.3025
ERp 25 0.2122 0.2039 0.4187 0.1250 0.0416 0.2299 0.4420 0.0767 0.3996 0.3036
ERy 75 0.2118 0.2049 0.4176 0.1255 0.0422 0.2296 0.4416 0.0762 0.3988 0.3039
WCER 0.2179 0.2095 0.4272 0.1436 0.0365 0.2501 0.4851 0.0678 0.4106 0.3177
n = 300
Estimate “51) aél) a;z) “gz) ﬁ(()l) §1) gl) ((Jz) 52) gz)
MLE 0.2424 0.2894 0.4436 0.1913 0.0329 0.2918 0.4948 0.0621 0.4406 0.3426
LS 0.2228 0.2446 0.4287 0.2421 0.0376 0.2563 0.4645 0.0705 0.4084 0.3156
QRg 25 0.2221 0.2433 0.4259 0.2478 0.0379 0.3451 0.4633 0.0709 0.4045 0.3151
QRy.75 0.2218 0.2430 0.4256 0.1524 0.0381 0.3453 0.4639 0.0707 0.4043 0.3159
ERp 25 0.2225 0.2424 0.4264 0.1539 0.0381 0.2543 0.4624 0.0712 0.4044 0.3142
ERy 75 0.2223 0.2428 0.4255 0.1534 0.0387 0.2551 0.4626 0.0716 0.4039 0.3151
WCER 0.2321 0.2646 0.4384 0.1708 0.0337 0.2821 0.4899 0.0641 0.4259 0.3313
n = 800
Estimate 041) agl) agz) “gz) /3((,1) ﬁg) §1) ((]2) gz) gz)
MLE 0.2454 0.2922 0.4458 0.1936 0.0309 0.2947 0.4956 0.0611 0.4444 0.3458
LS 0.2319 0.2639 0.4325 0.2268 0.0343 0.2699 0.4720 0.0656 0.4203 0.3262
QR 25 0.2307 0.2625 0.4323 0.2288 0.0370 0.3311 0.4702 0.0669 0.4189 0.3260
QRg 75 0.2305 0.2614 0.4324 0.1721 0.0369 0.3320 0.4705 0.0671 0.4184 0.3256
ERy 25 0.2309 0.2628 0.4331 0.1709 0.0366 0.2683 0.4699 0.0678 0.4194 0.3261
ERg 75 0.2300 0.2619 0.4329 0.1695 0.0368 0.2669 0.4687 0.0681 0.4183 0.3249
WCER 0.2412 0.2801 0.4423 0.1824 0.0314 0.2908 0.4913 0.0618 0.4346 0.3395
n = 1500
Bstimate  ofY o) W) o7 gV gl § & ® 2
MLE 0.2477 0.2949 0.4473 0.1955 0.0304 0.2969 0.4972 0.0607 0.4459 0.3466
LS 0.2397 0.2804 0.4398 0.2168 0.0323 0.2808 0.4813 0.0647 0.4309 0.3353
QRg 25 0.2389 0.2799 0.4384 0.2176 0.0335 0.3203 0.4811 0.0653 0.4301 0.3349
QRg 75 0.2383 0.2787 0.4379 0.1821 0.0337 0.3209 0.4808 0.0655 0.4297 0.3341
ERg 25 0.2385 0.2792 0.4388 0.1823 0.0333 0.2792 0.4803 0.0651 0.4295 0.3348
ERp 75 0.2379 0.2783 0.4382 0.1832 0.0338 0.2790 0.4809 0.0649 0.4284 0.3340
WCER 0.2449 0.2898 0.4469 0.1933 0.0308 0.2932 0.4954 0.0610 0.4407 0.3419
n = 2500
Bstimate  ofY o) W« o7 gV gl § & ® £
MLE 0.2488 0.2977 0.4485 0.1976 0.0302 0.2983 0.4986 0.0604 0.4479 0.3482
LS 0.2438 0.2891 0.4441 0.2069 0.0315 0.2887 0.4898 0.0625 0.4401 0.3413
QRg 25 0.2440 0.2888 0.4439 0.2073 0.0317 0.3117 0.4891 0.0627 0.4398 0.3408
QRg 75 0.2437 0.2887 0.4436 0.1921 0.0319 0.3115 0.4889 0.0629 0.4396 0.3410
ERg 25 0.2436 0.2889 0.4437 0.1922 0.0316 0.2881 0.4893 0.0633 0.4395 0.3411
ERp .75 0.2437 0.2883 0.4434 0.1928 0.0321 0.2877 0.4887 0.0631 0.4397 0.3409
WCER 0.2475 0.2941 0.4481 0.1966 0.0304 0.2964 0.4976 0.0607 0.4452 0.3468
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Table A3. Parameter estimate of various estimation methods, €; ~ x%(4).

n = 100
Estimate  of" " o af” A" L & By 5
MLE 0.2377 0.2772 0.4352 0.1869 0.0337 0.2883 0.4892 0.0651 0.4377 0.3397
LS 0.2126 0.2009 0.4018 0.2833 0.0411 0.2244 0.5609 0.0767 0.3953 0.3002

QRo25 0.2151 0.2048 0.4927 0.2839 0.0417 0.2239 0.5601 0.0769 0.3962 0.4001
QRg 75 0.2148 0.2037 0.4944 0.1149 0.0421 0.2222 0.4396 0.0762 0.3956 0.4007
ER 25 0.2161 0.2057 0.4084 0.1179 0.0409 0.2255 0.4406 0.0757 0.3974 0.3006
ERg75 0.2153 0.2061 0.4069 0.1128 0.0417 0.2218 0.4401 0.0772 0.3947 0.2995
WCER 0.2239 0.2123 0.4289 0.1518 0.0365 0.2519 0.4757 0.0683 0.4181 0.3188

n = 300
Estimate “gl) aél) “iz) “gz) ﬁ(()l) 51) gl) ((Jz) 52) gz)
MLE 0.2414 0.2891 0.4439 0.1922 0.0318 0.2922 0.4951 0.0621 0.4419 0.3437
LS 0.2235 0.2456 0.4268 0.2344 0.0381 0.2655 0.5304 0.0701 0.4160 0.3227

QRo 25 0.2242 0.2469 0.4722 0.2342 0.0379 0.2667 0.5307 0.0699 0.4169 0.3771
QRg.75 0.2240 0.2459 0.4731 0.1651 0.0381 0.2661 0.4694 0.0698 0.4163 0.3773
ERg25 0.2248 0.2477 0.4281 0.1664 0.0373 0.2676 0.4699 0.0698 0.4174 0.3240
ERg 75 0.2222 0.2445 0.4263 0.1649 0.0385 0.2642 0.4691 0.0712 0.4147 0.3224
WCER 0.2328 0.2667 0.4380 0.1728 0.0335 0.2839 0.4892 0.0638 0.4294 0.3329

n = 800
. 1 1 2 2 1 1 1 2 2 2
Estimate (! a{V 2 RO B B M @ @ @
MLE 0.2456 0.2944 0.4463 0.1949 0.0310 0.2956 0.4965 0.0612 0.4446 0.3459
LS 0.2314 0.2613 0.4336 0.2289 0.0363 0.2705 0.5227 0.0684 0.4225 0.3286

QR 25 0.2321 0.2629 0.4661 0.2281 0.0361 0.2709 0.5220 0.0681 0.4227 0.3717
QRo.75 0.2317 0.2623 0.4667 0.1713 0.0365 0.2703 0.4775 0.0686 0.4221 0.3718
ERg25 0.2326 0.2633 0.4342 0.1723 0.0354 0.2714 0.4783 0.0675 0.4232 0.3295
ER 75 0.2309 0.2608 0.4331 0.1705 0.0367 0.2699 0.4768 0.0689 0.4218 0.3282
WCER 0.2416 0.2801 0.4426 0.1874 0.0320 0.2909 0.4917 0.0618 0.4355 0.3389

n = 1500
: 1 1 2 2 1 1 1 2 2 2
U U R T S U Y Y
MLE 0.2479 0.2958 0.4476 0.1965 0.0306 0.2972 0.4971 0.0605 0.4468 0.3467
LS 0.2357 0.2743 0.4379 0.2131 0.0344 0.2782 0.5192 0.0653 0.4305 0.3317

QR 25 0.2365 0.2747 0.4620 0.2129 0.0340 0.2784 0.5191 0.0650 0.4308 0.3678
QRo.75 0.2361 0.2741 0.4627 0.1867 0.0345 0.2781 0.4805 0.0654 0.4306 0.3680
ERg 25 0.2366 0.2752 0.4384 0.1873 0.0337 0.2786 0.4811 0.0648 0.4313 0.3331
ERy 75 0.2351 0.2739 0.4373 0.1862 0.0347 0.2777 0.4803 0.0656 0.4299 0.3311
WCER 0.2442 0.2899 0.4469 0.1932 0.0308 0.2930 0.4955 0.0608 0.4401 0.3433

n = 2500

Estimate 041) agl) agz) “gz) ﬁ(()l) /351) gl) (()2) gz) gz)
MLE 0.2489 0.2978 0.4486 0.1982 0.0304 0.2985 0.4985 0.0603 0.4483 0.3482
LS 0.2418 0.2870 0.4433 0.2073 0.0322 0.2886 0.5101 0.0625 0.4401 0.3412

QRo25 0.2424 0.2872 0.4569 0.2076 0.0323 0.2884 0.5103 0.0627 0.4404 0.3590
QRo.75 0.2416 0.2875 0.4571 0.1925 0.0324 0.2881 0.4895 0.0624 0.4402 0.3594
ER 25 0.2423 0.2878 0.4432 0.1928 0.0323 0.2885 0.4896 0.0624 0.4406 0.3408
ERg75 0.2415 0.2876 0.4430 0.1930 22 0.2887 0.4893 0.0622 0.4404 0.3412
WCER 0.2472 0.2951 0.4480 0.1965 0.0306 0.2967 0.4979 0.0605 0.4461 0.3473
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