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Abstract: In this article, we propose a modified multiplicative thinning-based integer-valued au-
toregressive conditional heteroscedasticity model and use the saddlepoint maximum likelihood
estimation (SPMLE) method to estimate parameters. A simulation study is given to show a better
performance of the SPMLE. The application of the real data, which is concerned with the number of
tick changes by the minute of the euro to the British pound exchange rate, shows the superiority of
our modified model and the SPMLE.

Keywords: INARCH model; saddlepoint approximation; thinning-based model; time series of counts

1. Introduction

In practice, we can often observe a series of integer-valued data that have their own
distinguishing characteristics, and many models were proposed for modeling integer-
valued time series, such as the integer-valued autoregressive (INAR) process introduced by
McKenzie (1985) [1], and Al-Osh and Alzaid (1987) [2]; the integer-valued moving average
process proposed by Al-Osh and Alzaid (1988) [3]; the integer-valued autoregressive
moving-average model defined by McKenize (1988) [4]; and the integer-valued generalized
autoregressive conditional heteroscedasticity (INGARCH) model proposed by Ferland et al.
(2006) [5], among others. Here we focus on two kinds of the models above: one is the INAR
process, which was introduced as a convenient way to transfer the usual autoregressive
structure to a discrete-valued time series, and a p-order model, which is defined as follows:

P
Xi=) wjoXii+e
i=1

where «; € [0,1) fori =1,...,p, and {e:} is a sequence of independent and identically
distributed (i.i.d.) non-negative integer-valued random variables with E(e;) = p and
Var(e;) = 02. The binomial thinning operator o is defined by Steutel and Van Harn
(1979) [6] as:

X
xoX =YY, if X > 0and 0 otherwise,
i=1
where Y; are i.i.d. Bernoulli random variables, independent of X, with a success probability
are defined by «. This model has been generalized by Qian and Zhu (2022) [7], and Huang
et al. (2023) [8], among others.
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The other is the INGARCH model which was proposed by Ferland et al. (2006) [5] to
model the observations of integer-valued time series which exist heteroscedasticity; this
INGARCH(p, ) model with a Poisson deviate is defined as:

4 q
Xl Zio1 i P(Ae), Adr=wo+ ) aiXei+ Y Biri—j,
i=1 i—1

where oy > 0, a; > O,,Bj >0,i=1,...,p,j=1,...,9,p > 1,9 >0, and .%#;_1 is the o-field
generated by {X;_1, X;—2,...}. This model has been generalized by Hu (2016) [9], Liu
etal. (2022) [10], and Weif3 et al. (2022) [11], among others. Weifs (2018) [12] and Davis
et al. (2021) [13] gave recent reviews. According to definitions of INAR and INGARCH
models, we noticed that the INAR model is thinning-based, while the INGARCH model is
specified by a conditional distribution with a time-varying mean depending on past ob-
servations. Combining the thinning-based stochastic equations and the INGARCH model,
Aknouche and Scotto (2022) [14] proposed a multiplicative thinning-based INGARCH
(MthINGARCH) model to model the integer-valued time series with high overdispersion
and persistence. Furthermore, it fits well with heavy-tailed data regardless of the choice
of innovation distribution and does not require recourse to complex random coefficient
equations. The MthINGARCH model is denoted by:

Xy = Mgy,

q P (1)
At = 1+wom+2aioXt_,-+ ZﬁjO/\t_j’

i—1 j=1

where the symbol o stands for the binomial thinning operator,and 0 < w < 1,0 <a; <1
and 0 < ,Bj <1(i=1,...,9,j=1,...,p), mis a fixed positive integer number that was
introduced for more flexibility. Since there is no explicit probability mass function for the
series { X; }, then the traditional maximum likelihood estimation (MLE) cannot be applied
to estimate the parameters; therefore, Aknouche and Scotto (2022) [14] used a two-stage
weighted least squares estimation instead.

Note that the probability mass function of the random variables cannot be given
directly for the likelihood function in some cases; to solve this problem, saddlepoint ap-
proximation has been proposed. Daniel (1954) [15] introduced saddlepoint techniques into
the statistical field, which have been extended by Field and Ronchetti (1990) [16], Jensen
(1995) [17], and Butler (2007) [18]. Saddlepoint techniques have been used successfully
in many applications because of the high accuracy with which they can approximate in-
tractable densities and tail probabilities. Pedeli et al. (2015) [19] proposed an alternative
approach based on the saddlepoint approximation to log-likelihood, and the saddlepoint
maximum likelihood estimation (SPMLE) was used to estimate the parameters of the INAR
model, which demonstrates the usefulness of this technique. Thus, through combining the
MthINGARCH model of Aknouche and Scotto (2022) [14] and the saddlepoint approxima-
tion, we propose a modified multiplicative thinning-based INARCH model for modeling
high overdispersion, before applying the saddlepoint method to the estimated parameters.
Although the two-stage weighted least squares estimation could be used to estimate the
parameters of our modified model, we still adopted the SPMLE as it was still expected to
have a better performance than the two-stage weighted least squares estimation in practice.
Here, we just consider the INARCH model instead of the INGARCH model because it
is difficult and complex to give the conditional cumulant-generating function of random
variables for the latter model when applying the saddlepoint approximation.

This article has the following structure. A modified multiplicative thinning-based
INARCH model is given, alongside some related properties in Section 2. Moreover, we use
the Poisson distribution and geometric distribution for innovations. Section 3 discusses the
SPMLE and its asymptotic properties, then simulation studies for both models with SPMLE
are also given. A real data example is analyzed with our modified models in Section 4, and
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comparisons with existing models are made. In-sample and out-of-sample forecasts are
used to show the superiority of the SPMLE and our modified model. The conclusion is
given in Section 5. Some details of SPMLE and proof of some theorems are presented in the
Appendix A.

2. A Multiplicative Thinning-Based INARCH Model

Note that N = {0,1,2,...} and Z = {...,—1,0,1,...} are the set of non-negative
integers and integers, respectively. It can be supposed that {e;, t € Z} is a sequence of i.i.d.
random variables with a mean of one and finite variance of 2. The modified multiplicative
thinning-based INARCH (denoted by the MthINARCH(q)) model, which we deal with in
this paper, is defined by

q
Xt = Ay, My=wom+ Z a;jo Xy g, ()
i=1

where0 < w < 1,0 <a; < 1,i =1,...,q, mis a fixed positive integer number. In real
applications, we can set m as the upper integer part of the sample mean. It is assumed
that the Bernoulli terms corresponding to the binomial variables w o m and &; o X;_; are
mutually independent and independent of the sequence {¢;,t € Z}. The reason that we
defined the new model in this way can be explained as follows. The additive term 1 in A;
and in (1) is unnatural, and is posed to ensure A; > 0, but we can achieve this by adjusting
the range of w; therefore, we adopted a simple version of A in (2).

Now that we discuss the conditional mean and conditional variance of X;. Note that
Fi_1 is the o-field generated by X;_1,X;—»,.... For E(¢e;) = 1, let u; := E(X¢|F—1) =
E(Ater|Fi-1) = E(e) E(M|Fi—1) = E(M| F1) = wom + 27:1 «; X;_;. Then we can obtain
the conditional variance; first, let v; := Var(A;|.%;_1) and of := Var(X;|.%;_1). For E(g;) =
1, Var(g;) = 02, s0 E(¢2) = 0% + 1. Therefore,

q
Vi = Var()\dﬂ},l) = CLJ(l - w)m + Z 061'(1 - ‘xi)Xt—i/
i=1
0f : = Var(X;|Z_1) = E(XF|F1-1) — [E(X¢|.F-1)]* = E(A}|Z11)E(ef) — i
= [Var(A¢|F_1) + (E(A|-Fi-1)))E(7) — 3
= (02 +1)(ve + y%) — y% = (0% + T)ve + Uzy%.

Proposition 1. The necessary and sufficient condition for the first-order stationarity of X; defined
in (2) is that all roots of 1 — Z?:l w;z' = 0 should lie outside the unit circle.

Proposition 2. The necessary and sufficient condition for the second-order stationarity of X;
defined in (2) is that (0> + 1) Z?:l a? < 1.

Proofs of Propositions 1 and 2 are similar to the proofs of Theorems 2.1 and 2.2 in
Aknouche and Scotto (2022) [14], so we omit the details.

For convenience, we need to specify the distribution of {e;} in (2). First, we let
et ~ P(1), then E(¢;) = Var(e;) = 1, and this model is denoted by PMthINARCH(q). It is
easy to obtain

q
pr = wm+ Y w;X,_;, 0F =2u+ .
i=1
Second, let &; ~ Ge(p*). The mean of ¢; is (1 — p*)/p* = 1, so we have p* = 0.5 and the
variance is Var(ge;) = 2. This model is denoted by GMthINARCH(g), then we have

q
U = wm + Z ;i X g, (th =3v + 2;4%.
i=1
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3. Parameter Estimation

In this section, we will consider the SPMLE and its asymptotic properties, and a
simulation study will be conducted to assess the performance of this estimator.

3.1. Saddlepoint Maximum Likelihood Estimation

Let 0 = (w, a1, ...,04)" be the unknown parameter vector. Note that according to the
condition on ¢, ¢ is no longer an unknown parameter. The maximum likelihood estimator
of 8 was obtained by maximizing the conditional log-likelihood function

n
= ZlogP(Xt :xt|Xt—1 = xt—lr-“/thq :thq), (3)
t=1

giving § = arg max, /(). But the above procedure is challenging to implement because it
is difficult to give the likelihood function due to the thinning operations.
Now we discuss the SPMLE. The conditional moment generating function of X; is

E(e[Xy 1 = xi 1,00, Xi g = %) = BN |X, 1 = xi 1,00, Xp g = x1-)

E( u(wom+y]_| ajoX;_; SrlXt 1=X4_1,.. -rthq — xtfq)

womet ||E utXOthEt

Remark 1. Here we just consider the INARCH model instead of the INGARCH model because

for the INGARCH model, the conditional cumulant-generating function of X; should be given

by E(€X|X; 1 = xp1,..., X1 = Xt_g) = E(ell(wom+):?=1 o Xy i+ L]y BjoAr-i)er X, g =
Xt1y-ees Xpogq = xt,q). Notice that Xy and Ay are correlated, it is difficult and complex to show
the conditional cumulant-generating function.

Using the binomial theorem (a + b)" = Y}_, Cka"~*bk, we have

E(eu(wom)et) _ E{E(eu(wom)eqet)} _ E(weuet =+ (1 _ w))m

Zcr 17 r m—r um r)e ‘| Zcr 17 r m—rE(eu(m—r)st).

Similarly, we also have
Xp—i
E(eu ajoxp_; st 2 C 1 _ Oé r xt ;*7E<eu(x,,ifr)£[)'
Therefore, for the PMthINARCH(7) model, we have

E u(wom) st Z Cr 1— (e“(mff)_1)

Xp—i

B = € 1 -,

while for the GMthINARCH(g) model, we have
1
2 — et(m—r) ’

Xt—i 1
Eeuﬂfoxtzﬁt Cr 1_06rxt17 .
( Z Xp— I 2 _ eu(xtfi—r)

E ua)omst Zcr 1_
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Thus the conditional cumulant-generating function of X; is:

q
Kdm::ng@”ﬂXFl:xFL“qXFq:xFﬁ]:kgE@M“WM)+2:ng@M*”Hk&

i=1

A highly accurate approximation to the conditional mass function of X; at x; is provided
by the saddlepoint approximation:

~ _1 . .
er‘Xt—l:xr—lrmrthq:xtfq (xt) = (ZHK;,(ﬁt)> : exp{Kt(ut) - utxt}/ (4)

where ; is the unique value of u which satisfies the saddlepoint equation Kj(u) = x;, with
K} and K} represent the first and second order derivatives of K; with respect to 1. Notice
that it is difficult to solve the saddlepoint equation K} () = x; analytically; similar to that
mentioned in Pedeli et al. (2015) [19], we can use the Newton—-Raphson method to solve
this equation.

The log-likelihood function (3) can be approximated by summing the logarithms of
the corresponding density approximations (4), yielding:

n n
Ln(e) = t_zl lt(e) = i;longt‘Xt,lzxr,],...,Xt,q:xt,q (xt)’ (5)

The value # maximizing this expression is called the saddlepoint maximum likelihood
estimator (SPMLE).

3.2. Asymptotic Properties of the SPMLE
Now we discuss the asymptotic properties of the SPMLE. First we give the first-order
Taylor expansion of K}(u) at u = 0 yields,

Ki(u) = K;(0) + uK{'(0) +o(1) = p+(6) + uo (8) + o(u), (6)

where yi¢(0) and ¢7(0) are the conditional mean and conditional variance of X;. Notice that
il can be given by K] (#;) = x;, so with the Taylor series expansion of K}(u) in (6), we have:

xp — pe(0)

20) +o(1), t=g+1,...,n @)

Uy =

Then, we can obtain the second-order Taylor expansion of K;(u) at u = 0, which is:

2

K{ (0) = upu(6) + 07 (0). ®)

02
Ki(u) ~ uK;(0) + >
Focusing on the exponent of the saddlepoint approximation (4), Equation (8) gives

2
Ke(u) — uxe ~ u(pp(0) — xt) + 703(6).

Then using Equation (7), we have

— 2
K (ily) — tipxe = _[thgt;t(tg()e)]' o

Hence, we can derive from (8) and (9) that the first-order saddlepoint approximation to the
conditional probability mass function is approximately:
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Nl

th‘Xt_lzJCf_l,...,Xt,q:xtfq (.Xt) = (27TK;/(ﬁt))
(xt —wm — YL i)

2 {((72 +1)(w(1—w)m+ Z?:l a;(1—a;)xp_) + o2 (wm + Z?Zl aixt_i)z}

X exp|—

Therefore, L,(0) = Y7, 1(9) = *1, logfxt‘XH:xH,_._,Xt_q:,q_q(xt) is the quasi-likelihood
function for the estimation of 8. To establish the large-sample properties, we have

n n
Ln(g) = Z lt(g) = Z10gth|Xt,1:xt,1,...,Xt,q:xt,q (xt)’
t=1 t=1

which is the ergodic approximation of L, (). The first and second derivatives of the quasi-
likelihood function are given in the Appendix A. The strong convergence and asymptotic
normality for the SPMLE ,, are established in the following theorems.

First of all, the assumptions for Theorems 1 and 2 are listed as follows.

Assumption 1. The solution of the MthINARCH process is strictly stationary and ergodic.
Assumption 2. © is compact and 8y € ©, where © denotes the interior of ©. For technical reasons,
we assumed the lower and upper values of each component of parametersas 0 < wy < w < wyy <1

and0 <oy <wa;<ay<li=1,...,q.

Theorem 1. Let 8, be a sequence of SPMLEs satisfying 8, = arg max L, (0), then under Assump-
€

tions 1 and 2, 8, converges to 6y almost as surely, as n — co.

Theorem 2. Under Assumptions 1 and 2, there exists a sequence of maximizers 0y, of L, (0) such
as that of n — oo,

V(b —6) 5 N(0,Z7Y),

5= E (azlt(90)>l

where

96067
and X is positively definite.

3.3. Simulation Study

In this section, simulation studies of PMthINARCH(g) and GMthINARCH(gq) mod-
els for finite sample size are given, where g = 2. Here, we used several combinations
to show the performance of SPMLE, and the mean absolute deviation error (MADE)

S
% 2 |0}- — 0;| was used as the evaluation criterion; here, s is the number of replications.
=1
Tlie sample size is n = 100, 200, 500, and the number of replications is s = 200. We used
the following combinations of (w, a1, &) as the true values to generate the random sam-
ple: Al = (0.65,0.4,0.4)T, A2 = (0.9,0.5,0.3)" for the PMthINARCH(2) model, and B1
= (0.8, 0.4,0.4)T, B2 = (0.65,0.3,0.5)T for the GMthINARCH(2) model. Tables 1 and 2
show the results of these simulations. Notice that as the sample sizes become larger, the
MADESs become smaller, and the estimates seem to be close to the true values. Therefore,

the SPMLE performs well.
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Table 1. Mean and MADE of estimates for PMthINARCH(2) model with SPMLE.

Model w %1 o
100 Mean 0.6069 0.5356 0.3569
= MADE 0.3681 0.2866 0.2510
Mean 0.5722 0.5026 0.3952
Al m=3 n =200 MADE 0.3557 0.2434 0.2243
500 Mean 0.6436 0.4888 0.4140
= MADE 0.2724 0.1287 0.1005
100 Mean 0.7782 0.5076 0.4750
= MADE 0.2533 0.2752 0.3007
Mean 0.7935 0.5161 0.4701
A2 m=8 n =200 MADE 0.2318 0.2527 0.2778
500 Mean 0.8703 0.5170 0.4677
= MADE 0.1752 0.2155 0.2390

Table 2. Mean and MADE of estimates for GMthINARCH(2) model with SPMLE.

Model w %) 1%
100 Mean 0.7821 0.2930 0.2870
= MADE 0.1195 0.1499 0.1766
Mean 0.8190 03611 0.3185
Bl m=4 n =200 MADE 0.1121 0.1425 0.1640
500 Mean 0.8456 0.3610 0.3298
= MADE 0.0601 0.1331 0.1414
100 Mean 04718 0.2086 0.3811
= MADE 0.1965 0.1466 0.1463
Mean 05186 0.2632 0.5080
B2 m=6 n =200 MADE 0.1607 0.1198 0.1412
500 Mean 0.5468 0.2874 0.4896
= MADE 0.1415 0.1050 0.0770

4. A Real Example

Here, we considered the number of tick changes by the minute of the euro to the
British pound exchange rate (ExRate for short) on December 12th from 9.00 a.m. to 9.00
p-m. The dataset is available at the website http://www.histdata.com/ (accessed on 17
January 2023). The series comprises of 720 observations with a sample mean of 13.2153
and a sample variance of 224.2498. Obviously, the sample variance is much larger than
the sample mean, which shows high overdispersion, and this high overdispersion can
also be seen in Figure la. Figure 1b,c are the plots of the autocorrelation function (ACF),
and the partial autocorrelation function (PACF) means that we know the tick changes
are correlated.

We analyzed the data using the PMthINARCH(3) model, GMthINARCH(3) model,
Poisson INAR(3) (here denoted by PINAR(3) for short) model, and the INARCH(3) model.
The Poisson INAR model is mentioned in Pedeli et al. (2015) [19], and the SPMLE was used
to estimate the parameters. Here, the innovations in the PINAR model were assumed to be
Poisson with a mean of one. The INARCH model with a Poisson deviate was proposed by
Ferland et al. (2006) [5], and the MLE was used to estimate the parameters. According to
Aknouche and Scotto (2022) [14], in real applications, we can set m as the upper integer
part of the sample mean. Here the sample mean is 13.2153, so m is set to the value of 14.
Table 3 gives the estimates of SPMLE and the values of the Akaike information criterion
(AIC) and Bayesian information criterion (BIC). According to Table 3, it is clear to see that
the values of AIC and BIC of PMthINARCH(3) and GMthINARCH(3) are smaller than
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those of the PINAR(3) and INARCH(3) models, the values of AIC and BIC of INARCH(3)
are smaller than those of the PINAR(3) model. Moreover, the values of AIC and BIC of
PMthINARCH(3) are smaller than those of GMthINARCH(3). In summary, the INARCH
model performed better than the PINAR model; meanwhile, the PMthINARCH model and
GMthINARCH model performed better than the PINAR model and INARCH model.

The ExRate series

20 4 60 8 100 120 140
T S S

ACF of observations PACF of observations

“ Lhatlr TN I O N O A DI

Figure 1. (a) The plot of integer-valued series of ExRate. (b) The plot of ACF of observations. (c) The
plot of PACF of observations.

Table 3. Estimation results: AIC and BIC values for PMthINARCH(3), GMthINARCH(3), PINAR(3)
and INARCH(3) models.

PMIINARCHG) 35, 05214 0.1945 00842 1395.296 1413613
GMINARCH®) 450 02332 02155 02392 0272 190789
PINAR(3) 0,835 0:1216 0.59301 15?21.(8:06 15&133;.(;44
INARCH(3) 5670 01140 01379 0.1009 1524 638 1542955

According to Aknouche and Scotto (2022) [14], the two-stage weighted least squares
estimation (2SWLSE) was used to estimate the parameters of the MthINGARCH model.
Therefore, to compare the performance of 2SWLSE and SPMLE, and the performance of
PMthINARCH, GMthINARCH, and PINAR models, to consider the in-sample and out-of-
sample forecasts of these two estimation methods and the three models above, respectively.
First, we considered the in-sample forecast. We used all of the observations to estimate the
model, and then we could forecast the last 10 observations 711-720, the last 15 observations
706-720, and the last 20 observations 701-720; these three-time horizons of in-sample
forecast are denoted by C1, C2, and C3, respectively. Similar to the in-sample forecast
process, we also considered the out-of-sample forecast and divided all the observations
into three-time horizons: the first one was 1-710 and 711-720, the second one was 1-705
and 706-720, and the third one was 1-700 and 701-720, which are denoted by D1, D2, and
D3, respectively.

Here we illustrate the performance of the considered models by comparing the MADEs
of each forecast. The MADEs of in-sample forecasts and out-of-sample forecasts for
three models with SPMLE are shown in Table 4. The MADEs of the in-sample forecasts
and out-of-sample forecasts for the PMthINARCH model with 2SWLSE and SPMLE are
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shown in Table 5, and the in-sample forecasts and out-of-sample forecasts for the GMthl-
NARCH model with 2SWLSE and SPMLE are shown in Table 6. According to Table 4, the
MADESs of PMthINARCH(3) and GMthINARCH(3) are smaller than those of PINAR(3),
Tables 5 and 6 show that the MADEs of PMthINARCH (3) and GMthINARCH(3) of SPMLE
are smaller than those of 2SWLSE; meanwhile, in these three Tables, the MADESs of in-
sample forecasts were smaller than those of out-of-sample forecasts. In summary, the
PMthINARCH model and GMthINARCH model were superior to the PINAR model in
modeling this real data set, and the PMthINARCH model performed better than the GMthl-
NARCH model. Meanwhile, the performance of SPMLE was better than 2SWLSE for
MthINARCH models.

Table 4. MADEs of in-sample forecasts and out-of-sample forecasts for PMthINARCH(3),
GMthINARCH(3), and PINAR(3) models with SPMLE.

le;}r‘e"c‘;ss t"f PMthINARCH ~ GMthINARCH PINAR
C1 15.30 16.80 17.40
In-sample C2 15.87 17.67 18.40
C3 16.65 20.70 21.90
D1 17.50 17.70 22,50
Out-of-sample D2 19.47 19.80 23.80
D3 2050 2525 27,50

Table 5. MADEs of in-sample forecasts and out-of-sample forecasts for PMthINARCH(3) model with
SPMLE and 2SWLSE.

Methods of Forecast SPMLE 2SWLSE
C1 15.30 16.20
In-sample Cc2 15.87 17.20
C3 16.65 18.55
D1 17.50 18.60
Out-of-sample D2 19.47 21.67
D3 20.50 22.70

Table 6. MADE: of in-sample forecasts and out-of-sample forecasts for GMthINARCH(3) model
with SPMLE and 2SWLSE.

Methods of Forecast SPMLE 2SWLSE
C1 16.80 17.20
In-sample C2 17.67 18.07
C3 20.70 21.05
D1 17.70 19.90
Out-of-sample D2 19.80 22.87
D3 25.25 26.50

5. Conclusions

In this paper, we modified a multiplicative thinning-based INARCH model. The
probability mass function of random variables is provided by saddlepoint approximation.
We used the SPMLE to estimate the parameters and obtain the asymptotic distribution
of the SPMLE. Moreover, to show the superiority of the MthINARCH models and the
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SPMLE, we used the PMthINARCH(g) process and GMthINARCH(g) process for dis-
cussion and comparison. The SPMLE performs well in the simulation studies. A real
dataset indicates that the PMthINARCH model and the GMthINARCH model are able
to describe the overdispersed integer-valued data, and the real data example leads to a
superior performance of the MthINARCH models compared with the PINAR and INARCH
models. In addition, the results also show a superior performance of SPMLE compared
with 2SWLSE.

For further discussion, more research is needed for some aspects. Here we used
the Poisson distribution and geometric distribution for &;; however, we could use the
negative binomial distribution or some zero-inflated distributions as well. Moreover, we
just considered the INARCH model, so the corresponding INGARCH model should be
considered as well.
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Appendix A
Appendix A.1. Details of SPMLE

Here, we give the derivatives of K;(u) mentioned in Section 3.1 of PMthINARCH(q)
and GMthINARCH(gq). Now we give K{(u) and K}’ (1) of PMthINARCH(g). In Section 3.1,
we have

q q
K (1) = log E(e*(womer) 4 ) log E(e"(ic¥-i)e) = log ay + Y loghy,
i=1 i=1
so the derivatives of K¢ (u) are given by

ibl K/ (u €1al—C1 Zfl 1

1

where

Ecr 1_ r I ot d u(m r)ee”("’_')fl
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Xp—i

t— z

7

Zcr r w™™ reu(m—r) (m_r)Zee‘(’” ) [1 +e (m—r)],
Xp—i
Z C 1 N Dé rlxxt i r(xtfi _ r)zeu(xt,,-fr)ee”(xf*ifr)71[1 + eu(x,,,'fr)].
Then we give Kj(u) and K} (1) of GMthINARCH(g). In Section 3.1, we have
q q
Ki(u) = log E(e™(«@omety 4 ) log E(e"(®o%-i)et) = log ay + Y logb,,
i=1 i=1

so the derivatives of K;(u) are given by

q 2 q 2
Co dz " €y — C2 f2b2 — d2
Ki(u)=—=+3 7= Ki(u)= + ,
where
2 Cr 1— r m-—r 1
2 — (2 —eulm=r))
Xp—i
Z Cr (1—ap) ;" ! ,
2 — (2 — eu(xt—i_r))
Z Cr 1— r W™ r(m _ 7’) et(m=)
1= (1= Jexn )’
1 Xt et(xt—i—)

ZCxt (1= ’zxx’ Ty =)

1= (1= fe T
1+ Jertn)
1= (1= Jer P’
1+ Jerter i)
1= (1 Jet )

Z Cr _ r w™™ r(m _ r)Zeu(mfr)

xtl

Z Cy,_ (1 —a) ’txx‘ T — r)ze”(xf*"_r)

Appendix A.2. Derivatives of the Quasi-Likelihood Function

The conditional log-quasi-likelihood function /() is continuous on ®: for 1 <t < n,

alt(e) . ayt( ) 8(71‘2(0)
o0 ™0 T"™op
PL(0) _ Ppe(9) pe(9) 907 (6) my_ o 0%07(0)
goagT ("1 Me) gagr — 2mims =gy —agr - (ma 5t = mima) et
e ©) . _ (= m(6)? o2
t— pe(0 Xe — e (0))” —of (6 1
m = —>5 <, M= ; M3 = —>—=.
a7 (0) 207(0) o7 (0)
Then the first and second derivatives of ji¢(8) and 07 () can be easily expressed by
opt(0) om(0) o
w " Tow Xiiv
202(6)

9
= (0% +1)(m — 2wm) 4 20%(m*w + m Z w; Xs ;),
i=1
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2
a(ga(e ) (1) (X — 20X, ) + 202 (mewoXs i+ ),
1

Pui(0) _ o Pml0) _ Pm(®) _

w2 S ©odwa;
9202() ) s o 0% (0) 2 2 2

8;2 = —2m(c? 4 1) +2m?0?, W = —2X; (0" +1) +2X; 07,
Qa7 (6) 2

aw[xi = 2mo thi'

Appendix A.3. Proof of Theorem 1

The techniques used here are mainly based on Francq and Zakoian (2004) [20]. We
will establish the following intermediate results:

(i)  limy—eoSupycg| i (Ln(0) — in(Q))‘ =0 as.
(i) E(l¢(P)) is continuous in 6.

(iii) Itexists t € Z such that 07(0) = 07 (6p) a.s., then = 0 = 6.
(iv) Any 6 # 6) has a neighbourhood V (8) such that

1.
limsup sup  —L,(0%) > Egl1(6p) as.
n—eo greVi(0)ne

First we prove (i). Let at := supg.g |7i(6) — 1t(0)|, bt := supycq |[07(0) — 02(6)].
Standard arguments from Corollary 2.2 in Aknouche and Francq (2023) [21] show that

at(1+ Xt + suppeg 1it(0)) — 0,a.5. and by (1 + X7 + suppcg p7(0)) — 0,a.5.,t — 00, s0 we
obtain the inequality

1 3 " 52 (6 (t—ﬁt)2 (xt — 1 (0))?
sup| 1 (1n(6) = Ta(0))| = sup| . 3 log s + (- - RO
1 07 (0) =07 (0) | (xr—(0))*  (xt —pe(6))?
Sl LTz ~2<e> z )
1 & [62(0) — 02(0)] | | (0) — pe(0)||pe(0) + fir(0) — 2|
Sl R 20)
|572(0) — o7 (0) || Xe — e ()]
o (0)52(6)
1 & 2 1+07(0)
=2 ") ey X )

The a.s. limit holds because of the Cesaro lemma.
We prove (ii) now. For any 6 € ©, let V,,(6) = B(6,7) be an open ball centered at 6
with radius 7,

X7 + p3(0) + o7 (0)

L 11e(8) = i (O)] 11 (8) + i (8) — 2Xi|

t
02(0)c2 () o7 (6)
Then
) X2 r(0
E(ees%zt(e)—ztw)!) <102 0) - oF(0) ol LSO ),
n H ,Mt(é) ||2H V(té)g +F4t ) 2X; ||2 —0, as n—0.
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Next, we check (iii). By Jensen’s inequality, we have
(Lo B0 1 G0 _ G~ o)
59872 2 B 2

(9) 207 (60) 207(6)

()

o2
sl
2(9
7 (
E(log(1)) =
. .. 02(69) )
The equality holds if 20) =1las. F_q,ie. 0 =6,
o
Then the proof of (iv) is similar to that in the Supplementary Material A.4 in Xu and

2)

E[l:(0) — 1:(60)] = E

Zhu (2022) [22]. Here we omit the details.

Appendix A.4. Proof of the Positive Definiteness of

Here, we prove the positive definiteness of X. By definition of positive definiteness,
E)T e RIHLf ¢TEE = 0, then & = 0.

we need to prove for any ¢ = (o, &1, - -,

ao%(f)o) 007 (60) . 1 0pu(6o) ameo)] :

T _ T

GrE=CE 20} 0 00T " o?(6)) 00  ofT
_ 1 1907 (60) 12 1 19u(60) \2
_E[Z#(GO)@ 00 )y +af(90)(5 26 ]

Suppose the left-hand side is 0, then under Assumption 1, the expectation in the
right-hand side is 0 for any t € Z. Because 07(6y) > 0, this expectation is always greater
902 (0
than or equal to 0. It equals 0 only when QTM =0and {;'Taygi(:o) = 0 almost surely.
Thus, §TZ§ = 0 yields CT aata(e 0) = 0and @’T aﬂg(e ) = 0a.s. for t € Z, and vice versa.

2
Using vector form of Ua(:()) , we have

(02 4+1)(m — 2wm) + 202 (wm? + m ], a;X;;)
(2 +1) (X1 — Zacht,l) + 202 (wmX;—1 + a1 X2 )

ér Taat2<90> _
T

(02 +1)(Xp—q — 204 X q) + 202 (wmX;—q + ag X7 7

Suppose the left-hand side is 0 almost surely, then the right-hand side is also 0 almost

surely, which can be written as
q
Eo(0? 4+ 1) (m — 20wm) + 202 & (wm? +m Y iXii)
i=1
+&1(0% + 1) (X1 — 201 Xp-1) + 2078 (wmXy_1 + a1 X7_1) + My =0 as

where
< 2 2
Mo =) & [(‘7 + 1) (Xp—k — 204 Xp—g) + 20" (wmX;_g + uckthk)}
k=2
So the coefficients of the above equation must satisfy

E(e?+1)=0, 20%% =0, i=0,...,q.
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For 02 > 0, we must have ¢i =0,1=0,...,q9. Thus, ¢ = (60,(;‘1,...,@,)T = 0, which
completes the proof of the positive definiteness of X.

Appendix A.5. Lemmas for the Proof of Theorem 2

Similar to the proof of Theorem 1.2 in Hu (2016) [9], we give some related lemmas for
the proof of Theorem 2. According to the derivatives of the quasi-likelihood function, we
have

3Ht(9) _
w
o} (6) 2 2( .2 !
E;w = (0* +1)(m — 2wm) + 20* | m w—i—ml;zxiXt_i ,

q
< (¢® +1)m(1 — 2wy + 207 (mzwu +m E auXt_i> ,
i=1

2
thus, E(%)z < o0 and E( a‘g a(]e) )2 < co. Likewise for the other terms of parameters.

Lemma A1l. Under Assumptions 1 and 2, when n — oo,

Z

1 alt 1

4 NO,), 31,(60)

P
y R
= 96;00;

2|

Proof of Lemma A1. First, we show that

alt 90 CACH)

_1/2 P 9*11(60)  9*I1(6o)
/ Z 26, —0,

90,00, 00,00

Notice that ji;(6) and #7(0) are stationary approximations of (6) and ¢7(0), since X;
is stationary and ergodic, using arguments similar to Proposition 2.1.1 in Straumann
(2005) [23], for fixed 6 € ©, fi¢(0) and 52(0), u+(60) and o7 (6) are also stationary and ergodic.
Hence, similar to the proof of Lemma A2 in Hu and Andrews (2021) [24], it is easy to have

819 _Al(6o)| P e |9%(680)  %Ii(6o)| P
-1/2 t o) t(bo 1 t(bo)  074(bo
2 a0, | " t; 30,00, 90,00, | 0
Therefore, it suffices to show that
1 alt 1 L a2lt(90) P
2 - NO.E), w ks aeaer
First, we should guarantee that
dl¢(69) 91¢(6o) 0%1¢(6p)
Eoo| =aa —aer | < o) SgoeT || < (A1)
Now we prove the first part of (A1).
2 2
azt(eo)>2 1 <aaz(90)> 1 (ayt(90)>
Eg| —— ) =E < oo,
% ( ow o 204 (60p) \  dw + c?(6p) \ ow «

Similarly, we can prove other terms, thus, the first part of (A1) holds. The proof of the
second part of (A1) is similar, here we omit the details.
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9l¢(6o)
a0

follows that at 6 = 6, Ejy, (alt( |J ) =0, so0 Ey, (alt(60)> = 0. Moreover, we have

a0
al¢(60) 1:(69) \ . . 1 alt 90 R
% 50T in Section 3.2. Hence Z

holds by the central limit theorem for martingale difference sequence in B1111ngs1ey (1961).

2
Similarly, we have Eg, (aalé éZOT) > = _3.
CRACH

Under Assumption 1, = Z 990
[y

Under (A1),

} is a martingale difference sequence with respect to {.%;}, it

shown that ¥ = E90< — N(0,%)

L, _5 follows from the ergodic theorem. Thus,

Lemma Al is proved. O

Before showing Lemma A2, we have

To(u) =1, (90 + \;‘?) —T,(60), ueRIH,

we use T, to derive the asymptotic distribution of 6,,.
For any u € R+, the Taylor series expansion of T, (u) at 6 is

u, (A2)

2n 0000T  9006T

—ZuTaTt(%) 1 ¢ uTaletwO)u 1 & [PL(6)  9*L(6o)
ni= a6 2n = 06067 2n =

where 6% = 6;; (1) is on the line segment connecting 6y and 6y + \Lf For Euclidean distance
n

| - || and any compact set K C R7™, sup, . || 6* — 6y ||— 0, as n — oo.

Lemma A2. Under Assumptions 1 and 2, when n — oo,

li PL(6*)  PL(60)] p
n 0096T  0606T

Proof. Similar to Lemma Al, forany 1 <i,j <g+1,

0%1i(6g)  9*1+(6p)

36,00, 00,00,

|-

n
D
t=1

‘ Lo (A3)

Using arguments similar to the proof of Theorem 2.2 of Francq and Zakofan (2004) [20],

it suffices to show )
1 & | 02:(0%)  0%:(60) | P
o) 20,00, 96,00, —0 (Ad)

1 2 L aZl (9**) .
36,00, E; b2 Zaek< 20,00, (67 = 60),

here 6** = 6% (u) is on the line segment connecting 6 and 6*, such that for any u, we have
|| 6** —6p || = 0a.s., n — oo.
From (A2), || 6* — 6y ||— 0 a.s, so

1% 9 aZZt(Q**) .
nt_zlaek<agiaej (6" —69) =0, as.
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if
. 14 0 6zlt(9**)
Then we have
Z azzt 1 1 8zlt(90) s
89 89 1’l P 89189] !
so (A4) is proved.

Using arguments similar to the proof of Theorem 2.2 of Francq and Zakofan (2004) [20],
there exists a neighborhood v(6p), that

9 [ 9%1:(0)
96 00;00)
Therefore, by the ergodic theorem, we have

i 21,(6°*)
< 36, \ 06,00,

Eg, sup

fev(6p)NO

< oo, sup

961/(90)

azlt(G) BZTt(G) P
Zlaeiaej " 96,00, — 0. (A9

n

1 ? a%(e))
<limsup — sup  ||=
n—oo M t:216€v(90)ﬂ® 9 ( 96,99

ENERIC)
90 \ 00,00;
so (A5) is proved.

In view of (A3), (A4) and (A6), we obtain Lemma A2. [

< 0o,

= Eg, sup
6ev(6))NO

Lemma A3. For any compact set K € R1™! and any e > 0,

Ta(u) — Tn(v)‘ > s) =0.

lim lim sup P sup
70 p—oo uvek,|lu—v| <o

Proof. For any € > 0, by (A2) we have

lim limsup P sup Ty (u) — Tn(v)’ >e
020 n—eo ueK,||lu—v||<é

< limlimsupP < sup

020 n—eo 0K, |[u—v|| <6

1 1 Tazit(go) n Ta Tt(@o) 2€
- _ > =
a2 ST T LY agaer ¢ )| 2 3

+ 11m limsup P < sup
t=1
+ hm lim sup P{ sup

n—oo uvek,|lu—v||<é

1 fuT<aZE<e*> . a211<eo>)u
=0 n—eo u,veK, ||lu—v||<é nlt 9606 0600T
—fUT PLi(6*)  *i(6o) ’
~° 96067 ~ 96067

Because of Lemmas Al and A2, we have

"9l (6p) 1 & 9%1i(6o)
1), - = 0p(1
El a0~ L) nt; aoar ~ Ort)

-

li ?Li(6*) i (6o) — oy(1)
n 00007 9000T | — PV

t=1
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where O,(1) and 0, (1) for vector and matrix means Oy (1) and 0,(1) for every elements.
By the compactness of K, we have

lim lim sup IP < sup

00 oo u,vekK |lu—v||<é

1( & 120(0) & 1%h(0) 2
— NV — TH\TYJ > = —
n (;” 20007 " ;v a6a0T U )| =3 ) =

t

1 iuT Pho) _h0)Y,
n| =" 90067 ~ 96067

ik

lim limsup P ( sup

=0 n—oo w,veK,||u—v||<é

lim lim sup ]P’{ sup

6—0 psco u,veKk,||u—v|| <o
no L) 92T(6)) .
L ( 36907 96907 )v =3y

which completes our proof. O

Appendix A.6. Proof of Theorem 2

Proof. Let T(u) = uTN(0,Z) — uTSu, where N is a multivariate Gaussian random vector
with mean 0 and covariance matrix ¥. By Lemmas Al and A2, for any u € R7*! and
n — oo, the finite dimensional distributions of T}, converge to those of T: Tn(u) — T(u).

By Lemma A3, similar to Hu (2016) [9], Tn(u) is tight on the continuous function
space C(K) for any compact set K € R771. So by Theorem 7.1 in Billingsley (1999) [25],
Tu(-) — T(-) on C(K). From Appendix A.4 and Lemma A1, ¥ is positive finite and
invertible, meanwhile, T(-) is concave with the unique maximum !N (0,Z) = N(0,Z71).
Tn() is maximized at Umax = /71 (én — 6p). Thus, the result of Theorem 2 can be proved by
the proof of Lemma 2.2 and Remark 1 in Davis et al. (1992) [26]. O
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