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Abstract: Quantum coherence is known as an important resource in many quantum information
tasks, which is a basis-dependent property of quantum states. In this paper, we discuss quantum
incoherence based simultaneously on k bases using Matrix Theory Method. First, by defining a
correlation function m(e, f) of two orthonormal bases e and f, we investigate the relationships
between sets Z(¢) and Z(f) of incoherent states with respect to e and f. We prove that Z(e) = Z(f)
if and only if the rank-one projective measurements generated by e and f are identical. We give
a necessary and sufficient condition for the intersection Z(¢) N Z(f) to include a state except the
maximally mixed state. Especially, if two bases ¢ and f are mutually unbiased, then the intersection
has only the maximally mixed state. Secondly, we introduce the concepts of strong incoherence and
weak coherence of a quantum state with respect to a set 3 of k bases and propose a measure for the
weak coherence. In the two-qubit system, we prove that there exists a maximally coherent state with
respect to B when k = 2 and it is not the case for k = 3.
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check for 1. Introduction

updates Quantum coherence is not only a feature of quantum systems which arise due to
superposition principle, but also is a kind of fundamental resources in quantum information
and computation [1-8]. The resource theory of coherence is formulated with respect

to a distinguished basis of a Hilbert space, which defines free states as the states that
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are diagonal in this basis [3]. Several important quantifiers of quantum coherence have
been introduced and assessed [9-19]. Recently, it is shown that quantum coherence can
be useful resource in quantum computation [20-24], quantum metrology [25], quantum
thermodynamics [26-31] and quantum biology [32-34].

Since the coherence of quantum states depends on the choice of the reference basis,
it is natural to study the relationship among the coherence with respect to different bases.

Cheng et al. [35] first studied the situation of two specific coherence measures under
mutual unbiased basis (MUB): /1 norm of coherence and relative entropy of coherence.
They proposed the complementary relationship of the two coherence measures under any
complete MUB set. Rastegin in [36] discussed the uncertainty relation for the geometric
measure of coherence under MUBs. Sheng et al. [37] further studied the realization of
quantum coherence through skewed information and the geometric measure under mutual
unbiased bases. Recently, considered the standard coherence (SC), the partial coherence
(PC) [38-40] and the block coherence (BC) [41,42] as variance of quantum states under some
quantum channel ®, Zhang et al. [43] proposed the concept of channel-based coherence of
quantum states, called ®-coherence, which contains the SC, PC and BC, but not contain the
POVM-based coherence [44,45], and obtained some interesting results.

Usually, the coherence of an individual quantum state is discussed only when referring
to a preferred basis. Considered sets of quantum states, Designolle et al. [46] introduced
Attribution (CC BY) license (https://  the concept of set coherence for characterizing the coherence of a set of quantum states
creativecommons.org/licenses /by / in a basis-independent way. Followed a resource-theoretic approach, the authors of [46]
40/). defined the free sets of states as sets JF of groups of states p = {p]-}?:1 such that there
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exists a choice of basis (equivalently, a unitary U) for which all states Up; U' in the set
UpU"™ become diagonal. Clearly, § € F, if and only if {p;j ]7-’:1 is a commutative family of
states, i.e., pjp; = pjp; foralli,j=1,2,...,n.

Different from the discussions above, in this paper, we focus on the quantum incoher-
ence based simultaneously on k bases; equivalently, the coherence of a quantum state with
respect to a basis contained in a given set B of k orthonormal bases. In Section 2, by defin-
ing the correlation function of two orthonormal bases e and f, we study the relationships
between two sets of incoherent states with respect to ¢ and f, and investigate the maximally
coherent states with respect to e and f. In Section 3, we discuss the strong incoherence and
the weak coherence of a state with respect to a set of k orthonormal bases and introduce a
measure for the weak coherence. In Section 4, we give a summary of this paper.

2. Correlation Function of Two Bases and Quantum Coherence

Let us consider a quantum system X, which is described by a d-dimensional Hilbert
space H and let I denote the identity operator on H. We use B(H) and D(H) to denote
the sets of all linear operators and all density operators (mixed states) on H, respectively.
In quantum information theory, a positive operator valued measure (POVM) is a set
M = {M;}" , of operators on H with0 < M; < Iforalli =1,2,...,mand }/*; M; = I.
In particular, if M? = M,; for all i, then the POVM becomes a projective measurement
(PM). For a rank-one PM P, there exists an orthonormal basis e = {|ei>}?:1 such that
P = {|e;)(e;|}%_,. In this case, we denote P = P, = {|e;)(e;|}%_,. We use the notation z or
z* to denote the conjugate of a complex number z.

For the fixed orthonormal basis e = {|e;) }%_, for H, Z(e) denotes the set of incoherent
states on H w.r.t. ¢, i.e., ones that have diagonal matrix representation under the basis e. A
quantum operation ® on B(H) is said to be an incoherent operation [3] w.r.t e if it admits
an incoherent Kraus decomposition, i.e.,

®(p) = ) KipKf, Vp € B(H)
i=1

1=

with
KoK € tr(KjpK)Z(e), Yp € Z(e),i=1,2,...,n.

We use ZO(e) to denote the set of incoherent operations w.r.t e on B(H).

According to Ref. [3], a coherence measure with respect to e, called an e-coherence
measure, is a function C : D(H) — R satisfying the following four conditions.

(1) Faithfulness: C(p) > 0 forall p € D(H); C(p) = 0if and only if p € Z(e).

(2) Monotonicity: C(®(p)) < C(p) for any @ € ZO(e).

(3) Strong monotonicity: Vp € D(H), Y.I' ; piC(p;) < C(p) for all operators K; in H
such that Y | KIK; = I with K;Z(e)K] € RTZ(e), p; = tr(K;oK[) and p; = K;pK! /p; if
pi > 0;p; = JIif p; = 0.

(4) Convexity: C(YiL; pipi)) < Litq piC(p;) for any states p; €« D(H)(i =1,2,...,n)
and any probability distribution {p;}” ;.

A usual /1-norm coherence measure [3] of a state p € D(H) with respect to a basis e is

defined by
Corr(0) =2} Ieillej)].
1<i<j<n
Clearly,
n
Cerr(0) = X |(eilplej)| =1 <d —1. @

ij=1

Especially, C, ¢, (0) = d — 1 if and only if |(e;|ple;)| = % foralli,j=1,2,...,d;in that case,
p is called a maximally coherent state with respect to e.
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From the review above, we find that quantum coherence relies on the choice of or-
thonormal bases. In what follows, we discuss the relationship between quantum coherence
based on different reference bases. To do this, we lete = {|¢;)}%_; and f = {| fi) 14, be two
orthonormal bases for H and define

d

m(e, f) = Y Weilfi)l —d, @

ij=1

called the correlation function between two bases e and f.
Recall that [35] two orthonormal bases ¢ and f for H are said to be mutually unbiased
if [(e;] fj)| = ﬁ foralli,j =1,2,...,d. Thus, when e and f for H are mutually unbiased, it

holds that m(e, f) = d3 — d. More properties of the correlation function are given in the
following theorem.

Theorem 1. Let e and f be two orthonormal bases for H. Then
(1)0 < m(e, f) < d? —d.
(2) m(e, f) = 0 if and only if Po = Py if and only if Z(e) = Z(f).
(3)mle, f) = a3 —d if and only if e and f are mutually unbiased bases.

Proof. (1) Since 0 < |{¢j|fj)| <1, we get |{ej|fj)|*> < [(ei|f;)| foralli,j=1,2,...,d. So,

d

d
Y. Keilfi)l = Y Keilfl?
ij=1 ij=1
d d
= 2<2<ez|f]>| )
j=1 \i=1
d
=Y A I

Il
.
i

This shows that m(e, f) > 0. Since e = {|¢;)}4_, and f = {] f]> ', are two orthonormal
bases for H, there exists a d x d unitary matrix U = [Aij] such that (le1), lea), ..., leq)) =

U(|f1), 1f2),---,1fa)); equivalently,
d
e) = Y Aglfy), Vi=1,2,...,d. 3)
=1

Hence, A;; = (fjle;), and using the Cauchy inequality yields that
d d
Y. Heilfidl = ) 1Al

ij=1 ij=1

:f(fl.w)

i=1 \j=1

d d
<Y Vd Y [A?
= \/=

— 43

(»

Consequently, m(e, f) < dz —d.
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(2) We see from Equation (2) that m(e, f) = 0 if and only if for any i, there exists a
unique i’ such that |{e;|fy)| = 1and |(e;| f¢)| = 0 for all k # i’ if and only if for any i, there
exists a unique i’ such that |¢;) = el%#|f;), which is equivalent to P, = Py ie., Z(e) = Z(f).

(3) From the proof of (1), we see that m(e, f) = d? — dif and only if [A;;| = ﬁ(%’,j),
that is, e and f are mutually unbiased bases.

Suppose that e and f are mutually unbiased bases, then the coefficients A;; in (3) satisfy
|Aijl = [{fjle:))| = ﬁ foralli,j=1,2,...,d.Letp € Z(e) NZ(f). Then it can be written as
o= Ei:1 tnlen){en| with gy, > 0foralln =1,2,...,4d, Eﬁzl un = 1. Using Equation (3)
implies that

Z Z.”n nk|f] fk|

jk=1n=

Since p € Z(f) and Y2_; y = 1, we see that

d
— 1 .
Zl}in/\nj)tnk = Eék’]’, Vk,] = 1,2,. . .,d
n=

that is,

A1 An - Aa yp 0 0 0O A1 A e Ay 10 0 o

Az A An 0 w2 0 0 A Ao Ay 0 7 0 0

Ma A A 00 0 g Aot Az oo Aag 00 o }
Since U = [A;] is a d x d unitary matrix, we get g = % forall k = 1,2,...,d, ie,
_1yd _1 _J1
p—gzjzl\fjﬂfﬂ—EI.Hence,I(e)ﬂI(f)—{El}.

O

Remark 1. Suppose that P, # Py, then there exists aniand jy, ja, ..., jx(2 < k < d) such that
(eilfi,) #0(s =1,2,...,k) and

lei) = Z(f;slezﬂf]s)

s=

Then |e;)(e;| € Z(e) and

k
lei)(eil = 3= (filen) (Filei) fio) (-

s=1,t=1

Since (f;, |e;) (fj,le;) # O for any s # t, we get that |e;)(e;| & L(f). This shows that there exists a
state p € Z(e) but p & Z(f). Similarly, there also exists a state p' € Z(f) but o’ ¢ Z(e).

From Theorem 1 and Remark 1, we get relationships between m (e, f) and Z(e) N Z(f)
as shown by the following Figure 1.

It is clear that %I € Z(e)NZ(f) for any bases e and f. Especially, Z(e) NZ(f) = {%I}
if they are mutually unbiased. However, even though ¢ and f are not a pair of mutually
unbiased bases, it is possible that Z(e) N Z(f) = { } see the following example.
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Figure 1. Relationships between m(e, f) and Z(e) N Z(f), where subfigures (a—c) correspond to the
cases that m(e, f) = 0,m(e, f) > 0and m(e, f) = 42 —d, respectively.

Example 1. Let e = {|0),|1)} and f = {|fo), |f1)} be two orthonormal bases for H = C? with

1 V2 R 1
%IO %!D,m)——ﬁ Ve

Clearly, e and f are not a pair of mutually unbiased bases while Z(e) NZ(f) = {11}.

|fo) = )+ 0) + —=[1).

This example leads us to study the relationship between two bases ¢ and f for H

such that
zo Nz ={ 1}

To do this, welete = {|e;)}%_, and f = {|f;)}%_, be twobases for Hand p = Y4 xile) (ei] €
Z(e)\{I/d}.Since xy, ..., x  are the eigenvalues of p, they can be rearranged as A1, Az, ..., Ay
in decreasing order, say, A1 > Ay > ... > A;. Thus, there exists a permutation matrix P;
such that

X1 )\1
X2 )\2
o= | )
X4 Ad
Suppose that p € Z(f). Then
d
p =2yl il 3)
j=1
where y; = (fi|p|f;). Using Equation (5) implies that
: 2
xi = (eilpler) = Y Neil fi)PPyj(i = 1,2,...,4d),
j=1
ie.,
X1 n
x
2ol (6)
Xg Ya
where

}(E’llfﬂ‘2 I<€l|f2>|2 I<€lfd>|2

<€2|‘f2>|2 <€2\fd>|2 ”

el O el 0P - Iealf) P
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Since y1, . ..,y  are also the eigenvalues of p, they can be also rearranged as A1, Ay, ..., Ay
in decreasing order. So, there exists a permutation matrix P, such that

n M
Y2 A2
Bl . |= e (8)
Ya Ag
Thus,
A X1 n M
A2 X2 y2 Az
.| =Ph| . | =hC| . | =PkCh| . | 9)
Ad Xg Yd Ad
Putting P;CP, = [ZUZ]] yields that
d
/\i = Zwl])\](z: 1,2,...,d). (10)
j=1
Thus, when Ay = Ay = ... = A > A1 > ... > Ay, we see from Equation (10) that for

1<i<r,
r d
A= Lwi |Ai+ Y wih
j=1 j=r+1

and so 2]7'11 wij =1,w;j; = 0(1 <i<rr<j<d). Using Equation (10) again yields that
forl+r <i<d,

r d
Ai = (Z wz‘j) Mt Y wih
j=1 j=r+1

and so er-:l wjj = 0, implying that w;; = 0(r<i<d1<j<r). Thus,

Dy 0 |...]0
0 1Dy ...]0

PCP, = 1. I e (1)
0 0]..|D;

where k means the number of different eigenvalues yiq > po > ... > py of pand D; is an
r; X ri-doubly stochastic matrix, and r; denotes the multiplicity of the ith eigenvalue ;.

Conversely, suppose that there exist d x d permutation matrices P; and P, such that
P;CP; is of the form (11) where k > 1. Since the matrix P;CP, can be written as

[esil fer) P Kes )2+ (e |fea) 2
| > ? | ?

P1CP2 _ <€sz|.ft1> <352|:ft2> <652|ftd>

e, L) Hesslfd 2 - [ess fisd

where
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we see from condition (11) that
<esi|ftj> = 0(v1’1 <j <d,1<i< 1’1), <€5i|ftj> = O(Vrl <i<d 1< ] < 71). (12)

This implies that the subspaces generated by {les,)};%, and {| ft],>}]r.1:1 are equal and so

r

14 1
pi= - Y leadesl = - X Ufiy) (il
1i3 j=

Clearly, p € Z(e) NZ(f) \ {31}
As a conclusion, we arrive at the following.

Theorem 2. Letd >2,e = {|e;)}_, and f = {f) ;l:l be two orthonormal bases for H and set

C = [I(eil i) 2]. Then there exists a state p # %I in Z(e) NZ(f) if and only if there exist two
d x d permutation matrices Py and Py such that the matrix PyCP; is k x k block-diagonal for some
k> 1.

Example 2. Letd > 3,e = {|e;)}4_; and f = {|f;) ?:1 be two orthonormal bases for H such that

1 ,.. .
[(filej)| = %(w =1,2),le;) = |fi)(i =3,4,....,4).
Then
05 05 0 --- 0
05 05 0 0
C=[lelppP=| © 0 1 0
o o0 --- 0 1

It follows from Theorem 2 that there exists a state p € Z(e) NZ(f) \ {I/d}; for example,

;] 4
p= mlg|€i><ei|~

Remark 2. From Theorem 2, we know that whether Z(e) Z(f) \ {I/d} # @ depends on the
structure of the matrix C given by Equation (7). Since this, we call C the correlation matrix of the
bases e and f and denote it by C, y. Clearly, it can be written as the Hardamard product of the
transition matrix T, s from e to f and its conjugate matrix T; £

Ce,f = TE,f @ T;f,

where

(e1lf1) (elf2) -+ Aerlfa)

(e2lf1) (ealf2) -+ (e2lfa)

T, = (13)

<€dif1> <edif2> <edifd>

Theorem 2 also tells us that when (e;|f;) # O for all i,j, there do not exist per-
mutation matrices P; and P, such that PiCP, is r x r(2 < r < d) block diagonal, so
Z(e)NZ(f)={I/d}. Especially, for a pair of mutually unbiased bases e and f, when
p € Z(e) and p # I, we have p ¢ Z(f). Conversely, when p is a maximally coherent state
w.rt. e, a question is: whether p is also maximally coherent w.r.t. f. The follow example
shows that the answer is negative.
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Example 3. Let e = {|0),[1)} and f = {|fo),|f1)} be a pair of mutually unbiased bases for
H = C? where .

V2

1

fo) = 7

(10) + 1), 1f1) = —=(10) = 1)),

choose ,
p1 = §(|f0><fo| + | fo) (ful + 1f1) (fol + 1) (fr]) = 10)(0].

Then pq is maximally coherent with respect to f but is incoherent w.r.t. e, while for the state

p2 = %(Ifo)(fo\ +ilfo) (Al =il 1) (ol + L) (AiD),

we have
Cety (02) = Cp,p, (p2) = 1.

Therefore, py is both maximally coherent w.r.t. e and f.

The following theorem shows that there must exist a maximally coherent state w.r.t.
any two bases for C2.

Theorem 3. Let e = {|e;)}2, and f = {] fi) ]2:1 be two orthonormal bases for C2. Then there
exists a state p € D(C?) such that

Cer, (0) + Crpy (p) = 2.

Proof. First, we observe that C, s, (0) = 1if and only if

P= %(|€1><€1| +eJer) (ea| +e 7 er) (ea] + [e2) (e2) (14)

and Cp, , (p) = 1if and only if

1 . i
p =5 (A Al + Pl fal +e PIR) (Al +f)(f)- (15)
Suppose that
[f1) = unler) +urzlez), [ f2) = uailer) + unlez),
then U := [u;;] is a unitary matrix, which is given.
For a state p of the form given by (14), then C, ¢, (0) = 1. We compute that
(Alelfr) = (uirler] +upa{eal) ol (unler) + uizle2))
1 * i * —i
= §(|ul1|2 + ufquppe™ + ugui,e % + |upp|?)
= % + Re(ufqu1pe®),
(fAlplfa) = (uirlea| +uipleal)lpl (uanfer) +unler))

* i * —1i
(Mlluzl + uTluzzeM + up e w4 uTzuzz)

* in * —ia
(unuzze + UppUn1€ ),

NI~ N -
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(f2lolf2) = (uz(ea] +upleal)lpl(uarler) + unlez))
1 . .
= §(|Ll21 |2 + u;luzze‘”‘ + leuéze 1w + |u22|2)

= % + Re(uby uppe').
Thus, Cf ¢, (p) = 1 if and only if

Re(ui‘lulzei“) =0
uj uxpe” +.u’1‘2u21e_w‘ = elf; (16)
Re(uﬁluzzel’") = 0,

if and only if
* iy — ().
Re(ujjupe®) =0; ‘ 17)
W upe® + ut uye it = elf
11422 12421
since 1/[111/[12 = —uﬁluzz.
Since U is a unitary matrix, it can be represented as

o (w2 reif1 _ V1 —.rzeie2
U1 U V1 — r2eifs reifs

where 0 < r < 1, and 6; € R s.t. el(01=63) 4 6i(02-601) — (0 The last condition implies
that —01 + 6, + 63 — 04 = (2n + 1) 7t for some integer n. Taking o« = (61 — 6, + 63 —64)/2
implies that |uf;use'™ + uj,usie ™| = 1 and so there exists a real number B such that
second equation in (17) holds. Since —601 + 62 + a = nm + 71/2, the first equation in (17)
holds too. Hence, C ¢, (p) = 1.

This shows that the state p defined by Equation (14) with « = (61 — 6, + 03 — 64) /2
satisfies

Ce,Zl (P) = Cffll (P) =1
thatis, Cr, (0) + Crp (0) =2. O

3. Weak Coherence

In this section, we turn to discuss the weak coherence of quantum states. To this, we

use B to denote a set of k orthonormal bases ¢!, ¢, ..., ek for H,ie., B = {el,ez, e ,ek}.

Definition 1. We say that p € D(H) is strongly incoherent (S-incoherent) w.r.t. B if p is
incoherent w.r.t. any basis in B. Otherwise, we say that p is weakly coherent (W-coherent) w.r.t. B.

Denoted by SZ(B) the set of all S-incoherent states of H w.r.t. 5. Clearly,

1 ko
1€ 81(B) = Dlz(e ).

Definition 2. Let ® be a quantum operation on B(H). Then ® is said to be an S-incoherent

operation (SIO) w.r.t. B (or B-incoherent operation (BIO)) if ® € ZO(e') foralli =1,2,...,k,

that is, for each i = 1,2, ...k, ® has a family of Kraus operators {E;, }" | such that
Ei(Z(eNES c RYZ(e)), Vn=1,2,...,m;.

Denoted by ZO(B) the set of all SIOs w.r.t. B, then
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Similar to the definition of the standard coherence measure, let us introduce the
concept of a B-coherence measure.

Definition 3. A function Cp : D(H) — R is said to be a B-coherence measure if the following
four conditions are satisfied:

(1) Faithfulness: Vp € D(H),Cg(p) > 0; Cg(p) = 0ifand only if p € SZ(B).

(2) Monotonicity: Cg(®(p)) < Cg(p) for every ® € ZO(B) and for every p € D(H).

(3) Strong monotonicity: for each i = 1,2,...,k, ¥, piCp(pin) < Cp(p) for every
p € D(H) and every ® € ZO(B) with a family Kraus operators {E;,},",, where p; =
tr(EinpE},) and piy = 5-EinpE}, for pin > 0, and pj, = 31 for pin = 0.

(4) Convexity: Cg(Xr_ 1 pnpn) < Yo'y puCg(pn), where p, € D(H)(n = 1,2,...,m)
and {p,}"_, is a probability distribution.

The following theorem gives a method for constructing a B-coherence measure from k
e'-coherence measures (i = 1,2,...,k).

Theorem 4. Let C,i(i = 1,2,...,k) be e!-coherence measures. Then the function Cg : D(H) — R

defined by
k

Cslp) = ;Cgf(P)(Vp € D(H)) (18)

is a B-coherence measure.

Proof. (1) Let p € D(H). Since C,i(p) > 0 for all ¢(i = 1,2,...,k), we have Cg(p) =
Yk, C,i(p) > 0. Furthermore,

k

Y Ci(p) =0 C,i(p) =0(i=12,...,k) & p € SI(B).
i=1

) Let® € ZO(B).Foreachi=1,2...,k, since C, is an ei-coherence measure and
P € ZO(e'), we get
Cei (®(p)) < C.ilp)

forall p € D(H), and so

™=

k
Cs(®(p)) = ) Ci(®(p)) < ;Cef(p) = Cg(p).

1

(3) Let p € D(H), ® € ZO(B) with families of Kraus operators {E;,}/'" (i =
1,2,...,k). Put p;;, = tr(EianlTn) and p;;, = r?lTnEi”pE;rn for pi, > 0, and p;, = %I for
pin = 0. Foreachj = 1,2,...,k, since C,; is an el-coherence measure and ® € IO(ef ),

we get
m;

pinC(in) < Co(P)(irj = 1,2,..., ).
1

n—=

This implies that foreachi =1,2,...,k,

m; m; k k [ m; k
Y pinCiloin) = ;pin (2 Cef(Pin)) = 2( » Pm%‘(Pm)) < ). Ciilp) = Cslp).

n=1 j=1 j=1\n j=1
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(4) Letp, € D(H)(n =1,2,...,m) and let {p, })/_, be a probability distribution. Since
C,i is an e'-coherence measure, we have

Z pnCei(pn) > C,i (Z PnPn)
n=1
foralli=1,2,...,k, and therefore,
m k k m m
Z PnCB(Pn = Z(Z Pncez On ) > chi (Z PnPn) = CB(Z PnPn) .
n=1 i=1 \n=1 i=1 n=1 n=1

Using Definition 3 yields that the function Cp defined by Equation (18) becomes a B-
coherence measure. [J

Using Theorem 4 yields that the function C : D(H) — R defined by
k

C,(p) = }_ Ciy, (p) (Yo € D(H)) (19)
i=1

is a B-coherence measure. We see from property (1) that Cp, (0) < k(d — 1) for all states
p of the system. A state p is said to be maximally coherent w.r.t. Cg 4, if Cp e, (0) = k(d —1).
Clearly, a state p is maximally coherent Cp , if and only if it is maximally coherent w.r.t.
each C,i g, .

Remark 3. (1) é € SZ(B); Especially, if there exist two mutually unbiased bases in B, then
SI(B) = {1}, thatis, Cpgy,(p) = 0 ifand only if p = L.

(2) Theorem 3 implies when d = 2 and B = {e, f } (e # f), there exists a maximally coherent
state p w.r.t. Cpy,, that is, Cg g, (0) = 2.

(3) The following theorem means that when d = 2 and B = {e, f,g} is a complete set of
mutually unbiased bases, there does not exist necessarily a maximally coherent state w.r.t. Cp p, .

It was proved in [47] that the maximal number MUB(H) of mutually unbiased bases
for H is d + 1 if the dimension d of H is a prime-power. Thus, MUB((C2) = 3,1i.e., there
exists a complete set of three mutually unbiased bases for C2.

Theorem 5. Let B = {e, f,g} where e = {|e),|e2)} be any orthonormal basis for C?, f =
{If1),1f2)} and g = {lg1), |g2) } with

1) = ﬁ(\61>+|€z>) f2) = \/5(|61> le2)),
181) = \z(leﬁ +ile2)), | f2) = ﬁ(\61> —ilez)).

Then e, f and g are mutually unbiased bases pairwise for C* and Cp, (0) < 3 for all states p of C?,
that is, there does not exist a state p such that

Ce () =Crp(p) =Cgu,(p) = 1. (20)

Proof. Obviously, ¢, f and g are mutually unbiased bases pairwise for C2. Suppose that
there exists a state p such that Equation (20) holds, i.e.,

erlplea)| = 1{Alolfa)] = l(gilplga)] = 5. @
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Then under the three bases, we have

o = alen){er] + 3¢ er)(ea] + ze P fer) (ea] + (1= ) e} eal, @)

p =LA (fal + 3% (ol + e 2 BN+ (1= D)) (fo, )

p = clan) (sl + 5% 1g0) (g2l + 3¢ H[ga) (gl + (1- O)lga){gal, )

where a,b,c € [0,1],0 < 6; < 2rt(k = 1,2,3). Since p > 0, we conclude from Equation (21)
thata = b = ¢ = }. Substituting 2|f;) (f;| in Equation (23) with

2| f1) (il = ler)(er] +[er){ea| + [e2){er] + le2) {ezl,

2|f1)(fa] = ler){er| — le1) (ea| + lea) (e1| — |e2){e2],
2|f2) (f1] = ler)(er] + ler) {ea| — [e2) (e1| — [ea)(e2l,
2|f2) (f2| = ler){e1] — ler)(ea| — [e2) (e1] + |e2) ez,

and comparing the coefficient of |e;) (e;| in Equations (22) and (23), we find that

{
{
{
)

e’ = —isin6, and so cos 0, =0. (25)
Similarly, substituting 2|g;) (¢j| in Equation (24) with
2|g1)(81] = lex)(ex| —iler)(ea| + |e2) (e1] +1ile2) (e2],

2|g1)(g2| = ler)(e1| +1iler)(ea| +1ilea)(e1| — [e2) (ea],
2|g2)(g1| = le1)(ex| —iler) (ea| —ilez2) (1] — [e2)(ezl,
2|g2)(g2| = ler)(e1] +1iler)(ea| —1ilea)(e1| + [e2) (ea],

and comparing the coefficient of |e1) (ep| in Equations (22) and (24), we find that
et = —sin 03 and so sinf = 0. (26)
Combining Equations (25) and (26) yields that cos §; = sinfl; = 0, a contradiction. [

4. Conclusions

In this paper, we have introduced a correlation function m(e, f) of two orthonormal
bases e and f with the property that 0 < m(e, f) < d 3 —d,and proved that m(e, f) = 0 if
and only if the rank-one projective measurements generated by e and f are identical if and
only if Z(e) = Z(f), where Z(e) and Z(f) denote the sets of incoherent states with respect

to e and f, respectively. We have also shown that m (e, f) reaches the maximum d ? —difand
only if the bases e and f are mutually unbiased; in that case, the intersection Z(e) N Z(f)
includes only the maximally mixed state. We have observed that even though two bases
e and f are not mutually unbiased, Z(e) N Z(f) may include only the maximally mixed
state. We have obtained a necessary and sulfficient condition for Z(e) NZ(f) = é. We have
introduced the concepts of strong incoherence and weak coherence of a quantum state
w.r.t. a set B of k orthonormal bases and proposed a measure Cp for the weak coherence.
In the two-qubit system, we have proved that there exists a maximally coherent state w.r.t.
the measure Cp ¢, when B consists of any two bases and observed that there exist does not
a maximally coherent state w.r.t. the measure C », when B consists of some three mutually
unbiased bases.
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