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Abstract: A possible detection of sub-solar mass ultra-compact objects would lead to new perspec-
tives on the existence of black holes that are not of astrophysical origin and/or pertain to formation
scenarios of exotic ultra-compact objects. Both possibilities open new perspectives for better under-
standing of our universe. In this work, we investigate the significance of detection of sub-solar mass
binaries with components mass in the range: 10−2 M� up to 1M� , within the expected sensitivity of
the ground-based gravitational waves detectors of third generation, viz., the Einstein Telescope (ET)
and the Cosmic Explorer (CE). Assuming a minimum of amplitude signal-to-noise ratio for detection,
viz., ρ = 8, we find that the maximum horizon distances for an ultra-compact binary system with
components mass 10−2 M� and 1M� are 40 Mpc and 1.89 Gpc, respectively, for ET, and 125 Mpc and
5.8 Gpc, respectively, for CE. Other cases are also presented in the text. We derive the merger rate
and discuss consequences on the abundances of primordial black hole (PBH), fPBH. Considering the
entire mass range [10−2–1]M�, we find fPBH < 0.70 (<0.06) for ET (CE), respectively.

Keywords: gravitational wave astronomy; ground-based detectors; primordial black hole

1. Introduction

We are in the beginning of the era of gravitational wave (GWs) astronomy. The LIGO/
VIRGO observatories already detected more than 50 coalescing compact binaries events [1,2],
and the probes have targeted binary systems with total masses in the range [2–600]M� [3,4].
The LIGO and Virgo detectors are also sensitive to ultra-compact binaries with components
below 1M�, as the compactness is close to that of the black holes. In the probes for GWs
from the coalescence of sub-solar mass binaries, recently performed in [5–11], no convincing
candidates were found in LIGO/VIRGO data.

Search for the sub-solar mass ultra compact binaries is worthwhile because it may
provide direct evidence of the existence of black holes that are not of astrophysical origin
or formation of exotic ultra-compact objects. We know that in the standard stellar evo-
lution models, the lightest compact objects are formed when stellar remnants exceed the
Chandrasekhar mass limit ∼1.4M�. Beyond the Chandrasekhar mass limit, the electron
degeneracy pressure in the star’s core is insufficient to balance the star’s own gravitational
self-attraction, and, therefore, can no longer prevent the gravitational collapse of a white
dwarf. The lightest remnants that exceed the Chandrasekhar mass limit will form neu-
tron stars, and when the neutron degeneracy pressure cannot prevent collapse, heavier
stellar remnants will collapse to form black holes. To the present knowledge, there is
no model for forming neutron stars for <1 M�. On the other hand, black holes appear
to have a minimum mass ∼5M�. Furthermore, the observations confirm that there is a
gap ∼[2, 5]M� between the neutron star and black hole masses [12–14]. Thus, detecting
ultra-compact objects below 1M� could challenge the stellar evolution or possibly hint at
some unconventional formation scenarios for such objects.

The theoretical postulations for the existence of alternative channels for the formation
of black hole were proposed 50 years ago [15–19]. The main motivation is that black holes
could have formed in the early universe through the collapse of highly over-dense regions,
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the so-called primordial black holes (PBHs). It has been shown that PBHs can also form
at late times [20,21]. If PBHs exist, these can naturally account for the dark matter or at
least explain a fraction of the dark matter abundance [22–24]. Various studies using the
observations of black hole mergers by LIGO/Virgo data are carried out to constrain the
PBHs and their abundance [25–36], including proposals on how to distinguish a PBH from
an astrophysical one [37,38]. Furthermore, several analyses and theoretical calculations
are carried out to investigate PHBs for the prospects of future GWs detectors, such as
LISA [39–41] and Einstein telescope (ET) [42,43]. See the work in [44] for a general review
on the PBHs. On the other hand, various proposals for non-baryonic dark matter models
can produce subsolar mass black holes, as well as possibilities for the formation of some
exotic ultra-compact objects, with masses below 1M� [45]. Thus, the detection of sub-solar
mass ultracompact objects would provide the cleanest signature of such scenarios.

The aim of this work is to search for the possible imprints of sub-solar mass binaries
within the expected sensitivity of Einstein Telescope (ET) and Cosmic Explorer (CE). Both
instruments are ground-based GWs detectors of third generation, which could be operating
in the mid 2030s. With ET and CE, we will be able to determine the nature of the densest
matter in the universe, reveal the universe’s binary black hole and neutron star populations
throughout cosmic time, provide an independent probe of the history of the expanding
universe, physics near the black hole horizon, test exotic compact objects, as well as many
other questions in fundamental physics and cosmology. See the works in [46–48] for a
presentation of scientific objectives with these observatories. In this paper, we show that
ET and CE will be able to detect strong signals coming from sub-solar mass binaries system
candidate with components mass in the range ∈ [10−2–1.0] M�. Estimating the merger
rate of these compact binaries, we discuss consequences on the PBHs’ abundance.

This paper is structured as follows. In next section, we define the essential quantities
to analyze the GWs signals. In Section 3, we present our main results and lastly, in Section 4,
we outline our final considerations and perspectives.

2. Analysis Strategy

In this section, we briefly summarize the methodology and main information used
to search for compact binary system. For a given GW strain signal h(t) = A(t) cos[Φ(t)],
one can use the stationary-phase approximation for the orbital phase of inspiraling binary
system to obtain its Fourier transform h̃( f ). In the case of a coalescing binary system,
we have

h̃( f ) = QA f−7/6eiΦ( f ) , (1)

whereA is the GW amplitude computed perturbatively within the so-called post-Newtonian
formalism (PN), and can be written as

A =

√
5

96
M5/6

c

π2/3dL

(
6

∑
i=0

Ai(π f )i/3

)
. (2)

Here dL is the luminosity distance, and the function Q is given by

Q2 = F2
+(1 + cos2(ι))2 + 2F2

×cos2(ι), (3)

where ι is the inclination angle of the binary orbital angular momentum with respect to the
line of sight, and F2

+, F2
× are the pattern functions (specific functions for each detector).

In Equation (1), the function Φ( f ) is the inspiral phase of the binary system:

Φ( f ) = 2π f tc − φc −
π

4
+

3
128ηv5

[
1 +

7

∑
i=2

αivi

]
, (4)

where the coefficients αi are computed perturbatively in a post-Newtonian formalism.
In this work, we will use the TaylorF2 waveform model, which uses the stationary

phase approximation for the waveform, and the 3.5 PN expression for the orbital phase
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of inspiraling binary black holes with aligned spins, along with the tidal effects on the
phase (up to the 6PN level) for compact objects. In the above equation, we have defined
v ≡ (πM f )1/3, M ≡ m1 + m2, η ≡ m1m2/(m1 + m2)

2, andMc ≡ Mη3/5 to be the inspiral
reduced frequency, total mass, symmetric mass ratio, and the chirp mass, respectively.
The quantities tc and φc are the time and phase of coalescence, respectively.

The amplitude of signal-to-noise ratio (SNR), ρ, for a deterministic signal h̃( f ) is
given by

ρ2 ≡ 4Re
∫ fupper

flow

|h̃( f )|2
Sn

d f , (5)

where Sn( f ) is the detector spectral noise density.
Sensitivity curves: We considered the ET and CE power spectral density noises. Both

instruments are third-generation ground detectors, covering the frequency range 1–104 Hz.
The signal amplitude sensitivity of ET and CE is expected to be more than ten times larger
than the current advanced ground-based detectors. For ET, we consider the ET-D sensitivity
curve [46,49,50]. For CE, we also consider the amplitude spectrum of the detector noise
also publicly available in [47,51].

Figure 1 shows the characteristic strain for a qualitative example considering a sub-
solar mass binary system with components mass 1M� at dL = 100 Mpc, along with the
noise power spectral density for ET, CE and aLIGO. In all the results presented in this work,
we use the integration approach on the average over all possible directions and inclinations.
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Figure 1. Characteristic strain of a possible sub-solar mass binary system candidate with components
mass 1M� at dL = 100 Mpc plotted along with

√
f Sn( f ), where Sn( f ) is the noise power spectral

density for ET, CE and aLIGO.

Very low mass systems are expected to emit GWs in the frequency range of the ground-
based detectors. To understand it, to leading post-Newtonian order, the frequency as a

function of time is given by f (t) = 1
8πGMc/c3

(
5GMc/c3

t−tc

)3/8
. For example, an equal mass

binary with components masses 1M�, 0.2M�, will have GW frequencies of 0.25 Hz and
0.70 Hz, respectively, one year prior to merger. The maximum frequency can be determined
by the frequency of the innermost stable circular orbit ( fISCO), where fISCO = c3

6
√

6πGM
.

For binary system with components masses 1M�, 0.2M�, we have fISCO = 2200 Hz,
10,100 Hz, respectively. Thus, sub-solar mass binaries compact inspiraling can be visible
at the maximum frequency range sensitivity of the ground-based detectors before the
merger. On the other hand, even considering several years prior to merger, the expected
GW amplitude will be beyond and below the LISA band operation. These qualitative
aspects are clear in Figure 1. We assume that the coalescence of sub-solar mass black hole
binaries have negligible spin. This is consistent with the predictions of spin distributions
presented in [21,52–54].
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Merger rate for null results: We can calculate the maximum distance for which an
optimally located and oriented source would be observed with some ρ value. In general,
the detectors will measure a weaker response to GWs, depending on the location and
orientation of the binary system. This reduction is quantified through the antenna patterns,
F+ and F×, which always take values less than 1. As demonstrated in [55,56], after averaging
the detector response over both location and orientation, the binary system will reduce the
strain recovered by a factor of 2.26. Thus, this can be used to define the average range of
the detector as

Davg =
Dmax

2.26
. (6)

The average sensitive distance allows us to approximate limits on the coalescence rate
from null results for a general GWs search. The loudest event statistic formalism [57] states
that we can constrain the binary merger rate for a specific mass bin, i, at 90% confidence
level (CL) as

R90,i =
2.3
〈VT〉i

, (7)

where 〈VT〉i is the sensitive volume-time, and is given by

〈VT〉i = 4
3 πD3

avg,iT. (8)

Here, T is the analyzable live-time of the detectors. This method provides an excellent
approximation of the sensitive 4-volume. We will use this methodology to estimate the
rates in the sub-solar mass region. Similar approach has been applied previously in [5]. We
assume T = 1 yr, in all our results.

3. Results

Figure 2 on the left panel shows the distance (horizon distance) to an optimally
oriented, and some equal mass binary in the range [0.2–1.0]M� as a function of the SNR
obtained using the ET and CE power spectral density noises. The vertical line represents
ρ = 8. Within the perspective of ET sensitivity, we note that the maximum distance for
detection, assuming the reference value ρ = 8, is 0.47 Gpc, 1.05 Gpc and 1.89 Gpc for
compact binaries with equal components mass 0.2M�, 0.5 M� and 1.0M�, respectively.
For CE sensitivity, we find 1.5 Gpc, 3.2 Gpc and 5.8 Gpc for equal components mass with
0.2M�, 0.5M� and 1.0M�, respectively. Any other combination between these masses will
generate intermediate results to these. In these simulations, we consider flow = 10 Hz and
fupper = f ISCO. Evidently, the horizon distance for CE is greater than ET, because CE has a
greater sensitivity.

Figure 2 on the right panel shows the constraints on the merger rate of equal-mass
ultra-compact binaries in the range [0.2, 1.0]M� for both, ET and CE instruments. Table 1
summarizes the estimates for some particular cases. The results for CE can improve up to
1 order of magnitude of the expected merger rate for ET. We do not take into account possible
eccentric orbits effects, which may possibly increase the expected value forR90 [9,10].

Table 1. Estimates of the merger rate of equal-mass compact binaries in the range [0.2, 1.0]M� for ET
and CE instruments.

Instrument Component Mass [M�] R90 [Gpc−3yr−1]

ET 0.2 53
ET 0.5 4.7
ET 1.0 0.924
CE 0.2 1.829
CE 0.5 0.090
CE 1.0 0.029
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Figure 2. (Left panel): The distance in Gpc units to an optimally oriented, equal mass binary as a
function of the signal-to-noise ratio (SNR) for the perspective of the ET and CE sensitivity noise curve.
The vertical line represent SNR ≡ ρ = 8. (Right panel): The merger rate of equal-mass ultra-compact
binaries as a function of the components mass in units of M�.

3.1. Bounds on Primordial Black Holes

There is a strong theoretical appeal for the existence of PBHs, especially because PBHs
are dark matter candidates in a broad mass range. Constraint on the binary merger rate
places bounds on the total fraction of dark matter made of PBHs, which can be quantified
by the parameter fPBH. Several authors have shown possible ways to form PBHs in the
early Universe [15–18,25,58,59] and sub-solar mass PBHs are proposed to exist in various
scenarios, for instance, see in [60–62]. From the LIGO/Virgo data, constraints are achieved
on sub-solar sources to <1.0× 106 Gpc−3yr−1 and <1.9× 104 Gpc−3yr−1 for (0.2 M�, 0.2M�)
and (1.0 M�, 1.0M�) ultra-compact binaries [6]. Other analyses to search for sub-solar
mass compact-binary mergers in LIGO/VIRGO data that constrain the PBHs populations
are presented in [5,8–11]. In particular, see the work in [11] for a summary of the search for
non-spinning binary sources, spanning sub-solar mass ranges.

On the other hand, the merger rate of the sub-solar GWs sources is model-dependent,
and can depend on different formation scenarios [63–66]. The merger rate assuming a
Poisson scenario can be written as

RPBH(t)
Gpc−3 yr−1 = 1.6× 106 fsup f 53/37

PBH η−34/37
(

M
M�

)−32/37

×
(

t
t0

)−34/37

, (9)

where fsup is the suppression factor which varies from 10−3 to 1 [67], fPBH the fraction of
dark matter in the form of PBHs, η denotes the reduced mass ratio; M denotes the total
mass, t denotes the proper time, and t0 denotes the age of the universe today.

We use the MCMC method to analyze the parameters θi =
{

fsup, fPBH

}
, building the

posterior probability distribution function:

p(θi, α|D) =
1
Z

p(θ, α)p(D|θ, α) , (10)

where p(θ, α) and p(D|θ, α) are the prior distribution and the likelihood function, respec-
tively. Here, the quantities D and α are the set of observations and possible nuisance
parameters. Z is a normalization term. We perform the statistical analysis based on the
emcee algorithm [68], assuming the theoretical RPBH model described above with the
following uniform priors on the parameters: fsup ∈ [10−3, 1] and fPBH ∈ [0, 1]. During our
analysis, we discarded the first 20% steps of the chain as burn-in.
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Table 2 shows the upper bounds on fsup and fsup derived from the expected event
rate within the ET sensitivity assuming component mass with 0.2M�, 0.5M� and 1.0M�.
Estimates based on CE are one order of magnitude smaller than these. Figure 3 on the
left panel shows the parametric space limited to 68% CL and 95% CL for the case with
component mass 0.2M�. On the right panel, we show the case with component mass
0.5M� (label Case I) and 1.0M� (label Case II).

Table 2. Upper bounds on fsup and fPBH (fraction of PBHs in dark matter) derived from the expected
event rate within the ET sensitivity.

Component Mass [M�] fsup fPBH

0.2 <0.47 <0.022
0.5 <0.43 <7× 10−3

1.0 <0.17 <3.4× 10−3
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Figure 3. (Left panel): Two-dimensional joint posterior distributions in the fsup- fPBH plane, with the
corresponding 68% CL and 95% CL contours, obtained from the expected event rate within the ET
sensitivity assuming a binary system with component mass 0.2M�. (Right panel): Same as in left
panel, but for a binary system with equal components mass 0.5M� (Case II) and 1.0M� (Case III).

It shows that matching the constraints derived from these three mass bins, we can
explain ~2.3% of total dark matter abundance from the ET sensitivity. Using CE, we note
~0.2% of total dark matter abundance.

Ultra-compact binary system with component mass 0.01M�: We repeat the same analysis
strategy, but now to verify the feasibility of detecting an ultra-compact binary system with
component mass 0.01M�. Assuming a minimum ρ = 8, we find that the maximum horizon
distances are ~40 Mpc and ~125 Mpc for ET and CE, respectively. The estimates of the
merger rate of this compact binaries are 99,034 Gpc−3yr−1 and 3245 Gpc−3yr−1 for ET and
CE, respectively. The general upper bounds on fPBH, which can fit these merger rates are
fPBH < 0.68 and fPBH < 0.06 for ET and CE, respectively. We show the parametric space
limited to 68% CL and 95% CL in Figure 4.

Therefore, within ET perspective, binary system with component mass 0.01M�, can
represent up to ~68% of dark matter (if fsup = 10−3). Taking the contributions across
the mass range [10−2, 1.0]M� combined, we have fPBH < 0.70, that is, a limit of ~70%.
These constraints can be significantly improved within CE perspectives, where we note
fPBH < 0.06, finding a maximum ∼6% for the abundance of dark matter.
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Figure 4. Two-dimensional joint posterior distributions in the fsup- fPBH plane, with the corresponding
68% CL and 95% CL contours, obtained from the expected event rate within the ET and CE sensitivity
assuming a binary system with component mass 0.01M�.

It is important to mention that the mass range analyzed in this article, and the upper
bound that we derive on the PBHs abundance, are similar to others obtained due to the
search using microlensing effects and other observational techniques. If a compact object
crosses the line of sight of a star, it may produce a so-called microlensing effect, which
implies a transient and achromatic amplification of its flux. The non-detection of these
events leads to bounds on the maximum abundance of PBHs about fPBH < 0.01–0.1 by
the MACHO [69] and EROS [70] surveys. In [71], the authors analyze the lack of lensing
in type Ia supernovae (from the JLA sample) to constrain the PBH population in the mass
range [10−2, 104] M�, about fPBH < 0.35. We refer to the work in [44] where other PBHs
abundance are mentioned in the same mass range used in our research. On the other hand,
the significance of our results is that the next generation the GW detectors will be able to
detect such events, if they exist, and significantly improve the current bound on fPBH in
GWs searchs. Coincidentally, we concluded that these future ground-based GWs detectors
like ET and CE, might constraint the abundance of the sub-solar PBHs to similar bound
that microlensing effect. Some advantages is that a directly detection by GWs in the future
could come to be direct evidence for the existence of such compact objects, and through real
data, we can study in detail the whole parameter space of such binary systems, of which
can provide more details about its origin and dynamics.

3.2. Other Alternatives for Sub-Solar-Mass Objects

It is now clear that it will be possible to detect sub-solar-mass objects with high
significance (high ρ value), from 40 Mpc up to a few Gpc distance with ET and CE. See
Figure 2 on the left panel for a summary. In addition to interpreting these ultra-compact
objects as PHBs, there is a wide range of theoretical predictions, which in principle, lead to
the formation of objects with mass below 1M�.

In [72], the authors proposed a mechanism that can convert a sizable fraction of
neutron stars into BHs with mass ∼1M�, too light to be produced via standard stellar
evolution. Such BHs could be in binary systems, and thus may be searched by GWs
detectors. Furthermore, sub-Chandrasekhar mass BHs may also exist [73], where stellar
objects catastrophically accrete non-annihilating dark matter, and the small dark core
subsequently collapses, eating up the host star and transmuting it into a BH. Rotating
dark stars, constituted for both fermionic and bosonic equations of state, in the presence of
self-interacting dark matter, can also generate ultra-compact objects with <1M� (see [74]
and references therein). Quark stars [45], anisotropic dark matter stars [75], and many other
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mechanisms can form sub-solar-mass objects (see [45] for a review). Therefore, there is a rich
source of models and physics with sub-Chandrasekhar mass, which can not be explained
by stellar evolution. These may certainly involve a new physics, and may be alternatives
to PBHs. Certainly the mechanism generation of GWs in these systems must be better
modeled and understood, to search possible imprints of the such ultracompact objects.

4. Final Remarks

We have presented the search (a forecast) for ultracompact binary mergers with com-
ponents mass below 1M� within the expected sensitivity for the ET and CE detectors. We
have concluded that ultracompact binary systems with equal component mass of 10−2 M�
up to 1M� could be detected with high significance since 40 Mpc (125 Mpc), for very low
mass system with 10−2 M� in the ET (CE) sensitivity, up to 1.89 Gpc (5.8 Gpc), for binary
system with component mass 1M�, in the ET (CE) sensitivity band, respectively. For pos-
sible components mass of the order of magnitude less than 10−2, within the approach
developed here, it will be difficult to have signals with significant SNR values, that is,
ρ > 8.

We have determined the merger rate in the mass range [10−2–1]M�, and then con-
strained the abundance of primordial black holes as a fraction of the total dark matter in this
range mass, quantifying fPBH < 0.70 and fPBH < 0.06, from the perspective of ET and CE,
respectively. Therefore, CE puts tight constraint on fPBH. Considering non-negligible spin,
eccentric orbits, and possible tidal deformability effects on the waveform can improve and
bring new perspectives in this regard, as the origin of these systems can have very different
physical aspects. On the other hand, still in this generation of observations, the Advanced
LIGO/Virgo in their final design sensitivities, will be more sensitive to detect possible
mergers of ultra-compact binaries, which may open new trends for new physics involving
sub-solar mass ultra-compact objects.
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