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Abstract: Active Inference (AIF) is a framework that can be used both to describe information pro-
cessing in naturally intelligent systems, such as the human brain, and to design synthetic intelligent
systems (agents). In this paper we show that Expected Free Energy (EFE) minimisation, a core feature
of the framework, does not lead to purposeful explorative behaviour in linear Gaussian dynamical
systems. We provide a simple proof that, due to the specific construction used for the EFE, the terms
responsible for the exploratory (epistemic) drive become constant in the case of linear Gaussian
systems. This renders AIF equivalent to KL control. From a theoretical point of view this is an inter-
esting result since it is generally assumed that EFE minimisation will always introduce an exploratory
drive in AIF agents. While the full EFE objective does not lead to exploration in linear Gaussian
dynamical systems, the principles of its construction can still be used to design objectives that include
an epistemic drive. We provide an in-depth analysis of the mechanics behind the epistemic drive of
AIF agents and show how to design objectives for linear Gaussian dynamical systems that do include
an epistemic drive. Concretely, we show that focusing solely on epistemics and dispensing with
goal-directed terms leads to a form of maximum entropy exploration that is heavily dependent on the
type of control signals driving the system. Additive controls do not permit such exploration. From
a practical point of view this is an important result since linear Gaussian dynamical systems with
additive controls are an extensively used model class, encompassing for instance Linear Quadratic
Gaussian controllers. On the other hand, linear Gaussian dynamical systems driven by multiplicative
controls such as switching transition matrices do permit an exploratory drive.

Keywords: active inference; epistemics; expected free energy; free energy principle; linear Gaussian
dynamical system

1. Introduction

Active Inference (AIF) is a mathematical description of information processing in
intelligent systems. In brief it states that agents, originally biological but in later years
also synthetic, act to minimise their surprise by seeking out stimuli and states that are
compatible with their model of the world. AIF is an attractive framework for designing
synthetic agents since AIF agents possess a well-balanced drive towards both explorative
(epistemic) and exploitative (pragmatic, goal-driven) behaviour. These characteristics
follow from choosing the Expected Free Energy (EFE) as the objective function for planning.

In this paper we explicitly derive the equations for applying AIF in linear Gaussian
dynamical systems (LGDS) with the EFE objective. In doing so we uncover a novel result
showing that, in the case of linear models, the epistemic term of the EFE objective becomes
constant. This means that any application of EFE in LGDS will not lead to exploration and
the resulting agents will engage in purely goal-driven behaviour. The proof is given in
Section 5.5. The remainder of the paper is structured as an in-depth analysis of the AIF
framework and the mechanisms driving its claims to epistemic behaviour. We isolate the
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epistemic term of the EFE and identify it as a (bound on) mutual information (MI). We
then show that, when considering epistemics in isolation instead of the full EFE construct,
it is still possible to generate an epistemic drive using the machinery of AIF. Isolating
epistemics corresponds to a special case of EFE where priors on future observations are left
unspecified [1,2]. We analyze the behaviour of the resulting epistemic drive and show that,
for the case of additive controls, the epistemic drive is independent of state transitions and
only depends on the prior variance associated with the belief over the control signal. On the
other hand, LGDS driven by multiplicative control signals do exhibit a dependence between
state transitions and the epistemic drive. Prior work on AIF in LGDS such as [3-7], have
focused mostly on the goal-directed components of the AIF framework. The results, while
impressive, largely do not address questions of epistemics and exploration. This means
that in cases where AIF is applied to LGDS, EFE and the resulting desirable exploratory
drive have so far not been thoroughly investigated. Our results show that, provided the
model in question can be cast as a LGDS, incorporating EFE does not lead to meaningful
exploration. The present paper makes the following contributions:

¢ We derive the filtering and planning equations for AIF using EFE in LGDS,
Sections 4 and 5.

e  We consider the epistemic term of EFE in isolation and show that in the case of
additive controls actions become decoupled from state transitions when computing the
epistemic term of EFE, Section 5.3. Therefore, we do not find meaningful exploration
in this case.

¢ We show that in the case of multiplicative controls, meaningful exploratory behaviour
re-emerges when isolating the epistemic term of EFE, Section 5.4.

*  We prove that when considering the full EFE construct, parts of the instrumental and
epistemic value terms cancel each other out. This renders the epistemic value constant.
In turn, the EFE functional becomes equivalent to KL control plus an additive constant,
Section 5.5.

e  Finally, we provide simulations that corroborate our claims. We first demonstrate the
differences in exploration when considering purely epistemic agents using both addi-
tive and multiplicative control signals. Finally we show that LGDS agents optimising
the full EFE do not exhibit epistemic drives under any circumstances, Section 6.

The core message is thus that translating AIF to the linear Gaussian case presents
unique challenges, specifically because the exploration/exploitation trade-off that follows
from EFE minimisation does not manifest. Code to reproduce our experiments is available
at github.com/biaslab/efe_lgds (accessed on 19 September 2021).

2. Exploration and Exploitation

In this section we aim to introduce the concepts of exploration and exploitation on
intuitive grounds before commencing with our formal analysis. Exploitation refers to goal
directed behaviour. An agent that engages in exploitation performs actions that are aimed
at optimising some measure of preferences which we will refer to as “Instrumental value”.
As an example, consider minimisation of mean squared error, cross entropy or a similar
cost function. Exploration on the other hand, refers to behaviour directed at collecting
information about the environment in which the agent is embedded. An agent that engages
in exploration performs actions that are aimed at acquiring further information about its
environment. We will refer to any metric that quantifies the value of gathering information
as “Epistemic value”. Optimising epistemic value biases the agent towards actions that
gather information. We will refer to this bias in action selection as an “Epistemic drive”.
There are many candidates for the epistemic value term. We will briefly consider two that
are particularly relevant for the present analysis. This will not be a formal comparison but
an intuitive introduction to the qualitative differences in behaviour that can be expected
from agents that employ different epistemic value terms. First, we can consider agents that
aim to maximise entropy (uncertainty). For such an agent, the epistemic drive biases it
towards seeking out areas of state space where uncertainty is high. By repeatedly visiting
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uncertain areas of state space, the agent collects observations in said areas which in turn
reduces uncertainty. As an example, we can consider an agent trying to navigate an arena.
The agent is equipped with a sensor and the arena is subject to strong winds that induce
sensor noise by pushing the agent around. In this case maximising entropy drives the agent
to seek out parts of the arena where the winds (and corresponding sensor noise) are high.
This means the agent collects information primarily in areas where more observations are
needed, due to increased sensor noise. Second, we can consider an agent that aims to
maximise MI, also known as Information Gain. We provide a formal treatment of MI in
Appendix A 4. Intuitively, MI scores the reduction in uncertainty that the agent expects
given a particular observation. In the present example, an agent that optimises MI might
correctly identify that although windy areas are noisy, collecting information in those areas
is unlikely to reduce uncertainty because the winds will remain high. Instead the agent
will prefer to move towards areas that have less wind, in order to obtain more accurate
measurements. This is the approach taken by AIF agents when optimising EFE [8,9].
Optimising both instrumental and epistemic value terms by selecting actions necessarily
entail a trade-off between short term gains (exploitation) and gathering information in
order to perform better in the future (exploration). Having agents that are able to optimally
balance this trade-off is therefore desirable because it allows for autonomous systems that
are able to learn to navigate novel environments in order to achieve desired goals. A
core feature of the EFE is that it presents a single objective functional that encompasses
both instrumental and epistemic value terms [8,9]. In order to formally unpack how
AIF manifests both instrumental and epistemic value terms, we now need to detail the
LGDS model that specifies our agent before deriving the equations for computing the
EFE objective.

3. Generative Model

AlF is fundamentally a model-based approach [8,10]. As such, the core part of an agent
is given by a generative model. Given a generative model, the agent engages in a perception-
action loop with its environment. In practice this means the agent will, at any time step,
absorb a new observation and emit a new action. The first step is always perception,
followed by action selection and emission. Letting x € R? denote observations, z € R" a
latent state vector and u actions (we will use “actions” and “controls” interchangeably to
refer to u throughout), the generative model for an agent at a single time step, indicated by
subscripts ¢, has the form

p(xe, zelug, ze—1) = p(xe|ze) p(zelze—1,up) - 1)
—_—— —— —

-
Likelihood State transition

This form can be extended, for example by including parameters 8. If applied recur-
sively, this model corresponds to a discrete-time state space model. A common approach
when designing AIF agents is to work directly with a policy defined as a particular se-
quence of actions u;; 1.7 [8,11-13] where the subscript denotes discrete time steps ranging
from the next time step t + 1 to some known planning horizon T. In (1) we indicate
this by explicitly conditioning on u#;. This sequence of actions is then considered ei-
ther as an explicit vector of control signals [8,13—-15] or amortised for instance by neural
networks [16-19]. Proceeding in this way leads to a particular scheme for action selection
which we will detail in Section 5.

In this paper we consider the case of LGDS with multiplicative or additive controls.
To clarify the distinction between additive and multiplicative controls, we define “multi-
plicative controls” as state transitions of the form

p(ztlzi—1,ut) = N (z¢| B(ue)zs-1,22), )
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where z; € R”" is a latent state vector, u; is a discrete control signal and B(u;) is the
transition matrix. We consider the case where the control signal functions as a selector
variable. Formally we define a vector of candidate transition matrices [By, B, . .. Bs] and let

S
B(ut) = ] Bi*. ®)
s=1

Here u; is a one-hot encoded vector u; = [uyq, ..., u;s] that takes values in uys € {0,1} and
where 255:1 uts = 1. Each B is raised to the power given by u;;, which means that only
the selected Bs will be active. The control signal therefore influences state transitions by
selecting the transition matrix B directly.

We can visualise this model using the Forney-style Factor Graph (FFG) formalism [20].
In an FFG, each edge represents a variable and each node a factor. An edge is connected to
a node if and only if the corresponding variable is an argument of that factor. Each edge
connects at most two nodes. When a variable is an argument of more than two factors, we
can circumvent the two node per edge limit by linking edges together through equality
factors. This effectively creates an auxiliary variable (a new edge) for which the posterior
beliefs are constrained to be equal to the beliefs for the original variable. The new edge
can also be attached to two factors, so by adding equality factors we can use the same
variable as an argument of multiple factors. Observed variables and clamped parameters
are denoted by a small black square and selected actions by a small black diamond. The
selection mechanism described by (3) is denoted by the multiplexer (MUX) node. Instead of
cluttering the graph by drawing the full set of [By, By, - - - Bs| candidate transition matrices
as separate nodes, we denote them by a shaded circle. The circle contains S nodes and their
corresponding outgoing edges all connect to the MUX node. For a further introduction to
FFGs, see [21,22]. The FFG of the multiplicative model can be seen in Figure 1.

Figure 1. Factor graph of the generative model of an agent with multiplicative control signals.

For comparison, we now consider the case of additive controls. For the additive case
the generative model is again given by (1). However exact model specification is a little
more involved. We consider transition models of the form

p(zt|ze—1, ut) = N(z¢|Bzp—q + b(ur), Xz), 4)

where B € R"*" is a known transition matrix and b(u;) € R" is a vector function that adds
to the latent state. To rigorously compare the multiplicative and additive control cases, u;
must remain a categorical selector variable. To that end, we introduce an auxiliary variable
bt. The purpose of by is to allow u; to function as a categorical selector variable. Instead of
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selecting between transition matrices Bs, u; now selects the parameters ©s = {us, X5} of a
Gaussian input signal. Formally, we will write the generative model as

plarfziot ) = [ plarlzios, bop(erlur)db (52)
S

- / N (z|Bzi_1 + by, Z2) TN (b |©:) "y (5b)
s=1

where we recognise a similar selection mechanism of (3) in the second term of (5b). Se-
lecting an action means fixing u; = i; which leads to selecting one of the candidate
Gaussian distributions. With only a single Gaussian surviving, integration over b; becomes
straightforward and yields

p(zt|zi-1,0t) = N(z¢|Bzp1 + flu, Tz + L) (6)

where ©s = {fly,, £y, } represent the parameters of the Gaussian distribution selected by .

The factor graph of the additive model is shown in Figure 2 where the MUX node
now selects between ®1.;. In both the multiplicative and additive settings, we employ a
likelihood term of the form:

p(xi|ze) = N (x| Az, Zy), )

where A € R¥" is a known emission matrix and ¥, represents measurement or observa-
tion noise.

*

Figure 2. Factor graph of the generative model of an agent with additive controls.

Having established the relevant model structures, we now examine the percep-
tion/action loop starting with perception.

4. Perception as Bayesian Filtering

The perception part of the action/perception loop involves making inference about
observed data and can be cast as a Bayesian filtering problem. This part of the process
describes the agent inferring the hidden state of its environment based on the sequence
of actions taken so far, the resulting sequence of states visited and the accompanying
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observations. We can write the resulting inference problem in an intuitive way as a
prediction-correction process:

p(xt|zt)

p(zelx1) = x p(ze]x1:-1) - ®)
———r P(xt|x1:t71) S——~—
posterior ~——~—" prediction of z
correction based on x1.¢_1
based on x;

The above shows how the inference over states can be accomplished recursively (due to the
model obeying the Markov property) by first computing a prediction for the next hidden
state z; to generate a prior belief which is then updated in a correction step based on the
observed data point x;.

The Bayesian filtering problem is generic. To see how it translates to our case, we can
expand the prior predictive in terms of our generative model

likelihood prior predictive p(z¢|x1.4—1)
~
Xt]Z¢ -
p(zefx1) = _plal) // p(zelze,up) 6(ur — ) p(zp—1|x14-1) dzpaduy,  (9)
—— plxfxp) S e e o
state posterior =~ “=—~—r state transition ~ control state prior
evidence signal

We use §(u; — ;) where J is the Dirac-d to fix the value of u; to the selected action 7
for that particular time step. The particular value chosen for #; is the result of the action
selection procedure described in Section 5. The evidence term is given by

p(xi|x1:-1) = /p(xtIZt)(/]p(mlzt_but)é(utﬁt);ﬂ(zt_llezt—l)dzt_ldut)dzt- (10)

For the LGDS models considered in this paper, filtering can be performed using the Kalman
filtering equations. We will first work this out explicitly in the multiplicative case and then
in the additive. To show how to perform filtering in the multiplicative model, we start
by assuming that the agent has selected an action u; = #i; by the procedure described in
Section 5. We can then calculate the prior predictive distribution of (9) according to our
model specification (1) as

p(ztlx1-1) = // p(zt|ze—1,u)6(ur — ) p(ze—1[x1:-1)dzs—1dus (11a)
= //N(zt\B(ut)zt,l,Zz) O(ur — 1) N(z4-1|pz_,, 2z, ) dzp—1duy  (11b)
——
State transition Selected State prior
control signal
= /N(Zt|B(ﬁt)Zt71/Zz)N(ztfl‘Vzt,llzz,,l)dztfl (11c)
= N(zt] Bipizy y, Bi¥ey (BT +20), (11d)
—_—— ———
= Tz

which we recognise as the prediction step of a Kalman filter [23]. We use the superscript ~
notation to indicate that the variable in question is not based on the full data set x;.; but
instead on a smaller data set x1.;—1. In moving from (11b) to (11c) we rely on the sifting
property of the Dirac-6 to substitute the selected value for u; in (3). Since B(u;) is a function
of u; and u; is now fixed to #;, we can directly substitute the selected parameterisation by
setting B(u;) = B; where B; denotes the parameterisation given by the selected Bs. This
takes us from (11b) to (11c). Finally we can rely on standard results for linearly related and
jointly Gaussian variables to go from (11c) to (11d), see for example [23] [Appendix A.1]
for details of this move in the context of Gaussian state space models or Appendix A.2 for
an abbreviated version. For the additive control case, we can calculate the prior predictive
distribution in a similar fashion. Starting from the model definition (1), we can write
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plarleri 1) = [[[ plarlzia,bp(lundn — n)p(z s 1) dudbidz (122)
S
= [[[ N (B2 b, ) TTN (bl ) 8w =) Nzl B ) durdbrdz - (120)
S:l \W—/
Selected State prior
State transition control signal
S
= [ N tlBzir + bt Z) TTA (tlpte, Z)™N (211, o,y )bz (120)
s=1
= //N<Zt|BZt71 + b, £2) N (b, 2 )N (2112, y, ey, )dbrdzy—q (12d)
—_—— —
Selected
parameters, O
_ / N (z4|Bzi—1 + fluy, Bz + S )N (201 |ptz,_,, ey )dzi 1 (12¢)
= N (z¢| Bpiz, , + flu,, Xz + 4, + BXz,  BT). (12f)
Mz X

We again denote the selected parameters for the additive control at the k-th time step as
flu, and %y, . To proceed from (12b) to (12c) we rely on the sifting property of the Dirac-6
and substitute the selected value for #;. The move from (12c) to (12d) acknowledges that
only the selected parameterisation is active once we substitute u; = 7; as covered in
Section 3. The final steps from (12d) to (12e) and from (12¢) to (12f) uses standard results
for multiplication and marginalisation of jointly Gaussian variables for which we again
refer to [23] [Appendix A.1] and Appendix A.2. In summary, we see that when u; = i; the
model specification given in (5b) reduces to a standard LGDS and can be updated using
the prediction step of the Kalman filtering equations.

Both the additive and multiplicative models use similar likelihood models, meaning
they can be updated using the same Kalman correction step. To perform the Kalman
correction step, we need to apply Bayes rule

p(ze|x1) p(xelx1e—1) = p(xelze) p(ze|x1i-1), (13)
posterior evidence likelihood prior

where the factor on the right-hand site (RHS) are given and the terms on the left-hand side
are the desired factors. This equation can be solved analytically. First, we evaluate the
RHS as

p(xilze) p(zelxre-1) = N (x¢| Azi, T )N (24| pz,, ;) (14a)
- - — AT
_ Zt Mz, ZZt ZZtA 14b
N ( M {Au;}’ [AZZ, A AT +x,) ) (4P
Then if, for notational convenience, we rewrite the covariance matrix as
T i a [ Zg >, AT

42 2 ZEr , (15)

201 Xoo AZZt AZZtA + 2y

(14b) can be written as the product of the state posterior
p(zexie) = N (zelpg, + Z2Z0)' (xr — Apg, ), Zi1 — 1020y To1), (16)
and evidence

p(xelx1—1) = N (xe|Apz,, Zoo) - (17)
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due to the theorem for decomposing a multi-variate Gaussian into the product of a conditional
distribution [23] [Appendix A.1].

Finally, we can also calculate the conditional distribution p (x¢ |z, x1.4—1) [23] [Appendix A.1].
While this is not required for solving the Bayesian filtering problem, it will prove useful
for deriving the epistemic value term (as derived in Appendix A.4) used for the action
selection procedure described in Section 5. We can find it as

p(xelze, x1e1) = N (x| Apg, + Zon Sy (26 — 13, Zop — T Ty 20) - (18)

Having described perception as Bayesian filtering, we now turn our attention to action
selection under AIF.

5. Action Selection under Active Inference

When we are interested in constructing AIF agents, arguably the core task is that of
action selection. Under AIF we solve this task by first computing a prior over future control
signals. Technically, we seek to compute

p(usyrr) < exp(=G(uri11)), (19)

i.e., the prior on controls is a softmax function of G(u;41.7) [8] [Equation (7)]. Here,
G(uy41.7) denotes the expected free energy (EFE) for a policy that extends into the future
until a known horizon T. We further discuss the computation of G(u;1.7) in Section 5.1.
To obtain the control prior at time ¢ + 1, we can marginalise this distribution as

p(uri1) = /'"/P(“t+1:T)dut+2"'duT (20a)
S / e / exp(—G(usy1.7))dutsyn - - dur. (20b)

If we assume independent control priors for each time step, that is, if we assume
T .
p(upirr) = | P p(uy), or equivalently,

T

exp(—G(upr1:7)) = ] exp(—G(u)), (21)
k=t+1
then the marginalisation (20) evaluates to
p(ur1) o< exp(—G(ue1)) - (22)

Since the marginalisation procedure is identical for any other time step, we can deduce
that the total EFE for a policy is equal to the exponentiated sum of EFEs at individual time
steps. That is

T T
p(urrrr) < exp(=Glupr)) = [] exp(—G(uk))—eXp<— ) G(uk)>. (23)

k=t+1 k=t+1

This suggests a recursive scheme over time steps for computing policy priors, similar to the
proposal by [13]. In the AIF literature the executed action is then commonly sampled from
p(us41.7) and emitted to the environment [8,13]. Other action selection approaches such as
selecting the MAP estimate (the arg max or mode of the distribution) are also possible. We
now turn our attention to how the expected free energy is computed.

5.1. Computing G—Expected Free Energy

The EFE is an AIF specific construct that attempts to model what the variational free
energy would be at a future time step, conditioned on a particular sequence of actions.
Of special interest is the decomposition of EFE into an epistemic (explorative) term and
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an instrumental (exploitative) term. It is due to this decomposition that AIF claims an
adaptive trade-off between exploration and exploitation [8,13]. Note that we provide the
derivation here only for the simplest case. There are extensions to the EFE such as [24] that
include additional terms which induce changes in the agent’s behaviour. Including these
additional terms are not necessary for our core argument so we omit them here and refer
interested readers to [24,25]. To show how we arrive at our formulation for EFE, we first
need to introduce variational inference. While the filtering equations in Section 4 permit
analytical solutions by applying Bayes rule directly, this is often not the case as solving the
required integrals can become intractable. In those cases, we can instead approximate the
exact solution p(z¢|x1.¢) by a recognition density g(z¢). Formally we accomplish this by
minimising the KL divergence between the exact solution and our recognition density

KLlg(z)lIp ()] = [ ) tog - L2 @

Zt|xl:t)

If we now multiply and divide by p(x¢|x1.;—1) inside the log-operator,

KLlgGz)Ip(een] = [ Gz ftog 25— tog plafnso) |z (29
_ q(zt)
= /q(zt)log mdzt—i—log p(xt‘xlztfll- (26)

log-evidence
VEFE F|q]

We obtain the variational free energy (VFE) F[g] by noting that log p(x¢|x1.—1) is not
dependent on z;. Since the term p(x¢, z¢|x1.4—1) in the denominator of F[q] is given by our
generative model, we can choose constraints on g(z;) to make optimization of (26) tractable.
Minimizing F[g] then constitutes an upper bound on — log p(x¢|x1_1), meaning we can
optimise (26) to obtain an approximate solution to our original inference problem. We
define the optimal recognition density g* as the one that minimises F[g]:

g* = argmin F|[q] (27)
q

For further background on variational inference we refer interested readers to the seminal
works by [26,27]. Now we are ready to introduce the EFE. To do so, we start by obtaining
our best estimate of the time step k in question by integrating out contributions from past
time steps as

p(xk, zi|ug) = /P(xkfzk\zk—1,uk)l7(2k—1|x1:t)d2k—1, (28)

where we write k instead of ¢ to indicate that we are referring to an arbitrary time step
within the planning horizon t < k < T. p(zx_1|x1.t) denotes the posterior state estimate
at the previous time step given all available observations. For notational brevity we
suppress the dependency on x1.; on the LHS. Unless otherwise noted, all distributions are
conditioned on prior observations moving forward. For LGDS p(zj_1|x1.) is available
from recursive application of the filtering equations described in Section 4. For k = t + 1 it
is given by (16) and for k > t+ 1, p(zx_1|x1,¢) is given by (11) in the case of multiplicative
controls and (12) in the case of additive controls. When p(z;_1|x1.t) can not be obtained
through application of Bayes rule (providing the exact solution), one can employ variational
inference (providing an approximate solution). In that case derivations must instead
proceed in terms of the approximate posterior g(zx_1|x1.+). Now we can write out the
variational free energy conditioned on a particular action uy = i} and recognition density
as F[q; ux]. Note that while F[q] is a functional (a function of a function) of g, we also
explicitly include conditioning on action given by the parameter uy. To differentiate, we
separate them with a semicolon when writing F|[g; u]|. Given the factorisation in (23), it
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is sufficient to consider a single time step k since we can substitute any value for k. This
gives us

] = q(zx|ur)

F[q/ uk} /q(zk|uk) log P(xkrzk|uk)d2k‘ (29)
However this expression includes observations x; which are not available, since we are
working with time steps in the future (t < k < T) and the future is by definition not
observed yet. To alleviate this issue, we can take the expectation of this expression with
respect to the data generating distribution over observations. When the data generating
distribution is available from the generative model, we can equivalently write p(x|zx)
instead of g(xx|zx). This gives the expression for the expected free energy at the k’th
time step:

Flg; uy] if x; was observed

q(zx|uy)
SU x|z zi|luy) log —————~dz; | dxy . 30
Gq; uy] //‘7 klzk) { kluk) 8 g, 2 ug) 2| 4% (30)

Expected F|q; uy] since x is not yet observed

As with the VFE in (26), we are interested in the minimum of (30) which once again entails
finding g*. For clarity of notation we define the solution as

G(ux) = Glg"; ux] = argmin G[q; uy], (31)
g

where G(uy) is used to compute the policy prior by plugging into (23). Note that G(uy) is
a scalar value that denotes the expectation of F[g*; uy] under a particular set of constraints
on g and given a specific action uy. To get an intuition for G(uy) it can be useful to think
of the computation as a two-step procedure consisting of an inner and an outer loop. The
inner loop performs variational inference and finds g4* conditioned on an action uy. The
outer loop then computes the resulting EFE by taking the expectation of F[q*; uy| under
the matching data generating distribution. A core property of EFE is that it introduces an
epistemic value term into the optimisation. This leads agents that optimise EFE to seek out
areas of state space that have high information gain under the current model, allowing for
a principled trade-off between exploration and exploitation [9,28]. To show how this comes
about, we can decompose the EFE into a cross-entropy loss and a mutual information (MI)
term where the latter quantifies the information gain (in nats or bits) about hidden states
zj from observing outcomes x;. For the following derivation we will need a bound, the
details of which can be found in Appendix A.3. Starting from (30), we can factorise the
denominator as p(x, zx|ug) = p(zk|xk, ux) p(xx), leading to

q(zi|ug)
Z| X, ug ) p

Gl = [ ataslze) ozl tog ] (322)

= // q(xx|zx) [ (zx|ug) {log (Z(k|ljkrlik) log p(xk)] dzk] doxy . (32b)
Now we apply the bound from Appendix A.3 to swap g for p in the denominator. Making
use of this inequality is a standard move across the active inference literature [8,11,13,25,29].
The bound becomes exact when we perform exact inference which is the case in the
models we consider here and the discrete models often employed in AIF research, see
for instance [8,25]). Instead of applying the bound, another option is to utilise (30) as is,
see [30] for an example. We proceed as
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//q Xi|zk) { (zk|ug) [102% (( L k)) 1OgP(xk)}de]dxk (33)

Zje| g, Uk

/ q(xx|zk) { (zk|ux) [108 (Zk|l;|k ku)k) 10gP(xk)}de}dxk-

Finally we split the integral and integrate over z; to obtain

q(zx) X, u
G(uk) / q(xx, zx|uy) log e )dedxk—/ q(xx, z|uy) log ((k|k)k)dzkdxk (34a)

= /q X |ug) log ——— //q Xy, z|uk) log alzklxe e) g, kdxy (34b)
P( q(zk|ux)
q (2, xk|ug)
= Xi|ug) lo // X, 2k |ug) log ———~——"—dz;dxy . 34c
/q k| k g "7 k k‘ k 08—~ 1. (Zkluk) (xk|uk) kU4 Xk ( )
cross-entropy Mutual Information

In the last line we multiply and divide by g(x|ux) to make the MI term explicit. Readers
familiar with the broader AIF literature such as [8,9,12] might not immediately recognise
the form of (34c) as a common decomposition of the EFE. The equivalence between (34c)
and the EFE was originally noted in [8] where the move from (34b) to (34c) is done to
show the relation between AIF and InfoMax methods. An advantage of writing the EFE
as (34c) is that it cleanly shows how the EFE can be viewed as a combination of two
well-known and widely established objectives. From (34c), we see that G(u) decomposes
into a (bound on a) cross-entropy term minus an MI term. Maximising MI is a known
way to induce exploration (i.e., information gain about hidden states from observations) in
agents and has been employed in multiple settings both within the control theory [31,32]
and reinforcement learning literature [17,30,33]. The cross-entropy loss is between a prior
p(xx) and the posterior distribution g(xx|uy) over future observations. This allows for
interpreting p(xy) as a target/goal prior [25,34]. It endows the agent with an instrumental
value term that elicits goal-directed behaviour from inferred policies.

Taking this view, G(uy) can be adequately viewed as scoring the behavior resulting
from the action uy as a balancing act between MI-based explorative and cross-entropy-
based exploitative terms. We now examine each of these terms separately to understand
how they work in the linear Gaussian case before considering them jointly. We begin by
focusing on the MI and how it may drive exploration when considered in isolation.

5.2. Mutual Information Computation

Epistemic behaviour in AIF agents can be considered to be driven by minimising
negative MI, as shown in (34c). Ml is in general defined as

I[x,z] / p(x,z) log p <))dxdz— Hlz] — H[z|x] = H[x] — H[x|z]. (35)
Note that we can write (35) in terms of entropies of either x or z. We can do this since MI
is symmetric in its arguments. In the LGDS models we consider, we can evaluate the MI
component of G(uy) as

I[xg, zi] = 1og|1+2 'Ax; AT (36)

The detailed derivation of (36) can be found in Appendix A.4. To facilitate purely epistemic
behaviour, AIF agents can optimise this quantity by selecting appropriate control signals.
We will therefore use optimisation of MI as the basis from which to investigate purely
epistemic behaviour.
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5.3. Pure Exploration as a Function of Additive Control Signals

To show the relation between exploration and controls in the additive case, we now
need to show how MI depends on the control signal u;. For clarity of notation we will
do the derivation for the case k > t + 1, i.e. we will write in terms of the prior predic-
tive p(zx_1|x14_2) = N(zk%wz;q'z;kq) obtained from (12) instead of p(z;_1|x14_1) =
N (zk-1|pz 1, 2z_,) from (16). We do so since observations are not available for k > ¢,
meaning we can not perform a full filtering step for the prior time step k — 1 unless
k =t +1. For the case k = t + 1, we can perform filtering for the state prior and can
therefore substitute in parameters of p(z;_1|x1.x_1) where appropriate. We start the deriva-
tion by generating a prediction from our model using (12). We can find the relevant joint
distribution at the k’th time step by plugging the result into (14b) to obtain

) , (37)

|

where we see that the control signal contributes an additive term %, which is the variance
associated with the selected action. Interestingly, this means that if we let £,, go to 0, the
covariance matrix becomes identical to the multiplicative case detailed in Section 5.4. We
plug the marginal over states z; into (36) to get

Sy, +%.+BL, BT [%, +%.4+BL; BTAT

o Zk—1 L
ALy +2.+B%, BT] A[L,+Z.+B%; BTAT+E,

Zk—1

Byi,l +ﬁuk
A[Bpiz_, + ]

7

1 .

I 7] = 5 log |1+ 274 [Bz;kleT Y+ zuk} AT| (38a)
sz

_ %1og|1+2;1ABZ;HBTAT+ soAs AT 450148, AT . (38b)

Dynamics dependent ~ Policy independent  Policy dependent

We notice that the MI decomposes into three terms. We label the first “Dynamics dependent”
since it depends only on the transition matrix B, observation noise ., and the prior state
variance ¥, . The second term is labeled “Policy independent” since it only depends on
the observation noise X, and transition noise ¥.,. Note that neither of the first two terms are
influenced by the control signal. The last term is the only one to include £, and is therefore
“Policy dependent”. Crucially, the policy dependent term only depends on the variance of
the selected control signal fmk and the observation noise X. In other words, it is independent
of the latent state z;. Since both %, and £, are available a priori, we can precompute the
effect of a policy on the epistemic value term before receiving any observations. Further
the result is also independent of the trajectory taken by the agent. Therefore in the case of
additive controls, maximising MI does not produce targeted exploration. This necessitates
the use of a different model structure when epistemic behaviour is desired. A similar result
to ours was obtained by [35] for the case of linear dynamics with additive controls.

5.4. Pure Exploration as a Function of Multiplicative Control Signals

To show how epistemic behaviour re-emerges as a function of multiplicative control
signals, we now need to show how MI depends on the choice of transition matrix By.
We again proceed by generating a prediction from our model using (11). Plugging this
into (14b) gives us the joint distribution as
.+ Bz B] .+ Bz, BIIAT ) 39)

Al + B2, Bl A[Z.+ B2, BIAT +5,

Zk—-1 Zk—1

Bipiz,
ABkV;k,l

7
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Plugging the above into (36) we find that

1 R R
Ixi, 7] = 5 log |1 +Z;'A Bz, Bl +.] AT| (40a)
sz
1 . R
= —log |l + = 1ABx, BIAT+ = 1Az, AT |. (40b)
2 k—1 N———’
Policy dependent Policy independent

We see that MI now decomposes into two terms. The first term depends on By and can
be controlled by selecting appropriate transition matrices. The second is independent of
policy as it only involves process £, and observation noise . Note that similar terms also
appear in the additive case. The difference between the additive and multiplicative cases is
that the choice of transition matrix By is now under the control of the agent. To maximise
MI, the agent must therefore select the B, that maximises the entropy of its latent states zj.
Taking this view offers a nice intuitive explanation for the resulting exploratory drive: To
gain the most information, we must perform the actions that lead to the most uncertain
outcomes as described in Section 2. To learn the most, we must sample where we know
the least.

5.5. Instrumental Value and Expected Free Energy

We now turn our attention to the instrumental value term of G(uy) after which we
analyse the full EFE construct. Recall from (34c) that the instrumental value term is a
cross-entropy of the form

| ol o - sdn = [ gl tog A — Kelg(ay ) lp(e)] + Hlrelud. @)

In many cases it is not trivial to obtain q(x;|uy) due to intractable integrals. However
in the LGDS we are considering, which only involve linear Gaussian relations, it has a
tractable expression given by (17). The KL divergence between two Gaussian distributions
is given by

1 M
KelaCoslullp (5] = (108 1551+ 1+ Gty = )5 g = ) + 015, 5] ) 62

We use subscripts {p, q} to denote whether a term comes from p(xy) or q(x|ux) and use
{u, 2} for the parameters of the corresponding distribution. We can now consider both
terms of (34c) jointly in the case of LGDS. Taking (35) and (41) together and making the
conditioning on u; in (35) explicit, we see the full objective comes out as

G(ux) = KL[g(xi|ure) |[p (xi)] + Hlo ] — Hl x| ] + Hloee |z, ] (43a)
Instrumental value Negative MI
= KL[g(xi|uge) [|p(xic)] + H x|z, ], (43b)
Risk Ambiguity

where we recover the familiar risk and ambiguity terms. In the specific case of LGDS the
inequality becomes an equality when we perform exact inference following the equations
laid out in Section 4. However note that when combining the instrumental and epistemic
terms instead of considering them in isolation, we perform a seemingly innocuous cancel-
lation and remove the entropy H[xi|uy]| from the equation. Previously H|xy|uy] appeared
twice since we considered the epistemic and instrumental terms separately. However when
considering the full EFE construct, this is no longer necessary and we are left with just the
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ambiguity H|[xy|zg, ug]. Using the entropy expression for a Gaussian distribution, we can
write the ambiguity as

1 _
H[xk|zk, uk] = E (1’1 log 2w+ IOg ‘222 — 2212111212| + 11) (44)

Recalling the form of the joint given in (14b), we can write each block of the covariance
matrix out and find

1

Hxg|zg, ug] = 5 (n log 27 +log | AZZkAT + Xy — A, Z;kl ZZkAT | + n) (45a)

————— N
X» Yo b X1

1

= (n log 27 + log | A%, AT + 5, — A%, AT| + n) (45b)
1

= E(nlog2n+log|2x| +n) (45¢)

The cancellation that follows from using a cross-entropy term to drive goal-directed be-
haviour means that we are left with only the conditional entropy to drive exploration. The
above derivation shows that this term is constant and only depends on the observation
noise variance 2. This proves that EFE minimisation in LGDS does not lead to exploration.
In fact, minimising a KL divergence between a predicted and desired state (the risk term) is
the objective of KL control [36] or message passing based simulations of AIF that minimise
variational free energy [6,37]. We conclude that in the case of LGDS, the EFE objective is
equivalent to the objective of KL control plus an additive constant that depends only on
the observation noise variance.

6. Experiments

We investigate the proposed agents in three different settings. First, we investigate
pure epistemics in the additive case and show that they do not manifest. Second, we inves-
tigate pure epistemics in the multiplicative case and confirm that the agent does indeed
perform maximum entropy exploration. Finally we provide comparable experiments for
full EFE and show that it indeed reduces to a KL divergence plus a constant.

6.1. Pure Epistemics for Additive Controls

In this section we investigate how the epistemic component of EFE behaves in the
additive case. In particular we investigate the effects of different transitions on the epistemic
value assigned to a policy. For this experiment the transition model is given by (4). We

define the state prior as
11 |11 0
i) w

and set both transition and observation noise to identity matrices. We allow the agent a
single action by setting T = t + 1, which will be the case for all experiments. Further we
define the transition matrix B, emission matrix A and observation noise X, as

10 10 10
A:{o 1}’32[0 1}’2":[0 1] (47)

p(zi-1|zi-1) = N<Zt—1
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Note that in the additive case, neither matrix has to be time-varying and so we remove
the subscripts. We will also use the same parameterization of X, for all experiments. We
compare 4 different candidate parameterisations of the control signal

o= ==l o= {= ==y 1)
e G A e O O

We choose ©; to function as a baseline. For comparison ®; shares the same covariance
matrix but offers a higher displacement of the mean. @3 shares the mean parameter with
®; but has higher variance. Finally ®, increases both the mean and variance over ©;.
According to (38) varying the mean should not affect the epistemic value since it does not
enter into the MI computation. On the other hand, we expect higher variance to affect
the policy independent term and lead to increased epistemic value. Consequently we
hypothesise that @1 and ®; will lead to identical results in terms of epistemics even though
they result in very different posterior states. Following the same line of reasoning, we
hypothesise that @3 and ©4 will lead to identical results. This in turn implies that ©; and
O3 will lead to different values even though the displacement is the same and that a similar
pattern will hold for ®; and ©,. Results are shown in Table 1, rounded to 3 digits.

Table 1. Epistemic value for additive control signals given state transitions.

Transition —MI
01 —1.386
O, —1.386
O3 —1.609
Oy —1.609

We observe that as hypothesised, MI is not affected by the state transition (®; and
®; show identical values). We do find an effect of changing the variance which is again
independent of the mean (@3 and ®4 show identical values). This simple experiment
confirms our hypotheses given by (38b): Changing the mean of the control signal does
not affect the epistemic term. Changing the variance of the control signal does affect the
epistemic term. We conclude that when considering purely epistemic value and additive
controls, state transitions and exploration are decoupled. Any effect of the control signal
on epistemics is only proportional to the variance of the control, can be pre-computed and
does not depend on the agent’s trajectory.

6.2. Pure Epistemics for Multiplicative Controls

For comparison, we now perform an analogous experiment for the case of multiplica-
tive controls. We define all quantities in the same way as the additive case. The only change
we introduce is defining four transition matrices By.4 to replace ®1.4. The four candidate
transitions we consider are

01 0 10 10 0 100 0
Bl_{o 0.1}’32_[0 1}33_[0 10}34_{0 100} (49)

Following (40), we hypothesise that larger transitions should lead to lower negative MI by
virtue of increasing the value of the policy dependent term. We test this hypothesis across
four orders of magnitude and show the results in Table 2.
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Table 2. Epistemic value for multiplicative control signals given state transitions.

Transition —MI
Bq —0.698
B> —1.099
B3 —4.625
By —9.211

We observe that, as hypothesised, negative MI decreases as a function of the size of the
state transition. Larger transitions lead to lower negative MI though the exact relationship
is nonlinear in the size of the transition.

6.3. Lack of Epistemics for Expected Free Energy

To investigate the behaviour of AIF agents optimising the full EFE construct, we now
repeat both the additive and multiplicative experiments but introduce a goal prior p(x¢).
We define the state prior and the goal as

3] 13 0
b ) e

ihlo 3])- o =(e

Both the multiplicative and the additive agent employ the same emission matrix A. For the
multiplicative agent we further define the set of candidate transition matrices By.4

O O O

Here we choose Bj as the identity matrix to serve as a baseline. B, moves the agent towards
the goal but stops short while B4 overshoots by the same amount. This means that either
transition puts the agent at the same distance from the goal but with different variances
and hence different values of the policy dependent term. Finally we allow B3 to move the
agent directly to the goal. For the additive case we set the transition matrix B = B; and
consider the set of candidate parameterisations 1.4

R | E I P
o=l ==t Y} o-fu-[=-[ ) @

where we again vary the mean and variance parameters following a similar logic as for the
additive experiments. Notably, both @, and ®4 take the agent directly to the goal but with
different variances. We first examine results in the multiplicative case, shown in Table 3.

p(ze—1|x1-1) = N<Zt1

Table 3. EFE for multiplicative controls.

Transition KL Ambiguity G Instrumental Epistemic
By 1.33 2.84 417 5.27 —1.10
By 0.64 2.84 3.48 5.27 -1.79
B3 1.37 2.84 421 6.60 —2.40
By 3.54 2.84 6.38 9.27 —2.89

Here the first column shows the KL divergence between the posterior predictive
distribution over observations g(x¢|u;) and the goal prior p(x;) after the corresponding
transition. The second column show the additive constant that corresponds to the ambi-
guity term. The full EFE is displayed in the third column marked G. Finally the last two
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columns display the cross-entropy and negative MI terms as Instrumental and Epistemic
value respectively. From Table 3 we see that the lowest KL, and consequently lowest
G, is obtained when selecting the B, transition matrix. Recall that By stopped short of
the goal while B3 placed the agent directly on top of it. However, because controls are
multiplicative, B3 also results in substantially larger variance which is penalised in the KL.
To show that KL is indeed the only driving factor, we can examine the second column,
containing the Ambiguity term. We see that it is constant since the observation noise is
constant. In turn, we find that the EFE (third column, G) can be written as the sum of the
KL and Ambiguity columns. For completeness we have also calculated the cross-entropy
(Instrumental value) and MI (Epistemic value). Here we observe similar patterns as in the
purely exploratory case; larger transitions lead to lower negative MI. This is accurately
balanced by the instrumental term though, highlighting an important point: Our result
that EFE does not lead to epistemics is only revealed when we consider a particular way of
writing the EFE. If we had instead proceeded from the cross-entropy/MI decomposition,
the ambiguity constant would not have materialised. We can create a similar table for the
additive case, shown in Table 4.

Table 4. EFE for additive controls.

Transition KL Ambiguity G Instrumental Epistemic
0 3.05 2.84 5.88 7.27 —1.39
0, 0.38 2.84 3.22 4.60 -1.39
O3 3.16 2.84 5.99 7.60 —1.61
(O 0.49 2.84 3.33 494 —1.61

We observe that the lowest KL and G corresponds to the transition parameterised
by ©, as it takes the agent directly to the goal with small variance. What is interesting
about Table 4 is the ambiguity column. We obtain the same additive constant as in the
multiplicative case which corroborates our results. Even though the dynamics are different
and there are substantial differences in both the instrumental and epistemic value terms,
the EFE can still be decomposed as a KL and an additive constant that only depends on the
observation noise.

7. Discussion

Viewing EFE from the point of view of mutual information and cross entropy allows
for isolating the epistemic and instrumental value terms so they can be investigated sepa-
rately. This angle was originally taken in [8] and used as a method of relating AIF to other
frameworks. Recent work [1,9] investigates a similar decomposition in the discrete case to
highlight how pure exploration and exploitation manifest. Our results as well as [1,8,9]
all explore how the EFE operates in specific model architectures. Additionally [1,2,8] also
note the equivalence between the mutual information term and the objective of optimal
Bayesian design. While work such as [29,30,38] have investigated this link in the general
case, deriving the specific equations for a wider class of model architectures promises to be
a fruitful area for further research. In those cases, the approach followed in our analysis
presents a straightforward way to derive the form of the EFE objective by first decomposing
it into a pair of known objective functions and then deriving the expressions separately.

Because EFE can be written in terms of marginal/conditional distributions over the
latent states z, the analysis presented here applies to any model that utilises a linear
likelihood. The results do not depend on the transition model, as demonstrated by our
experiments showing similar behaviour for EFE minimization using two different transition
models. Our results are consequently equally applicable for a large class of transition
models such as auto-regressive models, Gaussian process state space models or deep
neural networks without additional adaptation provided the observation model remains
linear and Gaussian.
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On a similar note, a clear limitation of the present work is the strong reliance on
linear observation models. We chose to focus on this case since it allows for an analytical
expression of the MI term. However, in general Ml is a difficult quantity to compute and
one often has to rely on approximations. When approximations are involved, the present
analysis is not necessarily applicable, since the decoupling of control signals and epistemics
is only demonstrated for the linear case.

In special cases, one can also approximate the joint covariance matrix instead of the
mutual information - this is the case for extended Kalman filters for example. In these
cases, the present analysis can still apply. Investigating different methods for handling
non-linearities is an interesting area for future work on AIF in Gaussian state space models
(both linear and non-linear), that can prove useful for neuroscientists and engineers alike.

8. Conclusions

In this paper we have shown how to apply AIF in linear Gaussian state space models.
We have derived the expressions for EFE in the linear Gaussian case and investigated how
the epistemic value terms function. In particular we have shown that in the case of LGDS,
EFE reduces to a KL divergence and an additive constant that only depends on observation
noise. We therefore conclude that, in the linear Gaussian case, EFE minimization does not
lead to epistemic behaviour.

Additionally we have provided an analysis of the epistemic value term considered in
isolation, since the cancellation that leads to an absence of epistemic drive for the full EFE
is not present when the instrumental term is not included. Our analysis showed that using
additive control signals renders the epistemic value term independent of state transitions.
This in turn means that any contribution to the epistemic value term is only dependent
on the variance associated with the control signal. In other words, it is independent of
any observations the agent might receive and any states it may visit, as was previously
demonstrated by [35].

Finally we have shown that utilising multiplicative controls, i.e. selecting from a set
of candidate transition matrices, circumvents this problem in the purely epistemic case
and provides a meaningful interpretation of controls as inducing epistemic behaviour. The
resulting setup is reminiscent of the classical Hidden Markov Model that is commonly seen
in AIF. Future work can investigate this link by applying recent advances for the discrete
case such as [13] to continuous state spaces with multiplicative control signals.
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Appendix A. Derivations
Appendix A.1. Perception as Bayesian Filtering

To derive the filtering equations in Section 4, we need to infer p(z¢|x1.;). We consider
a model of the form

p(xe, ze, ue|zi—1) = plxe|ze) p(ze|ze—1, ue) p(ue) - (A1)
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We can write the inference task as
p(zelx1) = p(zelxr, x1:4-1) (A2a)
1
= ————v(X4, 24| X714~ A2b
P(Xt|X1:t71)p( tZe|X1:4-1) ( )
1
= ————p(xe|zt) p(ze]|x1:0 1 (A20)
p(xt|x1:t,1)p( l2t)p(zt|1e-1)
1
= mp(%la)// p(zt,zi—1, te|x1:p—1)dzs 1 duy (A2d)
1
= ——— p(xt|zt) //P(Zt|zt—1,ut) p(ut) p(zi-1|x1:4-1) dz;1dus. (A2e)
P(xt|x1:t71) —— ——
~——~—" Likelihood State transition Control  State prior
Evidence prior

Now assuming that observations x1.; = %1.; are available and the state prior is available
from the last time step, we can select a control by setting

p(ut) = 6(u — i) . (A3)

The inference problem becomes

. 1 . . .
p(ze[f14) = —— 2 P(xt!Zt)// p(ztlze—1,ue)6(ur — ) p(ze-1|R1:4-1)dzp 1 duy (Ada)
p (%[ £1:-1)
1

= Xtz _1, 1 Zi 1 |®1.-1)dzs_1. Adb
P(ft|f1:t71)p( t] t)/P(Zt|Zt 1, 08)p(zi-1]%1:4-1)dze 1 ( )

The likelihood is then available from the generative model and the state prior is available
from the previous time step. We can find the evidence by marginalising out z; as

pliltie ) = [ p(ilz) [ plarlze s ip(alti )dzadz.  (A9)

Solving these equations amount to performing Bayesian filtering, synonymous
with perception.

Appendix A.2. Linearly Related Gaussian Variables

In this section we show how to obtain a posterior marginal, given linearly related and
jointly Gaussian variables. We use this result throughout our derivations in Section 4, for
instance when moving from (11c) to (11d). Using x and z for generic variables, the goal is
to obtain the posterior

p(x) = [ pxl)p(z)dz (46)

where
p(z) = N(z|pz, Zz) (A7a)
p(x|z) = N (x|Az+b,Zy) (A7b)

We can view the problem of obtaining p(x) as first applying a linear transform (Az + b)
and then adding Gaussian noise with mean 0 and variance X,. We will deal with each of
these steps in turn, starting with the linear transform. The posterior mean y is given by

u=E[Az+b] = AE[z] + b= Ap, +b (A8)

where [E denotes the expectation operation. Here we first factor out the terms that do no
depend on z out of the expectation and then identify E[z] = y; as z is Gaussian. To find the
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covariance matrix 2. we can proceed by plugging the terms we know into the definition of
covariance

Z=E[(x—p)(x—w] (A9a)

—E (Az+b—Ayz—b)(@_zv+_g—Ayz—b)T (A9b)
X Iz X iz

=E [(Az — Apz)(Az — Ayz)T} (A9)

Now we can factor A out of the expectation

—E[A(z— p:) (2 — ) T AT] (A10a)

= AE[(z— )z —p2)"| AT (A10b)
P

= A, AT, (A10c)

In the last line we recognise the definition of the prior covariance matrix .. To obtain our
final result we now need to add Gaussian noise with mean 0 and variance X.,. We know
that if two Gaussian variables are independent, the variance of their sum is the sum of their
variances. We can use this to write the final covariance matrix as

Y =AY AT+ %, (A11)
Which gives the result utilised in the main text as
p(x) = N(x|Apz + b, AL AT +5y) (A12)

Appendix A.3. Mutual Information Bound

In this section, we examine the result of substituting g for p in (32). We see that the
substitution turns (32) into a bound on the expected free energy that becomes exact when
we can do exact inference. We can show this by writing

//’7 X, zk|ug) log (( ) dxdzg

Zk| X, Ug)

q(zxlu)  p(zi|x ux)
= X, Zi | Uy ) lo dx;dz Al3a
//q( k kl k) gQ(Zk|xkruk) P(Zk|xkr k) kY<K ( )
q(zlup)  p(zxlxp ug)
= X, Zi | Uy ) lo dx,dz A13b
//17( ks Zk|ux) log o (zele, ) 4z, ) Sk ( )
q(zi|uy) _/ q(zk |k, uk)
= //q Xk, z|ux) log A uk)dxkdzk q(xx, zx|uy) log 7p(zk|xk,uk)dxkdzk (A13c)
g (g ) TKLLq (2 [k, 0i0) | (2 i) 1]
/ / q(xp, 2y log (Z(k|];|k ku)k)dxkdzk, (A13d)

where we recognise the upper bound since the expected KL divergence is non-negative.
When the expected KL divergence goes to 0, which is the case when we do exact inference,
the bound becomes exact. That is the case for all models we consider in this paper since all
relations are linear and all distributions Gaussian.
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Appendix A.4. Mutual Information Derivation

In this section, we derive the expression for mutual information in detail. We restate
the definition given in (35) here as a starting point

Ix,2] = // p(x,z)log mdxdz — H[z] - H[z|x] = H[x] - Hlx|z2].  (Al4)
Note that we can write (35) in terms of entropies of either x or z since mutual information
is symmetric in its arguments.

Recall that (34c) optimises mutual information between expected observations xj
and latent states z;. This means that we need the marginal and conditional distributions
of xy in order to calculate the requisite entropies. The marginal is given by (17) and the
conditional by (18). Since both distributions are Gaussian, their entropies are available in
closed form as

1
Hixy| = E(n log 27t + log |Zp2| + 1) (Al5a)

1 .
Hlxelzd] = 5 (n log 277 + log |0y — o Z s + n) , (A15b)

where n denotes the dimensionality. Before we proceed, we need the generalised matrix
determinant lemma which can be written as

IA+uvl| =14+ VTATIU| |A], (A16)

where I denotes the identity matrix and A is invertible. By setting V = U = I we obtain a
form which will be convenient moving forwards

JA+UVT| = |[A+1|=|I+1TA7]|A| (A17a)
= |1+ A7 |A], (A17b)
which also implies
_ 11— A
I—A71 = : (A18)
—|A]

Now we can write the mutual information as

I[xk, zi] = H[xi] — Hlxe|z] (Al9a)
= %log | 2| — élog Zop — X1 X7 T (A19b)
= —% log [Z22| ' [Z22 — £ Z;' T (A19¢)
- _% log |1 — X' %01 2 0| (A19d)
= 3 log | — [AZ; AT £ 5! A% 22 T AT (A19)

) I R
= —% log|I — [AX, AT +X,] TAX, AT| (A19f)
= —% log |I — [[AZ;, AT] 1A%, AT +[A%, AT]715,] (Al9g)

Evaluates to I

1
= —log|I—[I+ (A%, AT) 712,71 (A19h)
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Using (A18) we can rewrite (A19h) as

1 _ _
—5log |1 - [I+[AZ; AT 715, 7! = -

N —

11— [I+ (AT, AT)71Z,]|
10g< I+ (A%, AT) 15y (A20a)

(AT AT I
B\ DT+ (Ax., AT) 15,

1 |(AZ;, AT) 715,
= —2log<1+ (AZZkAT)_12x| . (A20c)

(A20b)

N —

Applying (A17a) in the denominator, we now rewrite (A20c) as

AX, AT)"1% Ax, AT)71%
fllog (AL, )T 71x‘ :fllog (A%, 73 d (A21a)
2 I+ (AL AT) 15| 2 1+ [(AZAT) =15, Y| (AZ,, AT) 1%, |

1 |(A xf
= ——1 A21b
2 °g<|1+[<AzzAT>1zxrl|W> (A2IP)

_ ! log ! — (A21c)
2 T\ + [(AZAT) 15, |
-1
- ;logﬂl + [(AZZAT)—lzx] ) (A21d)
= %log IT+x1Ax, AT, (A21e)

which gives the expression found in (36).
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