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Abstract: In the present paper, we study the information generating (IG) function and relative
information generating (RIG) function measures associated with maximum and minimum ranked
set sampling (RSS) schemes with unequal sizes. We also examine the IG measures for simple random
sampling (SRS) and provide some comparison results between SRS and RSS procedures in terms of
dispersive stochastic ordering. Finally, we discuss the RIG divergence measure between SRS and
RSS frameworks.
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1. Introduction

Moment generating function (MGF) plays an important role in statistical distribution
theory. Its derivatives evaluated at zero yield the moments of the considered distribu-
tion. Information generating (IG) functions have also been used in information theory, in
addition to the moment generating function, to generate some well-known information
measures such as Shannon entropy and Kullback-Leibler divergence.

The IG function of a probability model f was first introduced by Golomb [1], whose
first derivative evaluated at one provides Shannon entropy for that probability model.

Suppose the variable X has an absolutely continuous probability density function
(PDF) f. Then, the IG function of density f, for any « > 0, is defined as

Go(X) = [ f* (), 0

when the integral is finite. In order to simplify the notation, we do not use X in the
integration with respect to dx throughout the article, unless a distinction needs to be made.
The following properties of G, (X) in (1) have been stated in Golomb [1]:

() GX) =1 () SGu(X)|er = —H(X) @
where H(X) is the Shannon entropy defined as H(X) = — [ f(x) log f(x)dx. In particular,
when « = 2, the IG measure is simply [, f(x)dx, known as informational energy (IE)
function. The IG function and its extensions have been used extensively in chemistry and
physics to discuss the atomic structure of a given phenomena or system; for more details,
one may see Lépez-Ruiz et al. [2]. In addition, the IG function, known as entropic moment
in chemistry and physics literature, plays a key role in chaos theory and non-extensive
thermodynamics. Note that the IG function is closely linked to Tsallis and Rényi entropies.
The entropic moment measure, as well as the information entropy, reflect on the degree of
spread of a probabilistic model, see Bercher [3].

Recently, Clark [4] has presented an analogous IG function for stochastic processes to

assist in the derivation of information measures for point processes.
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Guiasu and Reischer [5] proposed relative information generating (RIG) function
between two density functions, whose first derivative evaluated at 1, yields Kullback-
Leibler (KL) divergence (Kullback and Leibler, [6]) measure.

Suppose the variables X and Y have absolutely continuous density functions f and g,
respectively. Then, the RIG function, for any & > 0, is defined as

RxY) = [0 LY s @

when the integral is finite. The KL divergence is then obtained, from its first derivative, as

KLOGY) = S Ra(XY)lac = [ 0) (10g 20 Yo @
One may refer to Clark [4] and Mares et al. [7] for some discussions on the usefulness and
applications of the RIG function

The main objective of this paper is to study the IG and RIG information measures
associated with ranked set sampling (RSS) schemes. The analysis of information content
in various sampling strategies is of great importance in sampling theory. In this regard,
information theory provides specifically a framework for the quantification of information
content in a given source with a probabilistic structure under different sampling strategies.
Among various strategies discussed in sampling theory, we focus here on some well-known
strategies that are known to be efficient. A cost-effective survey sampling method, known as
ranked set sampling (RSS), was first introduced by McIntyre [8]. He specifically introduced
RSS to estimate the mean of a population based on a given simple random sample (SRS)
of size n and observed that the estimator based on RSS is an unbiased estimator with a
smaller variance as compared to the mean of a SRS. The RSS and some of its generalizations
have been discussed rather extensively in the literature. For example, Frey [9]; Park and
Lim [10]; and Chen, Bai, and Sinha [11] have all discussed the information content in RSS
based on Fisher entropy, while Tahmasebi et al. [12] have studied the Tsallis entropy based
on maximum RSS scheme. Therefore, considering the importance of this issue and the
connection between information theory and ranked set sampling theory, a systematic study
of the IG function as generator function of some well-known information measures, in the
framework of RSS strategy, seems to be necessary. This forms the primary motivation for
the present study.

We now briefly introduce SRS and RSS strategies that will be used in the sequel. Let X
be an absolutely continuous random variable with PDF f. Then, a SRS of size n, derived
from the random variable X, is denoted by Xgrs = {X;, i = 1,...,n}. Further, suppose a
random sample of size n? is selected and is randomly divided into 7 groups of equal size n.
Then, a one-cycle RSS is observed in the following manner:

1: X(1:m)1 X1 X - Xy = X
2: X(1:1)2 X(2:1)2 X(nn)2 - Xy = X@2m)2
n: X(l:n)n X(Z:n)n cee X(n:n)n - X(n:n) - X(n:n)n'

As we see from the above representation, the recorded sample in each group of SRS
with size n corresponds to the ith order statistic. Thus, the RSS vector of observations is

given by XZ({;)S = {Xjy, i =1,---n}, where X;,, is the ith order statistic based on a given
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SRS of size n with PDF f and cumulative distribution function (CDF) F. Then, the PDF of
X;., is known to be

fin () N F)P () (1 - F(x))". )

Here, X;., corresponds to the ith order statistic, and with that taking the value x, there
will be i — 1 observations less than x each with probability F(x) and n — i observations
greater than x each with probability 1 — F(x). For pertinent details, one may refer to the
authoritative book on this subject by Arnold et al. [13].

Maximum and minimum ranked set sampling schemes are two useful modifications of

ranked set sampling procedure. A maximum RSSis given by X](\Z}{S s = {X Gipi=1--,n },
where X(;); is the largest order statistic based on a SRS of size i from f. Similarly, a min-

imum RSS is given by XZ;%SS = {X(l)i/ i=1,--- ,n}, where Xq); is the smallest order

statistic based on a SRS of size i from f. From (5), the PDF of X4, is given by

fayi(x) = i[F)] 7 f(x), i=1,..,m, ©)

where F = 1 — F, is the survival function of X. Similarly, the PDF of X (i)i s given by

Fi(x) = AF@ (@), i = 1, %

The corresponding CDFs of (6) and (7) are given by 1 — Fi(x) and F!(x), respectively.

The purpose of this work is twofold. The first part is to derive IG measures for the SRS
and RSS, and especially in maximum and minimum RSS frameworks, and provide some
comparison results associated with IG measures of these observations based on dispersive
stochastic ordering. In the second part, we further study the RIG divergence measure
between SRS and RSS, and specifically the RIG divergence measure between minimum
and maximum RSS procedures.

The rest of this paper is organized as follows. In Section 2, we consider the information
generating function and establish some results for SRS and RSS procedures. We show that
the IG measures of SRS and RSS can be expressed based on different orders of fractional
Shannon entropy. Moreover, we examine the monotonicity properties of IG measure

for vectors X 1(\;111){55 and X;Sfl%ss based on a sample of size 1, under a mild condition. In
Section 3, we discuss the comparison of information generating functions for SRS and RSS
frameworks in terms of dispersive stochastic ordering. Next, in Section 4, we study the RIG
measures for vectors X, é?z)S' X](\ZI)QS S and X 1(\;1[1)2 ss- Finally, we make some concluding remarks
in Section 5.

2. IG Measures Based on SRS and RSS Schemes
In this section, we first consider the IG measure for SRS and then for RSS schemes.

Specifically, we discuss the IG measure for the maximum and minimum RSS schemes.

2.1. IG Measure Based on SRS Scheme
Let Xé’l?s = (X1,---,Xn) be a SRS of size n obtained from PDF f. Then, the IG

measure of vector X é’;{)s is given by

Ga(Xé;Z{)S) /,../fﬂl(xl)...foc(xn)dxl.”an

_ E/f"‘(xi)dxi _ (/f"‘(x)dx) — (Ga(X))". @®)
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Lemma 1. Suppose the random variable X has density function f. Then, we have

Gixig) ={ & 9w |

=/ !

where H;(f) is the extended fractional Shannon entropy of order n defined as

Hi(f) = [{—1logf(x) }j f(x)dx. For more details about fractional Shannon entropy, one may
refer to Xiong et al. [14].

Proof. From the definition of IG measure of X, é’;{)s in (8) and using Lemma 1 of Kharazmi
and Balakrishnan [15], we have

{Ga(Xé?{)s)}% = E[eleDIogf (0] = i) (1 j!fx)j / { 1ogf(x)}jf(x)dx
= '
- 2,
= 7

as required. O

2.2. IG Measure Based on RSS Scheme

Suppose Xj, ..., X, are independent and identically distributed (iid) variables from
an absolutely continuous CDF F and PDF f, and Xj.,, ..., X;i.» are the corresponding order
statistics. We then present the IG measure of vector X I({';)S = {Xjp, i=1,---n} in the
following theorem.

Theorem 1. Let X I(QHS)S denote a RSS from density function f. Then, the IG measure of vector X 1({25,
for « > 0, is given by

Go(X{2) = TTGx(Xen) = vam) [TE| 1 (F )], ©)

i=1 i=1

where Y(a,n) =TT, B(“(igigﬁlﬁgg)ﬂ), and V; has Beta(a(i — 1) + 1, a(n — i) + 1) distri-
bution with PDF
1

. — a(i—1) (1 _ p)aln—i) 1.
M) = B D Lam ) T 0ses

Proof. From the definition of IG measure in (1) for vector Xl(é)s and setting v = F(x),
we have

Ga(X)

I
—]
D
>
N

Il
—

—

= 11 gy W@ 1= F s

=yl e[ (F ),

as required. 0O
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Based on the definition of fractional Shannon entropy and Lemma 1 of Kharazmi and

x ()

Balakrishnan [15], we can present an alternative representation for G (Xp¢ S) as

Gu(Xyss) =
j=0

where H; is the fractional Shannon entropy of order j and f;., is the PDF of X;., as given

in (5).

Example 1. Let X bean exponential variable with PDF f(x) = Ae™**, A >0, x > 0. From (1) and
(8), we then find G,x< éR)S) = /\M Y. On the other hand, as f(FY(u)=A1—-u),0<u<l,
from (9), we find

( n(a—1) 1—1 +106(n—l+1))
Ga(Xgss) = H (in—i+1)

Next, we discuss the IG measure for maximum and minimum RSS schemes with
vectors XI(\ZI)QSS = {X(i)i, i=1,-- -n} and Xr(nnl%SS = {X( niri=1,- } respectively.

Theorem 2. Let X,(;Igss and XI(\ZI)QSS denote the minimum and maximum RSS schemes from

density function f, respectively. Then, the IG measures of vectors X ( 1%55 and X\" MRSS, fora >0,

are given by

mRSS HGvc X)) = c(a, )liE{f'Xl (Fil(ui))} (10)
and
Klikss) = TT6uX) = eem [T (F20%) an

respectively, where U; has Beta(1,a(i — 1) 4+ 1) and V; has Beta(a(i — 1) + 1,1) distributions,

w1th C(lx,n) - %

Proof. From the definition of IG measure in (1) and using the PDF of X(1); in (6), upon
setting u = F(x), we get

G’X(X;Szgss) - Ii/_o;fé"l dx-l_[/ zxz lftx( )dx
() T [ 1= 0 )
= clam TE{r(F W)},

as required. The proof of (11) is similar, and is therefore omitted for the sake of brevity. [

Example 2. For the exponential PDF considered in Example 1, by using (10) and (11), we find
, a—1yn(a—1)

0(” 7

(i) Gu(X Mm) Gu(X\ass) (@ = ) Ty M D,
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_40

Figure 1 shows the differences between IG measures of vectors X é’é)s, X 1({”5)5, X 1(\:}1){5 5

and X](\ZI)QS ¢ in Examples 1 and 2, for different values of « > 0 and n = 2. From Figure 1, it
is easy to observe that for & € (0, 1], the IG differences are negative and increasing (Panel

(a)), while for « € [1, c0), the IG differences are positive and increasing (Panel (b)).

(a) (b)

B e — ] ! H (n) (n)
— = i ! - - o X X
I /_,; = - GX0-G (X(SHF){S) o _| ; : i N 2 (X(F;S)S) -G )S(RS)
: s - Gu(Xfr?F)(SS) Gy(X SRS) © ‘? ,"I ! E\F;SS) o SRS)
o m — b /! ~ = Gu(Xnpss)-GalX Rss)
{; — = GolXppgg)- Ga(XRSS) 1]
Y v o _ Y GGl
L * GulXihss)- Ga(XSRS) < y M o)
T E 0 7 v GufXngs)-Ci MRss)
i Gu(Xypss)- Ga(XRSS) — b /5
] 0 S == Gulknhsd-GulMias)
: I' ; == Go(Xyrgs)-GalX mRSS) o - = e
| | | | | | | | | | | | |
00 02 04 06 08 1.0 2 4 6 8 10 12 14
o o

Figure 1. The differences between IG measures for exponential distribution with A =2 and n =2 when 0 < « < 1 (a) and

x> 1 (b).

Suppose X has CDF F and PDF f, and the vectors X 1(\;111)25 g and X;Ef]%s ¢ are the associated
maximum and minimum RSS schemes based on a sample of size . Then, the following

results present the monotonicity properties of IG measures for vectors XI(\ZI)%S g and Xr(nnl%S s

Theorem 3. Consider the IG measure of vector XI(\ZI)QSS' FF(FY(u)) > 1forall0 < u < 1, then:
(i) Ifa>1, G“(XI(\ZI)QSS) is increasing in n;
(i) Ifa <1,Gq (XI(\ZI)(SS) is decreasing in n.

Proof. By using the assumption and the definition of IG measure for the vector X ](\Z 1)2 s In

(11), we have

1
Go(Xidh)  TIE % fy( T
Ga(X}ikss) T e
1
= [ an pa—1 -1
= (n+1) /0 ut" f (F (M))du

1 (n+1)°
> 1“/)“" VT > >1,
> (n+1) Ou du om—i—l_'forlx_

which proves Part (i). Part (ii) can be proved in an analogous manner. [

Theorem 4. Consider the IG measure of vector Xf:lgss. IfFf(F~1(u)) > 1forall0 < u < 1, then:
(i) Ifa>1,Gu(X (Z%SS) is increasing in n;
(ii) Ifa <1,Gu(X 511%55) is decreasing in n.
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(n)

Proof. By using the assumptions and the definition of IG measure for the vector X, ¢c in

(10), we have
n n 1
G’X(X151R+515)) _ oS 1)1 (i :/°° g
Ga (XM ) o 70 flyi(0)dx "

= [ - Ry

= (n+1)" /01(1 — )l (Fﬁl(u)>du

1 o
> (n+ 1)“/ (1—u)du = (Zn—:—li >1, for a>1,
0

which proves Part (i). Part (ii) can be proved in an analogous manner. [

Next, we compare the IG measure of vector X (n R)S with those of X" 1355 and X 1(\/I%<S s

Theorem 5. Consider the IG measures G,X(Xgl?s) Gu(X (IQSS) and G (X 1(\/11)255)' Then:
(i) Fa>1 G (X" es) < (n)*Go (X)),
(i) Ifa>1, Ga(X\hes) < (n1)*Ga(XUH:).

Proof. By the definition of IG measures of vectors X, é R>S and X ,51 lgs ¢, we find
n 1 )
GeXyidss) = " [T [ (=0 f 7 (F ()
(n!) H / f 1 )du
n
= (n!)”‘{/ f"“1 F_l(u))du}

= (n)*Ga(XR)),

which proves Part (i). Part (ii) can be proved in an analogous manner. [J

IN

3. IG Ordering Results Based on the RSS Scheme

An important criterion for comparing the dispersions (or variabilities) of two variables
(or distributions) is dispersive ordering. Let the variables X and Y have CDFs F and G
and PDFs f and g, respectively. Then, X said to be less dispersed than Y (denoted by
X <gisp Y) if ¢(G71(x)) < f(F1(x)) for all x € (0,1); see, for instance, Shaked and
Shanthikumar [16] for relevant details.

Definition 1. Let X and Y be two variables with IG measures G (f) and Gn(g), respectively.

Then, X is said to be less than Y in the sense of information generating function, denoted
by X <16 Y, if Ga(f) < Ga(g)-

Lemma 2. Suppose X <gjsp Y. Then:

(i) Ifa<1,X<igY;
(i) Ifa>1Y <6 X.

Proof. See Kharazmi and Balakrishnan [15] for a detailed proof. O

Now, we present the following theorem about the IG ordering for RSS schemes.
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Theorem 6. Let {Xi}io be a sequence of i.i.d. wvariables from a deceasing failure rate (DFR)
distribution. Then:

(i) Ifa<1, X,EZ%SS <IG XI(JZS)S <IG X](\;Ill){SS;

(i) Ifa>1, X;Slnlgss 216 Xl(zns)s 216 X](\Z{SS'
Proof. From the DFR assumption of the underling distribution, it is known that
Xin Zdisp Xin Zdgisp X(iyir 1 =1, ., 1;
see Shaked and Shantikumar (2007). Therefore, from Lemma 2 and for « < 1, we get
Ga(X1:4) < Ga(Xim) < Ga(X(iyi), i=1,...,m,

and consequently,
n n

ﬁGa(Xlzi) <TT6Gu(Xin) < TTGu(Xpiy)-

i=1 i=1 i=1
Now, from the above inequality and definitions of the IG measures for vectors X 151725 s

I(QS and Xz(vu)zs ¢, we immediately obtain

Ga(X(1ss) < Gu(XRds) < Gal(Xyirss)s

which is equivalent to
(n) (n) (n)
Xiurss <16 Xggs <16 Xprsss

which proves Part (i). Part (ii) can be proved in an analogous manner. [J

Theorem 7. Let X and Y be independent random variables with densities f and g, respectively,
and X <gisp Y. Then:

(i) Ife <1, Xygs <ic Yyss

(i) Fa>1,Y0 <6 X\

Proof. By the definition of IG measure for RSS in (9), we have

RSS HGa —lP(“,H)ﬁE[f“l(Fl(w))}

Because X<g4;,Y, we have F(FY(u)) > g(G~Y(u)) forallu € (0,1),and so for & < 1, we
get f* 1 (F1(u)) < ¢* 1(G'(u)). Now, making use of this inequality, we obtain

my _ T 1 U wli=1) 4 ya(n—i) pa—1 ( p—1
Gu(XV)) = ﬂBa(i,n—iH)/o” (1= )00 £ (P (w) ) du

n 1 1 . .
a(i=1) (1 _ ,\a(n—i) ja—1 _ ( )
< EB“(i,n—i+1)/o w0 (1 = u) g (G () ) du = Ga(Yge),

which proves Part (i). Part (ii) can be proved in an analogous manner. [J

Corollary 1. Let X and Y be independent random variables with densities f and g, respectively,
and X <gisp Y. Then:

@ fa<l X,EZ%SS <I6 YSESS;

(i) Ifa>1, Y, R)SS <IG X’Enl%SS’

(iir) Ifa <1, XZ(VH){SS <IG st/u)iss ’
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(iv) Ifa>1, Y](VH){SS <IG ng)ass-

4. RIG Divergence Measure Based on RSS Scheme
Let Xsgs = {Xj, i = 1,...,n} denote a SRS of size n from density function (PDF)

f and cumulative distribution function F. Further, let XI(JZS)S, X;SZ%SS and X 1(\/11)255 be the
corresponding RSS, minimum RSS and maximum RSS vectors, respectively. We now

consider the RIG measure between variable X and each of the vectors X" Igss and X 1(\/H)RSS'
From the definition of RIG measure in (3), the RIG divergence between X ;); with density
in (6) and X is given by

Z'DL

R (X ()i X / f(1 “H(x)dx =i" /01(1 — u)zx(i—l)du = m.

Similarly, the RIG divergence between X;); with density in (7) and X is given by

10

) 1
. _ a 1—a _ a(i—1) _ 1
Ra (X (i), X) ./—oof(l)l(X)f (x)dx =i /0 u du PSS

It is evident from the above results that Ry(X(q);, X) = Ra(X(;);, X), which is free of the
underling distribution F.

Theorem 8. Consider the vectors Xé R)S and X m RSS from density function f. Then, we have:

() Ra(X}igse X{Rs) =TTy Ra(X1ye X) = cla,n);
(ii)  Ra(Xyihss, XSRs) =TTy Ra(X(ii X) = c(a,n),
nt)*

where c(a,n) = I CESIEE

Proof. From the definition of RIG divergence between vectors X¢ys and Xj¢¢, we find
Re(X\ass Xirs) = /"'/féxm(xl)"'fﬁ)n(xn)flf”‘(m)~~f1’”‘(xn)dx1...dxn
n
=TI/ o (xdx
i=1
n
= JJR«(X
i=1

= c(a,n),
which proves Part (i). Part (ii) can be proved in an analogous manner. [
With the result that Ru(X\idss, XiRs) = Ra(Xiikss XiRs) = mriotiqroy in
(n)

Theorem 8, we have plotted the RIG measure between vectors X, s and Xé R)S’ for some
selected choices of « and sample size 7, in Figure 2. From Figure 2, it is easy to observe

that for « € (0,1], the RIG divergence measure between X (n I%SS and X (n )S is decreasing
with respect to sample size n (Panels (a) and (b)), while for a € [1,00), the considered RIG
measure is increasing with respect to sample size n (Panels (c) and (d)). Therefore, for

a € (0,1], the similarity between the density functions of the considered sampling vectors

X ;(;Igs gand X SI?S gets increased. For a € [1,00), the result is the opposite, i.e., the similarity
between the two sampling vectors gets decreased.
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Ru(X{ss,

(a) (b)

O ) _
L - or
../><ci> | ~Sé/) OO) -
2 Q| [ -
B ° 2 v
2 o g 7
g © s o
C T T T 11 & T T T T T T 1
0 5 10 15 2 25 30 0 5 10 15 2 25 3
n n
(c) (d)
" 3
¥ 8- O
% X o
¥ 9 € 8
' i X
2 X
: 1 £ |
e A A YT T T T 1
2 4 6 8 10 2 4 6 8 10
n n
Figure 2. R, (X ﬁllgSS'Xé’I?S) for some selected choices of parameter & and sample size 1.

(n)

Theorem 9. Consider the vectors X RSS and X
(i) Re(XMoo, X [T Re(X(1)i Xin) =
(i) Re(X\heo X Ty Re (X Xayi) =

(1;1 1])1 ’Xl"(zx l(

RSS from density function f. Then, we have:

RSS) ¢ (“ l)'
1)+1 1 1)+1
”'H (i-1) )(1((1)0‘)(1 ) )

1)) (2(2i—n—1)+n— 1+1)
T(a(i—n)+n+1)

RSS)

— nl(n— D"

7
i=1

where c* (a, n)

(n)

mRSS we have

Proof. From the definition of RIG measure between vectors X and X I({S)S’

[T/ )l
(n)

ni—

Xiss

) *(x)dx

o n

1/, (;

—1\ 1% . . .
i 1) (1 _ u)a(Zz—n—1)+n—1u(1—a)(1—1)du

(i71)

which proves Part (i). Part (ii) can be proved in a similar manner.

1
nf(n—1)10"T]

i=1

r(w—i(a—1))M(a(2i—n—1)+n—i+1)
Ia(i—n)+n+1)

4

O

We have plotted the results of Theorem 9 in Figures 3 and 4 for some choices of . From
these figures, we observe that for a € (0, 1], both RIG measures in Theorem 9 are deceasing
with respect to sample size 1. Therefore, the similarity between the density functions of the
1255 and Xl(z?s

. . n . . . . .
considered sampling vectors Xr(ﬂ gets increased with increasing sample size n.
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Ro.1(X\Rss: Xi52s)
0.0 0.4 0.8
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5. Concluding Remarks

In this paper, we have studied the information generating (IG) function and relative
information generating (RIG) function measures associated with SRS and RSS strategies.
Specifically, we have examined the IG function for maximum and minimum RSS schemes.

We have shown that, under a mild condition on the density function f, for & > 1, the IG

function associated with the sampling vector XI(\ZI){SS is increasing with respect to sample

size n. On the other hand, for & < 1, this function is decreasing. Similar results are

(n)

established for the IG function of sampling vector X, ¢ based on values of « and n. We
have shown that for values of « > 1, we can provide upper bounds for GN(XT(:IQSS) and

Gu (X](\Zl)zs ) based on G, (X érllz)s)- We have also provided some comparative results for RSS
schemes in terms of dispersive stochastic ordering. Based on this stochastic ordering, we

have established some ordering results among the IG functions of sampling vectors X 1({25,

Xisflzs ¢ and XJ(\ZI)QS gintermsof & > 1 (or & < 1). Finally, we have examined the RIG measure

between the vectors X érzlz)s/ X l(zns)s' ngs g and Xz(\:fll)zs s- The corresponding results associated
with RIG divergence have been plotted in Figures 2—4. For example, Figures 3 and 4 present
both RIG measures presented in Theorem 9 for some choices of . We have demonstrated

that the similarity between the density functions of the considered sampling vectors X 151”1%5 S

and X 1(2135)5 gets increased when the sample size 1 increases.
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