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1. Introduction

It has been well known for at least 100 years that many processes arising in physics, chemistry,
ecology etc. can be adequately described only by nonlinear partial differential (integro-differential,
functional-differential) equations (see, e.g., an extensive discussion on this matter in Chapter 1 of [1]).
During the second half of the last century, one may note also a rapidly growing number of papers
devoted to applications of nonlinear partial differential equations for mathematical modeling in life
sciences (see, e.g., the classical book [2], the recent monographs [3,4] and references therein).

On the other hand, the rigorous mathematical models came to social sciences and humanities only
recently. In particular, papers devoted to rigorous mathematical modeling interaction of communities
(populations) of different language speakers were published only during the last two decades [5–11].
These models are based on nonlinear differential equations of reaction–diffusion type.

We start from the nonlinear mathematical model describing interaction of three communities
of language speakers, which was proposed in [10]. The model is governed by three nonlinear
reaction–diffusion (RD) equations, which have the following form in the one-dimensional
approximation (there are some misprints in [10], which are corrected here)

ut = λ1uxx + a1u
(

1− u
K−(v+w)

)
− c31uw + c12uv,

vt = λ2vxx + a2v
(

1− v
K−(u+w)

)
+ (c13 + c31) uw− (c12u + c32w) v,

wt = λ3wxx + a3w
(

1− w
K−(u+v)

)
− c13uw + c32vw.

(1)

This model (of course, one needs to supply the relevant initial and boundary conditions)
describes interaction of three communities of language speakers. Functions u(t, x) and w(t, x) describe
frequencies of monolingual speakers, i.e., they speak always (or almost always) native language.
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Function v(t, x) stands for community of speakers, who fluently speak both languages and use each
language depending on circumstances. Time derivatives ut, vt and wt indicate the rate of change
in these frequencies, while the space-derivatives describe mobility (diffusion) in space of speakers.
The second terms in each equation of (1) are some generalization of a standard logistic terms arising
in many well known biological models including the famous Fisher Equation [12] and the diffusive
Lotka–Volterra system (DLVS) for interacting species (see, e.g., [2,4]). The constant K (like in the logistic
terms) means the carrying capacity of environment and defines an upper size of all three communities
of speakers, i.e., it is assumed that u + v + w < K.

The language shift (a process whereby speakers of a community abandon their native language in
favor of another) of some numbers of monolingual speakers to bilingual those is described by the terms
c31uw and c13uw. It can be noted that the language shift leads to growing the bilingual community
(provided any other forces are absent).

On the other hand, the terms c12uv and c32vw describe an opposite tendency, when bilingual tends
to be monolingual. It occurs, for example, in the case of the state politics leading to the lower status of
one language comparing with another. The real example is the Russification in Ukraine during the
Soviet period when a few million Ukrainians completely switched to the Russian language (actually,
the main aim of paper [10] is to study mathematically Anglicization in Scotland). The coefficients c12

and c32 represent the likelihood of bilingual speakers then becoming monolingual in community u and
w, respectively. Notable, the inequality c12 < c32 (in particular, if c12 << c32 then one puts c12 = 0)
takes place if the language of community u is under pressure.

In paper [10], the RD system (1) was used in order to model the Anglicization process in Scotland
during the 20th century. As a result, percentages of Gaelic speakers in all parts of Scotland decreased
drastically. However, there is no mathematical analysis of the governing equations therein, while those
were solved numerically (with the relevant boundary and initial conditions) in order to show a good
correspondence between the numerical solutions and data from successive censuses.

In this paper, a modification of the RD system (1) is studied by analytical methods and a plausible
interpretation of the mathematical results obtained is provided. The main results are presented in
Section 2. Firstly, a modification of the system in question is proposed; secondly, Lie symmetries
and a variety of exact solutions (traveling waves) are found. In Section 3, properties of the exact
solutions obtained are under examination, in particular, the coefficient restrictions leading to the exact
solution, which qualitatively describes the language shift occurred in Ukraine during the Soviet times,
are derived. Finally, some conclusions are presented and future work is proposed in the last section.

2. Main Results

The RD system (1) contains fractional nonlinearities and is a very difficult task to solve analytically.
Having this in mind, we propose a simpler system under biologically motivated restrictions. Our idea
is to reduce fractional nonlinearities to quadratic ones. It can be noted that the fractional nonlinearities
arising in (1) are a direct generalization of those introduced in the earlier work [9]. In that work,
it is assumed that speakers of both languages have the common carrying capacity K. We think that
this assumption is not well-founded because the language of a specified speaker is usually related to
his/her nationality. So, one cannot claim that different nationalities have the same carrying capacities
all the time. Moreover, the so-called standard model for two competing languages [7] does not use such
assumption. The basic model in [7] contains the standard logistic terms arising in many biologically
motivated models (see, e.g., [2,4]). Taking into account the above justification, we can replace the
fractional nonlinearities by logistic terms, which also restrict unbounded growth of these communities.
It means that the terms u

K−(v+w)
, v

K−(u+w)
, and w

K−(v+u) are replaced by u
K1

, v
K2

, and w
K3

, respectively.
As a result, we obtain the following modification of system (1)
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ut = λ1uxx + a1u
(

1− u
K1

)
− c31uw + c12uv,

vt = λ2vxx + a2v
(

1− v
K2

)
+ (c13 + c31) uw− (c12u + c32w) v,

wt = λ3wxx + a3w
(

1− w
K3

)
− c13uw + c32vw,

(2)

which contains only quadratic nonlinearities. Hereafter we assume that the coefficients λi, ai and Ki
(i = 1, 2, 3) are positive, while all other are nonnegative (i.e., some of them can be zero).

The nonlinear RD system (2) can be simplified using the following re-scaling of the variables

u→ K1u, v→ K2v, w→ K3w, t→ 1
a2

t, x →

√
λ2

a2
x

and introducing new notations

α1 = c31K3
a2

, α2 = c12K2
a2

, α3 = c13K1
a2

, α4 = c32K2
a2

,
β1 = a1

a2
, β3 = a3

a2
, κ1 = K3

K2
, κ2 = K1

K2
, d1 = λ1

λ2
, d3 = λ3

λ2
.

Thus, system (2) is reduced to the equivalent form

ut = d1uxx + β1u (1− u)− α1uw + α2uv,
vt = vxx + v (1− v) + (κ1α3 + κ2α1) uw− (κ2α2u + κ1α4w) v,
wt = d3wxx + β3w (1− w)− α3uw + α4vw.

(3)

Notably, system (3) with α1 = α3 = 0 is a particular case of the well-known DLVS, which describes
a large number of processes in biology and chemistry (see, e.g., [2,4] and references cited therein).
However the above restriction is equivalent to c13 = c31 = 0 in (2), what contradicts to the basic
restrictions in the model (see interpretation of the terms c31uw and c13uw). Thus, hereafter we assume
that c2

13 + c2
31 6= 0⇔ α2

1 + α2
3 6= 0, i.e., system (3) is not equivalent to DLVS.

It is well known that there is no general theory of integrating nonlinear partial differential
equations at the present time and it is very unlikely that one will be developed soon. The most
effective methods for constructing particular exact solutions of nonlinear differential equations of
reaction–diffusion type are the classical Lie method and its various generalizations (see, e.g., the recent
monographs [1,13,14] for more details). Here we apply the classical Lie method and the so-called tanh
method [15–17].

Theorem 1. The nonlinear system (3) for any set of specified nonnegative coefficients with the additional
restrictions d1d3κ1κ2 6= 0 and α2

1 + α2
3 6= 0 is invariant only with respect to the time and space translations

generated by Lie symmetries

Pt =
∂

∂t
, Px =

∂

∂x
. (4)

The proof is based on application of the well known Lie’s algorithm to system (3) and is reduced
to examination of several cases depending on values of the coefficients arising in the system. We omit
here the relevant calculations. Notably, a detailed proof is presented in our recent paper [18] for a
similar (but inequivalent) three-component system.

Remark 1. In contrast to the three-component DLVS, which admits some nontrivial Lie symmetries (provided
its coefficients are correctly specified) [4,19], the RD system (3) possesses a poor symmetry.

It is well known that the Lie symmetries (4) generate only two inequivalent substitutions
(following the classical Sophus Lie papers, the terminology “ansatz” is often used), which reduce
system (3) to the relevant systems of ordinary differential equations (ODEs). The first ansatz does not
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depend on the space variable x, hence one leads only to time-dependent solutions. Here, we are not
interested in such types solutions because their realistic interpretation is questionable.

The second ansatz follows from the linear combination Pt + µPx of the Lie symmetries (4) and has
the form

u = U(ω), v = V(ω), w = W(ω), ω = x− µt, µ ∈ R. (5)

Here U, V and W are new unknown functions. Solutions of form (5) is often called plane wave
solutions (traveling waves). From the applicability point of view, the most interesting those
are traveling fronts, i.e., solutions (5), which are bounded and nonnegative. A huge number of
papers is devoted to construction of traveling fronts for nonlinear PDEs, especially for scalar
reaction–diffusion (with/without convection term). Traveling fronts for such equations are presented
in the monograph [20] (see also the handbook [21]).

In the case of nonlinear RD systems, the progress is rather modest. To the best of our knowledge,
an essential progress is derived only in the case of DLVS. Several traveling fronts are constructed
in [4,22–24] for the two-component DLVS and in [25,26] for the three-component DLVS.

So, our aim is to find traveling fronts for system (3). Substituting ansatz (5) into system (3),
one obtains

d1U′′ + µ U′ + β1U (1−U)− α1UW + α2UV = 0,
V′′ + µ V′ + V (1−V) + (κ1α3 + κ2α1)UW − (κ2α2U + κ1α4W)V = 0,
d3W ′′ + µ W ′ + β3W (1−W)− α3UW + α4VW = 0.

(6)

System (6) is a three-component system of nonlinear second-order ODEs. Although this system is
simpler than the original RD system (3), we can say nothing about its integrability because even the
similar system obtained by reducing of the two-component DLVS has been not solved in [4,22–24].
In order to find particular solutions of (6), we start from the steady-state points. Obviously that
steady-state points of (6) coincide with the stationary (homogenous) those of the RD system (3) and can
be easily calculated by solving algebraic equations. Assuming u0v0w0 = 0, the full list of steady-state
points are as follows

(0, 0, 0), (0, 1, 0), (0, 0, 1), (1, 0, 0),(
β1+α2

β1+κ2α2
2
, β1(1−κ2α2)

β1+κ2α2
2

, 0
)

,
(

0, β3(1−κ1α4)

β3+κ1α2
4

, β3+α4
β3+κ1α2

4

)
.

(7)

Obviously there are also steady-state points (u0, v0, w0), where u0v0w0 6= 0, however we prefer
examine this case elsewhere. Notably, the 3rd and 4th points, like the 5th and 6th, are equivalent
because the first and third equations of system (6) have the same structure. So, without loss of
generality we may say that there are only four essentially different points in (7).

Typically, each traveling front possesses the following property: such a solution connects two
steady-state points provided ω → ±∞. We were able to identify the relevant traveling fronts in the
cases listed below.

Case 1. (U0, V0, 0) =
(

β1+α2
β1+κ2α2

2
, β1(1−κ2α2)

β1+κ2α2
2

, 0
)

(as ω → −∞) and (0, 0, 1) (as ω → +∞).

Case 2. (U0, V0, 0) (as ω → −∞) and (0, 0, 0) (as ω → +∞).
Case 3. (1, 1, 0) (as ω → −∞) and (0, 1, 0) (as ω → +∞). This case occurs provided the additional

restriction α2 = 0 takes place.
Let us consider Case 1 and use the tanh method. To the best of our knowledge paper [15] is one

of the earliest works devoted to the tanh method (there are a lot recent papers, see, e.g., [17,27] and
papers cited therein). However, it can be noted that there are not many papers devoted to application
of this method to nonlinear systems of PDEs. The method is essentially based at the ad hoc ansatz [15]

u(t, x) = U(ω) =
N

∑
i=0

γiYi, (8)



Entropy 2020, 22, 154 5 of 11

where Y = tanh ω. The highest power N should be determined by balancing the highest degree terms
in Y, upon substitution of ansatz (8) into the equation in question. The known relation (tanh ω)′ =

1− tanh2 ω is essentially used when one makes balancing. Typically direct calculation show that
N ≤ 2 for the second-order PDEs. So, we obtain ansatz

U(ω) = γ0 + γ1 tanh ω + γ2 tanh2 ω.

Having the correctly-specified N, unknown parameters γi can be easily calculated (some of them
are arbitrary constants). Of course, it often happens that N = 0, therefore a trivial solution is only
obtained. So, the tanh method is not applicable to a wide range of nonlinear equations. It turns out
that this technique works in the case of system (6).

Thus, using ansatz (8), we may look for traveling fronts of the form

U = σ1 (1− tanh ω)n1 , V = σ2 (1− tanh ω)n2 , W = 1− σ3 (1− tanh ω)n3 , (9)

where σi and ni (i = 1, 2, 3) are real and natural numbers, respectively. Since the exact solution
of the form (9) connects steady-state points (U0, V0, 0) and (0, 0, 1), one immediately obtains the
sigma-s values

σ1 =
β1 + α2

2n1
(

β1 + κ2α2
2
) , σ2 =

β1(1− κ2α2)

2n2
(

β1 + κ2α2
2
) , σ3 =

1
2n3

. (10)

Substituting (9) into system (6) and taking into account (10), one can determine sufficient
conditions for the coefficients ni when the traveling fronts can be found explicitly.

Omitting the relevant calculations, we only present the result. So, system (3) has the exact solution

u = 6d1
β1

(
1− tanh(x− µt)

)2,

v = 24d1−β1
2α2

(
1− tanh(x− µt)

)
,

w = 1
2 + 1

2 tanh(x− µt)

(11)

provided its coefficients satisfy the restrictions:

α1 = 16d1 − 4µ + β1, α3 = d3β1
3d1

, κ1 = 5−2µ
α4

, κ2 = β1(α2+β1−24d1)

24d1α2
2

,

β1 =
2α2

2(α4+(2µ−5)d3)
(10d1−µ+2α2)α4

+ 24d1 − α2, β3 = 2(2d3−µ)α2+(β1−24d1)α4
α2

.
(12)

The second exact solution
u = β1+α2

4(β1+κ2α2
2)

(
1− tanh(x− 10t)

)2,

v = β1(1−κ2α2)

4(β1+κ2α2
2)

(
1− tanh(x− 10t)

)2,

w = 1− 1
4
(
1− tanh(x− 10t)

)2,

(13)

was constructed provided the coefficients of system (3) satisfy the restrictions:

d1 = 1, d3 = 1, α1 = β1 − 24,

κ1 = 24α2κ2+23β1−(β1−24+24α2)β1κ2
(α3−α4)β1+(α3+α4β1κ2)α2

, β3 =
(α3−α4−24)β1−24κ2α2

2+(α3+α4β1κ2)α2
β1+κ2α2

2
.

(14)

It is easily seen that the traveling front (11) is more general than (13), since its velocity µ is not fixed.
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In Case 2, taking into account the corresponding steady-state points, we are looking for the
traveling fronts in the form

U = β1+α2
2n1(β1+κ2α2

2)
(1− tanh ω)n1 ,

V = β1(1−κ2α2)

2n2(β1+κ2α2
2)

(1− tanh ω)n2 ,

W = σ
(

1− tanh2 ω
)

,

(15)

where σ is an unknown positive constant. Substituting (15) into system (6) and making the
corresponding calculations, we arrive at the exact solution

u = 17−16d1+α2
68−64d1+4κ2α2

2

(
1− tanh

(
x− 17

4 t
))2

,

v = (17−16d1)(1−κ2α2)

68−64d1+4κ2α2
2

(
1− tanh

(
x− 17

4 t
))2

,

w = 17−40d1
4α1

(
1− tanh2

(
x− 17

4 t
))

.

(16)

The traveling front (16) satisfies system (3) if the coefficient restrictions

β1 = 17− 16d1, β3 = 17−8d3
2 , α4 =

16d1(17−α3)+(17+α2)α3−17(17+κ2α2
2)

(17−16d1)(1−κ2α2)
,

d3 = 17
8 −

17α1
12α1+80d1−34 , κ1 = α1

17(17−40d1)
391−368d1−(289−952d1+640d2

1+408α2−408d1α2)κ2
17−16d1+κ2α2

2

(17)

are satisfied.
Finally, in Case 3, the exact solutions of system (6) were prescribed to have the form

U = 1
2n1 (1− tanh ω)n1 , V = 1 + σ2

(
1− tanh2 ω

)
, W = σ3

(
1− tanh2 ω

)
.

After the relevant calculations, the traveling front

u = 1
4
(
1− tanh

(
x− α3

4 t
))2 ,

v = 1 + 24−α3
2(α3−8)

(
1− tanh2 (x− α3

4 t
))

,

w = α3−40d1
4α1

(
1− tanh2 (x− α3

4 t
))

,

(18)

of the nonlinear system (3) was derived provided the coefficient restrictions

α2 = 0, β1 = −16d1 + α3, β3 = 2α1α3[α3−2(4+α4)]
(α3−8)(40d1+6α1−α3)

, d3 = α3−2α4−2β3
8 ,

κ1 = α1(α3−24)(α3−6)
α4(α3−8)(α3−40d1)

, κ2 = α3(6−α3+2α4)
α1(α3−6) κ1,

(19)

take place.

Remark 2. In Cases 1–3 there exist such sets of the positive parameters (excepting α2 = 0 in Case 3)

d1, d3, αi, β1, β2, κ1, κ2,

satisfying the restrictions (12), (14), (17) and (19) that three components of the exact solutions (11), (13), (16)
and (18), respectively, are positive. Thus, all the solutions obtained are indeed traveling fronts.

Remark 3. It can be easily checked that all the solutions derived above satisfy the zero Neumann conditions at
x → ± ∈. In the case of a bounded domain (A, B), one obtains at the boundaries ux ≈ 0, vx ≈ 0 and wx ≈ 0
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provided |A| and |B| are sufficiently large. Such boundary conditions (they often called no flux conditions) are
typical requirements in many real-world models and, for instance, were used in [10].

3. Interpretation of Traveling Fronts

In this section, we study in detail exact solution (11). First of all, we answer the question: When
do positive coefficients d1, d3, α2, α4 and µ lead automatically to positive values of α1, α3, β1, β3, κ1

and κ2 in formulae (12)? It turns out that some additional restrictions are needed. The structure of such
restrictions essentially depends on the sign of the parameter µ, i.e., on the traveling front direction.
Thus, one needs to examine separately two cases: (i) µ > 0 and (ii) µ < 0.

In Case (i), one immediately obtains 0 < µ < 5
2 (see the formula for κ1 in (12)). For a simplicity,

we assume additionally α2 = α4 ≡ α and introduce the notations

F ≡ 10d1 − µ + 2α, G ≡ 2µd3 − 5d3 + α.

Substituting these notations into (12), we arrive at the system of the inequalities:

FG > 0, α1 = 40d1 − 4µ− α
(

1− 2 G
F

)
> 0,

β1 = 24d1 − α
(

1− 2 G
F

)
> 0, β3 = 4d3 − 2µ− α

(
1− 2 G

F

)
> 0.

(20)

Since all the component of (11) should be nonnegative (we remind the reader that each component
means a frequency of the community speakers), the inequality β1 < 24d1 takes place, which follows
from V ≥ 0. Thus, the restriction G

F < 1
2 is obtained. It can be also noted that F > 0 and G > 0 (the

case F < 0 and G < 0 leads to a contradiction).
In order to satisfy all the inequalities in (20), we set

G = ε⇔ α = (5− 2µ)d3 + ε,

where ε > 0 is a sufficiently small parameter. Now the 4th inequality in (20) is reduced to the form:

d3 ≥
2µ + ε

2µ− 1
, (21)

hence µ > 1
2 . The 2nd and 3rd those are satisfied provided

40d1 > 4µ + 5d3 − 2µd3 + ε, 24d1 > 5d3 − 2µd3 + ε. (22)

Now one realizes that the following algorithm guarantees the positivity of all the coefficients in
(12). Firstly, we fix any µ from the interval

(
1
2 , 5

2

)
and a small ε, say ε < 1. Secondly, we take any d3

satisfying (21) and calculate α = (5− 2µ)d3 + ε. Finally, we choose a sufficiently large d1 > 0 in order
to satisfy inequalities (22).

Remark 4. In the case α2 = α4 ≡ α and d1 = d3 ≡ d, the above algorithm is simplified to the identification of
the restrictions d ≥ 2µ+ε

2µ−1 and α = (5− 2µ)d + ε, where ε > 0, µ ∈
(

1
2 , 5

2

)
.

Case (ii) is essentially simpler. In fact, one immediately obtains α1 > 0 and κ1 > 0 in (12).
Assuming additionally that α2 = 24d1 and solving the inequalities β1 > 0 and β3 > 0 (see (12)), we
obtain the restrictions

α2 = 24d1, d3 < 1, µ < d3
2(d3−1) ,

(5− 2µ)d3 < α4 < 2
10d1−µ

(
µ2 + 2(24d1d3 − d3 − 29d1)µ− 4d1d3

)
,
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which guarantee the positivity of all the coefficients in (12).
Thus, we can use the formulae derived above in order to construct examples of traveling fronts

to plot the relevant curves (using the package Maple) and to present their plausible interpretation.
Figures 1–3 represent the exact solution (11) in Case (i) µ > 0 (Figures 1 and 2) and Case (ii) µ < 0
(Figure 3). All the curves satisfy the natural requirement of positivity at the given space intervals.

In Figures 1 and 2, three traveling fronts are moving to the right along the OX axes as it is predicted
in Case (i). If we assume that the blue and green curves represent the communities of Russian language
speakers and Ukrainian language speakers, while the red curve describes the frequency of bilingual
speakers, then the real language shift occurred in Ukraine during the Soviet period (from the end of
the Second WW till the USSR collapse) is qualitatively described by these curves. In fact, the language
situation in Ukraine can be approximated by the 1D model because the communities of different
language speakers varies very essentially from east to west (not so much from north to south).

Figure 1. Traveling fronts (11). Curves represent the functions u(t0, x) (blue represents the Russian
speakers), v(t0, x) (red represents the bilingual speakers) and w(t0, x) (green represents the Ukrainian
speakers) for the fixed time t0 = 0.01 (left) and t0 = 4 (right) and the parameters µ = 3

2 , d1 = d3 =

2, α2 = α4 = 5 (other parameters are calculated by formulae (12)).

Figure 2. Traveling fronts (11). Curves represent the functions u(t0, x) (blue), v(t0, x) (red) and w(t0, x)
(green) for the fixed time t0 = 6 and the parameters µ = 3

2 , d1 = d3 = 2, α2 = α4 = 5 (other parameters
are calculated by formulae (12)).
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Figure 3. Traveling fronts (11). Curves represent the functions u(t0, x) (blue), v(t0, x) (red) and w(t0, x)
(green) for the fixed time t0 = 0.01 (left) and t0 = 3 (right) and the parameters µ = −5, d1 = d3 =
1
2 , α2 = α4 = 12 (other parameters are calculated by formulae (12)).

So, taking the point (x = −4.0) as the eastern end and the point (x = 8.0) as the western end, one
realizes that the above curves at the time moment t = 0.01 (see the curves in the left part of the figure)
reflects the situation in the end of the Second WW (the borders of the modern Ukraine were formed in
that time). The frequency of Russian language speakers (blue curve) was very high in the eastern part
(see the interval x ∈ [−4,−2]), while an opposite situation was in the western part (interval x ∈ [6, 8]),
in which Ukrainian language dominated (actually the Russian language was unknown therein). In
the central part of Ukraine (interval x ∈ [−2, 6]), the linguistic situation was more complicated and
this is shown in Figure 1 (left plot). However, one may say that Ukrainian language speakers (green
curve) formed the main part of inhibitors of the Central Ukraine and the frequency of using this
language decreased in the eastern direction. Finally, the community of bilingual speakers (red curve)
was concentrated mostly in the east part after the end of the Second WW.

The time moment t = 4.0 (see the curves in the right part of the Figure 1) reflects the situation in
the end of Soviet times, i.e., in the beginning of 1990s. In that time, the community of Russian language
speakers (blue curve) dominated in the east and central part of Ukraine (interval x ∈ [−4, 6]), the
community of bilingual speakers (red curve) was also strong in these parts. However, the frequency of
using Ukrainian language was very low and one may say about a rapid extinction of this community.
In that time, Ukrainian language dominated only in the western part of Ukraine, while there was also a
part of the Central Ukraine, in which the frequencies of using both languages was in some equilibrium
(interval x ∈ [4, 6]).

Traveling fronts presented in Figure 2 model the situation under the assumption that the USSR
could exist 20–30 years longer doing the same language politics, which was in favor of Russian
language. Of course, one can expect the almost complete extinction of Ukrainian language speakers as
it is shown (see green curve), however existence of a large community of bilingual speakers (red curve)
seams to be not plausible. In fact, there is no any reason to study a ‘dead’ language. So, we believe that
the red curve does not describe adequately the frequency of using both languages for large values of
time.

In Figure 3, the exact solution (11) is pictured in Case (ii) µ < 0, so that the traveling fronts are
moving to the left. As a result, the relevant interpretation is different. In fact, the time evolution
leads to extinction of two communities, while only one monolingual community is the winner of this
language competition.

Finally, it should be pointed out that the exact solutions of the form (11) used above for
interpretation of the language shift occurred in Ukraine during the Soviet times do not express
exact numbers of speakers, however these solutions describe qualitatively the real linguistic situation.
In order to get accurate quantitative results, one needs to calculate correct coefficients in the RD
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system (2) using census data in the former USSR. This is another nontrivial problem, which will be
treated elsewhere.

4. Conclusions

In this work, the known three-component reaction–diffusion system modeling the competition
and co-existence of two different language speakers [10] was a starting point. Such competition
leading to a language shift occurs in many countries (territories) and Ukraine is a typical example.
A modification of this system is proposed (see system (3)), which was examined by the Lie symmetry
method. It was established that the system in question is invariant only w.r.t. the Lie operators of the
time and space translations provided its coefficient satisfy natural restrictions. Furthermore, exact
solutions in the form of traveling fronts are constructed using the tanh function technique. As a result,
four exact solutions in explicit form were found for the first time. One of them (see formulae (11)) was
studied in detail in order to identify its properties. Having this done, plots of the traveling fronts were
drown and the relevant interpretation describing the language shift that occurred in Ukraine during
the Soviet times was suggested.

We are going to continue this work. In particular, some extension of the model is needed in order
to take into account possible changes in language politics introduced by the government.

Finally, it should be noted that a three-component model for describing the spread of an initially
localized population of farmers into a region occupied by hunter-gatherers was introduced in [28]
(see also the recent paper [18], in which traveling fronts are constructed). It can be shown that the
farmer–hunter-gatherers model can be derived from the RD system (2) as a particular case.
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V.D.; formal analysis, V.D.; investigation, R.C. and V.D.; writing—original, V.D.; writing—review and editing, R.C.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Cherniha, R.; Serov, M.; Pliukhin, O. Nonlinear Reaction–Diffusion-Convection Equations: Lie and Conditional
Symmetry, Exact Solutions and Their Applications; Chapman and Hall/CRC: New York, NY, USA, 2018.

2. Murray, J.D. Mathematical Biology, II: Spatial Models and Biomedical Applications; Springer: Berlin/Heidelberg,
Germany, 2003.

3. Kuang, Y.; Nagy, J.D.; Eikenberry, S.E. Introduction to Mathematical Oncology; CRC Press: Boca Raton, FL,
USA, 2016.

4. Cherniha, R.; Davydovych, V. Nonlinear Reaction–Diffusion Systems—Conditional Symmetry, Exact Solutions
and Their Applications in Biology; Springer: Cham, Switzerland, 2017.

5. Abrams, D.M.; Strogatz, S.H. Linguistics: Modelling the Dynamics of Language Death. Nature 2003, 424, 900.
[CrossRef] [PubMed]

6. Patriarca, M.; Leppänen, T. Modeling language competition. Phys. A 2004, 338, 296–299. [CrossRef]
7. Pinasco, J.P.; Romanelly, L. Coexistence of languages is possible. Phys. A 2006, 361, 355–360. [CrossRef]
8. Kandler, A. Demography and language competition. Hum. Biol. 2009, 81, 181–211. [CrossRef] [PubMed]
9. Kandler, A.; Steele, J. Ecological models of language competition. Bilogical Theory 2008, 3, 164–173. [CrossRef]
10. Kandler, A.; Unger, R.; Steele, J. Language shift, bilingualism and the future of Britain’s Celtic languages.

Phil. Trans. R. Soc. B 2010, 365, 3855–3864. [CrossRef] [PubMed]
11. Kandler, A.; Unger, R. Modeling Language Shift. In Diffusive Spreading in Nature, Technology and Society;

Springer: Cham, Switzerland, 2018; pp. 351–373.
12. Fisher, R.A. The wave of advance of advantageous genes. Ann. Eugen. 1937, 7, 353–369. [CrossRef]
13. Bluman, G.W.; Cheviakov, A.F.; Anco, S.C. Applications of Symmetry Methods to Partial Differential Equations;

Springer: New York, NY, USA, 2010.
14. Arrigo, D.J. Symmetry Analysis of Differential Equations; John Wiley & Sons: Hoboken, NJ, USA, 2015.

http://dx.doi.org/10.1038/424900a
http://www.ncbi.nlm.nih.gov/pubmed/12931177
http://dx.doi.org/10.1016/j.physa.2004.02.056
http://dx.doi.org/10.1016/j.physa.2005.06.068
http://dx.doi.org/10.3378/027.081.0305
http://www.ncbi.nlm.nih.gov/pubmed/19943743
http://dx.doi.org/10.1162/biot.2008.3.2.164
http://dx.doi.org/10.1098/rstb.2010.0051
http://www.ncbi.nlm.nih.gov/pubmed/21041210
http://dx.doi.org/10.1111/j.1469-1809.1937.tb02153.x


Entropy 2020, 22, 154 11 of 11

15. Malfliet, W.; Hereman, W. The tanh method: I. Exact solutions of nonlinear evolution and wave equations.
Phys. Scr. 1996, 54, 563–568. [CrossRef]

16. Malfliet, W. The tanh method: A tool for solving certain classes of nonlinear evolution and wave equations.
J. Comput. Appl. Math. 2004, 164, 529–541. [CrossRef]

17. Wazwaz, A.M. The extended tanh method for the Zakharo–Kuznetsov (ZK) equation, the modified ZK
equation, and its generalized forms. Commun. Nonlinear Sci. Numer. Simul. 2008, 13, 1039–1047. [CrossRef]

18. Cherniha, R.; Davydovych, V. A hunter-gatherer–farmer population model: Lie symmetries, exact solutions
and their interpretation. Eur. J. Appl. Math. 2019, 30, 338–357. [CrossRef]

19. Cherniha, R.; Davydovych, V. Lie and conditional symmetries of the three-component diffusive
Lotka–Volterra system. J. Phys. A Math. Theor. 2013, 46, 185204. [CrossRef]

20. Gilding, B.; Kersner, R. Travelling Waves in Nonlinear Diffusion-Convection Reaction; Birkhäuser: Basel,
Switzerland, 2004.

21. Polyanin, A.D.; Zaitsev, V.F. Handbook of Nonlinear Partial Differential Equations, 2nd ed.; CRC Press: Boca
Raton, FL, USA, 2012.

22. Rodrigo, M.; Mimura, M. Exact solutions of a competition–diffusion system. Hiroshima Math. J. 2000, 30,
257–270. [CrossRef]

23. Cherniha, R.; Dutka, V. A diffusive Lotka–Volterra system: Lie symmetries, exact and numerical solutions.
Ukr. Math. J. 2004, 56, 1665–1675. [CrossRef]

24. Hung, L.-C. Exact traveling wave solutions for diffusive Lotka–Volterra systems of two competing species.
Jpn. J. Ind. Appl. Math. 2012, 29, 237–251. [CrossRef]

25. Chen, C.-C.; Hung, L.-C.; Mimura, M.; Ueyama, D. Exact travelling wave solutions of three-species
competition–diffusion systems. Discret. Cont. Dyn. Syst. Ser. B 2012, 17, 2653–2669. [CrossRef]

26. Hung, L.-C. Traveling wave solutions of competitive–cooperative Lotka–Volterra systems of three species.
Nonlinear Anal. Real World Appl. 2011, 12, 3691–3700. [CrossRef]

27. Abdelkawy, M.A.; Bhrawy, A.H.; Zerrad, E.; Biswas, A. Application of tanh method to complex coupled
nonlinear evolution equations. Acta Phys. Pol. A 2016, 129, 278–283. [CrossRef]

28. Aoki, K.; Shida, M.; Shigesada, N. Travelling wave solutions for the spread of farmers into a region occupied
by hunter-gatherers. Theor. Popul. Biol. 1996, 50, 1–17. [CrossRef] [PubMed]

c© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1088/0031-8949/54/6/003
http://dx.doi.org/10.1016/S0377-0427(03)00645-9
http://dx.doi.org/10.1016/j.cnsns.2006.10.007
http://dx.doi.org/10.1017/S0956792518000104
http://dx.doi.org/10.1088/1751-8113/46/18/185204
http://dx.doi.org/10.32917/hmj/1206124686
http://dx.doi.org/10.1007/s11253-005-0142-6
http://dx.doi.org/10.1007/s13160-012-0056-2
http://dx.doi.org/10.3934/dcdsb.2012.17.2653
http://dx.doi.org/10.1016/j.nonrwa.2011.07.002
http://dx.doi.org/10.12693/APhysPolA.129.278
http://dx.doi.org/10.1006/tpbi.1996.0020
http://www.ncbi.nlm.nih.gov/pubmed/8813011
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Main Results
	Interpretation of Traveling Fronts
	Conclusions
	References

