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Abstract: Let Z be a standard Gaussian random variable, X be independent of Z, and ¢ be a strictly
positive scalar. For the derivatives in t of the differential entropy of X + v/tZ, McKean noticed that
Gaussian X achieves the extreme for the first and second derivatives, among distributions with a fixed
variance, and he conjectured that this holds for general orders of derivatives. This conjecture implies
that the signs of the derivatives alternate. Recently, Cheng and Geng proved that this alternation
holds for the first four orders. In this work, we employ the technique of linear matrix inequalities to
show that: firstly, Cheng and Geng’s method may not generalize to higher orders; secondly, when the
probability density function of X + /tZ is log-concave, McKean'’s conjecture holds for orders up to
at least five. As a corollary, we also recover Toscani’s result on the sign of the third derivative of the
entropy power of X + v/tZ, using a much simpler argument.

Keywords: differential entropy; entropy power; log-concavity; linear matrix inequality;
Gaussian optimality

1. Introduction

For a general continuous random variable X with probability density function f(x), its differential
entropy is defined as

W) =~ [ fn far,

given that the above integral exists. In [1], Shannon considered the entropy power N(X) = >—¢ ,
and introduced the celebrated Entropy Power Inequality (EPI):

PXAY) 5 2h(X) | 20(Y)

where X and Y are independent, and equality holds if and only if X and Y are Gaussian. This inequality
is nontrivial and was rigorously proved later by Stam [2].

Remark 1. This is the full version of a conference paper submitted to ISIT 2018 [3].
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There have been numerous generalizations of the EPI. In [4], Costa considered the case where X
is perturbed by an independent standard Gaussian Z, and showed that N(X + v/fZ) is concave in ¢
fort > 0:

d2

AN+ VtZ) <0, t>0.

Toscani [5] further showed that %N (X + v/tZ) > 0, under the condition that the probability
density function of X + v/tZ is log-concave.

Later, Villani [6] simplified Costa’s proof by directly studying the second derivative in ¢ of
the differential entropy instead of the second derivative of the entropy power. In the proof, it was
noticed [6-8] that the signs of the first two derivatives of h(X + \/tZ) alternate. Along this line,
Cheng and Geng [9] showed that this alternation holds for the first four derivatives, and they made
the following conjecture that the alternation is true for general orders of derivatives.

Conjecture 1 ([9]). The derivatives of the differential entropy h(X + \/tZ) satisfy (—1)"~1 x %h(X +VtZ)
>0fort>0andn > 1.

According to Equation (3) in Lemma 2 and the comments, 2 x %h(X + +/tZ) is the Fisher
information J(X + v/tZ). The above conjecture is equivalent to hypothesizing that the Fisher
information of X + v/tZ is completely monotone, thus admitting a very simple characterization
using the Laplace Transform [10]: there exists a finite Borel measure y(-) such that

J(X+ViZ) = /;oo e Myu(dA). (1)

Back in 1966, McKean [7] also studied the derivatives in ¢ of h(X + ViZ ), and noticed that
Gaussian X achieves the minimum of %h(X +/tZ) and f%h(X + V/tZ), subject to Var(X) = o2.
Then, McKean implicitly made the following conjecture that Gaussian optimality holds generally:
Conjecture 2 ([7]). Subject to Var(X) = o2, Gaussian X with variance c* achieves the minimum of
()" 1 x Lh(X + VZ) fort > 0and n > 1.

Notice that, if X is Gaussian with variance o2, by routine calculation,
2h(Xg + V'1tZ) = In2me(c? + t),

n
(—1)" 1 x Zj?h(XG +VtZ)=(n—1)!x (e +1)"" > 0. ()

Hence, McKean’s conjecture implies the one by Cheng and Geng.

Compared with the progress made by Cheng and Geng [9] on Conjecture 1, there has been little
progress on Conjecture 2. Most of the existing results are on the second derivative of the differential
entropy (or the mutual information), and on generalizing the EPI to other settings. For example:
Guo et al. [11] represents the derivatives in the signal-to-noise ratio of the mutual information in terms
of the minimum mean-square estimation error, building on de Bruijn’s identity [2]; Wibisono and
Jog [12] study the mutual information along the density flow defined by the heat equation and show
that it is a convex function of time if the initial distribution is log-concave; Wang and Madiman [13]
recover the proof of the EPI via rearrangements; Courtade [14] generalizes Costa’s EPI to non-Gaussian
additive perturbations; and Konig and Smith [15] propose a quantum version of the EPI.

In this paper, we work on Conjecture 2. The main results are to show that Conjecture 2 holds
for higher orders up to at least five under the log-concavity condition, and the introduction of the
technique of linear matrix inequalities.

The paper is organized as follows: in Section 2, we obtain the formulae for the derivatives
of the differential entropy h(X + v/tZ) (Theorem 1) and show that McKean'’s conjecture holds for
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higher orders up to at least five under the log-concavity condition (Corollary 1). As a corollary,
we recover Toscani’s result [5] on the third derivative of the entropy power, using the Cauchy-Schwartz
inequality, which is much simpler. In Section 3, we introduce the linear matrix inequality approach,
and transform the above two conjectures to the feasibility check of semidefinite programming problems.
With this approach, we can easily obtain the coefficients in Theorem 1. Then, we show that the direct
generalization of the method by Cheng and Geng might not work for orders higher than four for
proving Conjecture 1. In Section 4, we prove the main theorem of Section 2.

2. Main Results

We first introduce the notation that is used throughout this paper. When the functions are
single-variate, we use % for its derivative. For the multi-variate cases, we use % for the partial
derivative. To simplify the notation, for the derivatives of a general single-variate function g(v),
we also use ¢'(y), ¢ (y) and ¢""(y) to represent the first, second and third derivatives, respectively;
and ¢ (y) denotes the n-th derivative for n > 1.

In the rest of the paper, let Z be a standard Gaussian random variable, and X be independent of
Z. Denote

Yy = X+V1tZ, t>0.

According to [4,16], Y; has nice properties: The probability density function f(y,t) of Y; exists,
is strictly positive and infinitely differentiable; The differential entropy & (Y;) exists. Denote
ai’l
ay"

foi=57f(W,t),

n

0
Tn ::ay” lnf(y,t), 7’120,1,2,-“/

where it is understood that f, and T}, are functions of (y, t). We also present some properties of f(y, t)
in the following lemma. The proof can be found in, say, [2,16] and Propositions 1 and 2 in [9].
Lemma 1. Fort > 0, the probability density function f(y, t) satisfies the following properties:

(1) The heat equation holds: %f = %aa—;zf.

(2) limp, o fn=0,Vn >0,Vt > 0.

(3) The expectation of the product of the T;, E[[1; T;] exists, and limy| e fIT; Ti = 0, V£ > 0.

In Lemma 1, part (3), in writing E[[]; T;], we think of each T; as a function of (Y3, t).

Notice that, given X and Z, the differential entropy h(X + v/tZ) is a function of t. The formulae
for the first and second derivatives of i(X + v/tZ) are presented in the following lemma. According to
Stam [2], the first equality is due to de Bruijn, and the right-hand side is actually the Fisher information
(page 671 of [17]); the second one is due to McKean [7], Toscani [8] and Villani [6]; the Gaussian
optimality is due to McKean [7].

Lemma 2. For the first and second derivatives of the differential entropy h(X + \/tZ), the following expressions
hold for t > 0:

21 (X +V'tZ) =E l(?)j )

2
—Zh//(X—Q—\/EZ) —E |:<f2 _ f12> (4)

foof

Subject to VarX = o2, Gaussian X with variance o> minimizes ' (X + \/tZ) and —h" (X + /tZ).
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By standard manipulations, one has

fi L £
T ==, Th=7%?2%—=—=. 5)

f for?

Thus, it is straightforward to rewrite the derivatives as

2 (X +1z) = E T3], ©)
21 (X +VtZ) =E [TZZ] . @)
For the third and fourth derivatives, one can refer to Theorems 1 and 2 in [9], where they were
represented by the f;. Notice that these representations are not unique, and the ones in [9] are sufficient

for identifying the signs. Instead, in Theorem 1, we use the T;, and this will facilitate our proof of the
Gaussian optimality in Corollary 1.

Theorem 1. Fort > 0, the derivatives of the differential entropy h(X + /tZ) can be expressed as:

208 (X +VtZ) =E [T32 — ZTﬂ , ®
20 (X +Viz) = B[1} + 6T ~ 127313 ©)
245) (X +ViZ) = E [Tg — 24T — 8T2T, — 6T T, T2 + 12T T3 T, + 114T32Tzz} : (10)

The proof to this theorem is left to Section 4. The existence of such expressions and how to obtain
the coefficients are left to Section 3, where the method of linear matrix inequalities is introduced.

Log-Concave Case

Lemma 2 already ensures the optimality of Gaussians, subject to Var(X) = ¢?, for the first and
second derivatives. For higher ones, we do not know if we can show the optimality based on the
expressions in Theorem 1. Here, we impose the constraint of log-concavity on f(y, t) and summarize
the results in Corollaries 1-3.

A nonnegative function f(-) is logarithmically concave (or log-concave for short) if its domain is
convex and it satisfies the inequality

fOx+(1=0)y) > f(x)°f(y)'°

for all x,y in the domain and 0 < 6 < 1. If f is strictly positive, this is equivalent to saying that
the logarithm of the function is concave (Section 2.5 of [18]). In our case, assuming that f(y,t) is
log-concave in y is equivalent to T, < 0.

Examples of log-concave distributions include the Gaussian, exponential, Laplace, and the Gamma
with parameter larger than one. Notice that, if the probability density function of X is log-concave,
then so is that of X + v/Z (Section 3.5.2 of [18]).

Corollary 1. If the probability density function of X + /tZ is log-concave, then, subject to Var(X) = o2,
Gaussian X with variance o* achieves the minimum of (—1)" " h(") (X +\/tZ) for t > 0and 3 < n < 5.

Proof. Let X5 be Gaussian with mean y and variance ¢

Yg = Xc +VtZis

. The probability density function of

PRV
e ="y

F o 1) = —o—er P 71

27 (02 +t)
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The key observation is that the second derivative of the logarithm in the Gaussian case is

92
D=5 7 Inflye,t) = —(* -+
Ya
Hence, from Equation (2), the derivatives of the differential entropy in the Gaussian case are
(—1)" P x 2k (X +VEZ) = (n =) x (@ + 1) " = (n—1)! x E[~To,5]".

Now, if one can show the following chain of inequalities:

(=1)" 1 x 200 (X 4+ V/12Z) § (n—1!'xE[(-Tn)"] men 'x E[-T,]" > (n—1)! xE[-Tqg]", (11)

then one is done.

For inequality (b), the log-concavity condition, namely T, < 0, suffices.

For inequality (c), it suffices to show that E[—T,] > E[—T, ] > 0. This can be proved using
Lemma 2: Notice that

E Hf] = /:ofz(y,t)dy= /:Odfl(y, t)=fily.t) 'S =0-0,

where the last equality is due to Lemma 1.
Now, from Equation (5),

b A

E[-To) =E|—F+75

f2

—Elfll. (12)

Combining this with Lemma 2, one has
E[-To] = 21 (X + VtZ) > 20 (Xg + VtZ) = E[~T»].

This part is finished by noticing that E [T, ¢] > 0 from Equation (2).
For inequality (a), we show each case of n using Theorem 1 and the condition T, < 0. Forn = 3,

20 (X +V1Z) = E [Tg - 2T§’} >E {—ZTg} —(n—1)!xE[(-T))"], n=3.
Forn =4,
—2h (X +V1Z) = {Tf 6T — 12T32T2} >E {6Tﬂ =(n-DIXE[(-T)"], n=4,
where the inequality is due to T, < 0, thus E[—12T32 T;] > 0. Forn =5,

21 (X + ViZ) = E [T = 24T§ - 8T3T, — 63517 + 12T5 T3 > + 14T T3

E
E[(Ts + 6TTo)” — 24T5 — 8TET, — 6 T3, T} + 78T3 T3 |
E

v

2473
=m—-1)!'xE[(-T)"], n=>5.
Now, the proof is finished. O

The following corollary deals with the fifth-order case in [9], under the log-concavity assumption.
The proof follows directly from Corollary 1 and Equation (2).
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Corollary 2. If the probability density function of X + /tZ is log-concave, then the fifth derivative of the
differential entropy is strictly positive: h®) (X + \/tZ) > 0 for t > 0.

Regarding the entropy power, it is already known that N’(X + /tZ) > 0 from the connection
with Fisher information, and N” (X + ViZ ) < 0 according to [4]. For the third derivative, Toscani
showed that N©®) (X 4 v/tZ) > 0, under the log-concavity assumption. Here, we simplify Toscani’s
proof, using a Cauchy-Schwartz argument.

Corollary 3. If the probability density function of X + \/tZ is log-concave, then the third derivative of the
entropy power is nonnegative: NG (X 4+ /tZ) > 0 for t > 0.

Proof. For brevity, let i’ := h'(X + VitzZ ), and, similarly, we omit the arguments for higher orders.
Routine manipulations yield that

d3 1 1 N3 / " "
(3) _ 2h(X+\ﬂZ) 2h(X+\/¥Z)
N (X—l—\/{?) —71_3766 —766 |:(2h) —|—3><2h X 2h —I—Zh .

! 3 ! " n
Thus, it suffices to show (Zh ) +3x2h x2h +2h > 0. First, we express h', " and h"”

in the form of the T;: according to Lemma 2 and Equation (12), 2’ = E[—T|; from Equation (7),
21" = —E[T3]; copying from Equation (8), 21" = E[T§ — 2T5].

Also notice that, from Lemma 2, 2h'(X 4+ /tZ) > 20/ (Xg + VtZ) = (0% +t)~! > 0. Hence,
E[—T,] > 0 (it cannot be zero). Now, under the log-concavity condition, namely T, < 0, from the
Cauchy-Schwartz inequality for random variables, we have:

E[- DJE[-T] = E WTT;] E [\/TTST > E [\/—7@\/—7@:"}2 —E [Tgr.

Thus, we have

(21%)3 +3x 20 x2i" + 20" = E[-To)® — 3 x E[-Ty] x E[T}] + E[T} — 2T3]
> E[-Ty)% — 3 x E[-Ta] x E[T?] + E[-2T5]

(E[~T2)) " (E[~Ta)* - 3 x B[~ To]? x E[T3] + 2E[- T,]E[-T3))
> (E[-To]) ! (E[-ToJ* = 3 x E[-To]? x E[T3] + 2E[T3]2)

(E[-Ta) " (EIT3] - E[-Tal?) (2B[13] - E[-T22).

The proof is finished by noticing that E[T?] > E[—T»]? > 0, which implies that the right-hand

side is nonnegative. [J
3. Linear Matrix Inequalities

In this section, we introduce the method of linear matrix inequalities (LMI), and transform the
proof of Conjectures 1 and 2 to the feasibility problem of LMI. This transformation also enables us to
find the right coefficients in Theorem 1.

Recall that, in [9], the authors first obtained the fourth derivative as the following (Equation (27)
in [9])

2h (X +/tZ) = E —j}ﬁ - 4];{32 4];}2{32 — 3;;24 + 24;1?5) — 36?;][22 - 970]§ : (13)
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Then, with some equalities (from integration by parts), they showed this derivative can be
expressed as the negative of a sum of squares (Theorem 2 in [9]):

FT5 025 s o 52 3 f5 1100f*

fo5 2 10/ 5 2f*

s ph A\ g
*(‘wo?ﬁ*moﬁ) N

2h<4>(x+ﬂz)__E[<f4 6hifs 75 8fih 1f14>2+<2f1f3 1f12fz+9f14>2
(14)

L %6 fif, W ff]

90,000 f6 70,000 f8 |

Hence, the fourth derivative is nonpositive. The sum of squares has a natural connection with
positive semidefinite matrices. The right-hand side of Equation (14) can be written as —E[u” Fu],
where u is the column vector with coordinates u = (fu/f, fifs/f% fi/f? fifa/f3, fi/f*) and F
is a positive semidefinite matrix. Thus, the method in [9] is actually to verify the existence of a suitable
positive semidefinite matrix F. This can be cast as the feasibility of a linear matrix inequality.

A linear matrix inequality (Chapter 2 of [18]) has the form

I /

F(x,y):= Fo+ ) xFi+ ) yG =0, (15)
i=1 j=1

where the m x m symmetric matrices Fy, F, Gj, i=1,...,1,j =1,...,] are given, variables x; are
real and y;” are nonnegative, and the notation F(x,y) = 0 means F(x,y) is positive semidefinite.
The feasibility problem refers to identifying if there exists a set of x; and y; such that F(x,y) is
positive semidefinite.

To reformulate the method used by Cheng and Geng [9] as an LMI feasibility problem, using the
fourth derivative as an illustrative example, the main idea is: first, transform the original expression of
the derivative to the form

—2h™ (X + VtZ) = E[u" Fyu).

Then, transform the equalities resulting from integration by parts to the form
0=Eu"Fu], i=1,2,...,1L
Finally, try to find a set of variables x; such that Fy + }_; x;F; > 0, which is sufficient to show that

—2h) (X +v/tZ) = E[uT Fyu] = E[u (Fy + inFl-)u] > 0.

One can notice that there is no matrix G; in the above statement. This is mainly because only
equalities were available in [9]. When one imposes inequality constraints, for example T, < 0, as in
this paper, then one will be able to construct matrices G;.

Before we proceed to introduce the details on constructing those matrices, the following
observations are clear regarding u = (fa/f, fifs/f% f3/f? fif/f°, fi/f*) and the fourth
derivative 2h(*) (X +VtZ) (see Equation (13)): (a) the sum-order of derivatives for each entry of u is
four, for example, the sum-order of f2f,/f3is 1 x 2+ 2 = 4; (b) the highest order of a single term in
the entries of u is four, namely f1/ f; (c) the sum-order of each entry in the fourth derivative is eight,
which is twice that of u.

In the following, we take the fourth derivative as an example, and show how to construct these
matrices Fy (Section 3.3), F; (Sections 3.1 and 3.2), and G; (Section 3.4). We decide to use the Tj as
the entries of u, instead of the f, the motivation for which is clear from the proof of Corollary 1 and
the desire to exploit the assumption T, < 0. Based on the above observation and the expressions in
Equation (5), our vector u is
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uz(T4, TsTy, T2, T,T?, Tl4). (16)

Thus, Fy, F;, G]- are 5 X 5 symmetric matrices. Here, we mention that the expressions appearing as
coordinates in u correspond to the integer partitions of four.

The organization of this section is as follows: Sections 3.1-3.3 deal with the sign of the
fourth derivative with only equality constraints (see Conjecture 1); Section 3.4 further incorporates
the inequality constraints, namely T, < 0; Section 3.5 shows the manipulation for the optimality of
Gaussian inputs (see Conjecture 2). In Section 3.6, we consider the sign and the Gaussian optimality
for the fifth derivative.

3.1. Matrices F; from Multiple Representations

The matrices F; are such that E[u” F;u] = 0. A trivial case is to notice that different products of the
form u(i)u(j) may map to the same term, for example

BT = (B)(T)) = (LI)(TRTH), = u(B3)u(5) = u(4)u(4).

That is, T?T{ admits multiple representations as u(i)u(j). It is easy to construct the corresponding
matrix Fj such that uT Fju = 0:

00 0 0 0
00 0 0 0
F=1]00 0 0 -1
00 0 2 0
00 -1 0 0

For the fourth derivative, only one term has multiple representations. There is none for the
third derivative, and three for the fifth (F;, F, and F3 in Section 3.6).

3.2. Matrices F; from Integration by Parts

The equalities of the type E[u F;u] = 0 used in [9] are from integration by parts. Here, we list
them one by one.

Notice that all the possible terms with sum-order eight and highest-order four are the following
(the numbers in the left column are indices):

1-5: T2, TT:T, NI, TLTE T.TY,
6-9: T3T?2, TT3T, TLRLIT), T:T3,
10—-13: Ty, T3T?, T3T, TP,

14 : T8,

15 : T3 T>.

Denote this vector as w.

These terms are arranged in the order such that the first (fourteen) terms can be expressed as
u(i)u(j) for some i and j, while the last term(s) cannot be. We call the first terms the quadratic part
w?, and the last term(s) the non-quadratic part w"°". Thus, w = (w7*?, w"").

It is not difficult to conclude that, for non-repetition, one only needs to perform integration by
parts on the entries whose highest-order term is of power one. All of these entries are (eight in total):

TaT, TaT2, TuTLT?, TiTf, TTiT, TLT, T:T7, TLTS.
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Taking T;T3T; as an example, one can show that (Equation (18), see the end of this subsection)
E [2T4T3T1 FT2T2 4 T§T2} —0.
In addition, this can be written as E[cTw] = 0, where
c €RY, ¢1([2,6,15) = [2,1,1].

There are eight equalities in total and hence there are vectors cy, . . ., cs. We put each ¢; as the i-th
row of C € R8*15 and write those equalities as

E[Cw] =0,
where

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 1 17 1
1 1 21 2
1 1 2 1 3

C= ! 1 4 (17)

3 1 1 5
2 3 1 6
1 1 7
L 1 l s

The entries can be found in Equations (18)—(25).

We need to extract matrices F from these eight equalities E[Cw] = 0, such that E[u” Fu] = 0.
The main problem is that ¢/ w may contain entries that are not expressible as u(i)u(j). In particular,
for the fourth derivative, this happens when ¢, (15) # 0. One needs to do some work to cancel these
entries. The general method, which can also be used in higher-order cases, is stated below:

1. Firstly, since w = (w7"*, w"""), we separate the blocks of C accordingly,

Tl
[wnon‘| ] = 0
In the above, C11 € R2X14, Cypp € RZXl, Cy € ROX14,
2. Secondly, each row of Cp; corresponds to a symmetric matrix F; such that E[u’Fu] = 0.
In particular, for the first row of Cpq, the matrix is

Cn Ci2

Cnu Cnp

E|

3

I
o~ oo o
oOR NN O
coco N o
co o~
oo ocoo

such that %uTqu =141 Tl2 + T§ le + 273 T22T1 + 131, Tl3 . Notice a scaling of a factor of two is
added here just for conciseness, and this does not affect the feasibility of (15). Similarly, the other
five matrices, corresponding to the remaining rows of Cy1, are
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0 00 01 00 00O 0 00 0O
0 00 41 0 0 300 0 00 20
=10 0 0 0 0, F,=1]0 3 2 1 0, FE=1]0 0 0 3 1},
0 4 000 001 0O 023 00
11000 0 0 00O 0 01 0O

0 0 00O 0 00 0O

00001 0 00 00O

F=10 0 0 0 5|, F,=10 0 0 0 O

00 001 0 00 07

01510 0 007 2

3. Thirdly, for Cy; and Cyy, the equalities are E[Cy;w"® + Cpw™"] = 0. Notice w"" cannot be
expressed in a quadratic form. Supposing that we can find a column vector z such that z7C1, = 0,
then E[zT Cy;wT4] = E[zT (Cyw™ + Cpw™™")] = 0. The vector z actually lies in the null space of
Csz, and it suffices to find the basis. One way is to do the QR decomposition:

u

Cp=0Q 0

4

where U is upper-triangular. The null-space of C/, has the same dimensions as the number of rows
of 0 above, and a basis as the last several columns of Q—in particular, for the fourth derivative

o= [l ~ar=[% ][]

VERRVA

Hence, one takes z as the second column of Q, which is (after scaling for conciseness)
T = [—2, 1]. Then, one calculates z7Cyyw?" = —4T,T3T; + T,T2 — 2T2T? + T3T2Ty, and the
corresponding matrix Fg (scaled by a factor of two) is

0 -4 100
—4 4100
FE=[1 1 000
0 0 000
0 0 000

The rest of this subsection is devoted to calculating the equalities obtained from integration by
parts. This is similar to that in [9], except in the form of the T;. To begin, we need the following lemma.

Lemma 3. Let A be a linear combination of terms of products of the T;, then, for n > 2,

0
A+T, 1T1A| =0.

E|T,A+ TH@
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Proof. From calculus,
EIT,A] = [ fTuady = [ FAdT,
Lo~ [T, d(ra)
= _/Tn—l <f1A+faE;A) dy
® _ / Tys (leA +faayA> dy

0
= —E |:Tnl @A + TanlA:| ,

where (a) is due to Lemma 1, and (b) is due to Equation (5). [

Now, using Lemma 3, one obtains the following equalities:

T, =Ty A=TT, — E[2LDLT+BTL+TTE =0,
T,=Ty,A=T}, = E|[LT+20T+ BT =0,

Ty =Ty A=TT? = E|LTT?+T2T2 +2T5T2T; + T3T2Tf’]
T,=T,A=T{, = E [TJ{* FATT, TS + n:rﬂ —0,

T, =T, A=T3iT;, — E _3T3T22T1 + Ty + TSTH -0,

T,=TyA=TT], = E]2BDT +3GT+T3T| =0,
Ty=Ty A=T5, = E|T3T5+5T2T¢+ TzTﬂ —0,
T=TA=T, = E[TLT{+T}|=0.

With these equalities, matrix (17) can be constructed.

3.3. Matrix Fy from the Derivative

11 0f 20

(18)
(19)
(20)
(21)
(22)
(23)
(24)

(25)

Suppose we have already obtained the fourth derivative in the form (see Equation (30) later)

—2n™W (X + VtZ) = E[d"w] = E[d] w™* + d} w""],

where d; € R, d, € R! Then, similar to Fs, we can find the matrix Fy such that

—2h™M(X + VtZ) = E[uT Fyu].

To cancel the non-quadratic term dJw""

, we solve for zg Cpp = d% (the solution z; should

exist, otherwise it is not possible to find a quadratic form and the LMI approach fails). Then, since

E[Cp1w™® + C1ow""] = 0, we have

—2h) (X +ViZ) = E [0 + dfw""]

—F {d{wqua + d%"wnon _ Z%’ (Cllwquu + Clzwnon)}

=E Kle — 22TC11> wq”“} .

Now, Fy can be constructed from le —zTCyy.

The details are as follows. First, we need to express the derivative using the entries of w. This can

be done recursively using the following lemma.
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Lemma 4. Let A be a linear combination of terms of products of the T;. The following equalities hold:

a an n
25Ty =5 (T +T7) =Tyso+ Y, ChTei1Tupr, 120, (26)
ot ay =
d 1 5 3
~ElA) _E[E(T2+T1)A+§A}, 27)
d o 2 (S
EE[Tn] =B |-Tiq+ T ), Gl Tygin|, n>1 (28)
k=1

The proof is left to Appendix A. Now, with Equation (7):
—21"(X +V'tZ) = E[T3),

and Equation (28), one can easily obtain that

213 (X + V1z) = f%E 73] = E |13 - 213]. (29)

For the fourth derivative,
—2hW (X +V1Z) = f%E [Tg - 2T§’]
d
@ g [-T3+ T, 3TTs +3T3Ty) | — 2. [-273)]

Y g [442 + T3 (3TaTs + 3T3Tz)} —E {f (Tz + T12> S — 3T222T2} (30)

2ot
G g1} 46787, - T — 3T~ 3T3(Ty + 23Ty +215T5)|
—E [Tf +3TyTS — 6T3T, + 6T3T5Ty + 7T5 + Tg’Tf] ,

where (a), (b), (c) are due to Equations (28), (27), (26), respectively.
Hence, we have the vector d = (d,d;) € R'® and its blocks d; € R, d, € R%:

d[1,3,7,10,11] = [1,3,6,7,1],
d[15] = —6.

One solves for z, such that zzT Cpp = d2T and obtains
22T = {0, —3] .

Now, le — ZZT C11 has nonzero entries at locations [1,3,7,10,11], with values [1,6,9,7,1],
respectively. Furthermore, Fy (scaled by a factor of two) is found as

20 6 00
00 9 00
=16 9 14 1 0
001 0O
00 00

By the end of this subsection, it is easy to see that Cheng and Geng’s method can be reformulated
as identifying if there exist x1,...,xg € R such that

8
FO + inFi t 0.
i=1
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We use the convex optimization package [19] to identify the feasibility of the above LMI problem,
and it turns out to be feasible as it should be according to Equation (14).
3.4. Matrices G; from Log-Concavity

Recall that, in [9], there is no matrix G]-, since there is no inequality constraint. In this paper,
we consider the log-concave case T, < 0, thus introducing inequality constraints.
For the fourth order, T, < 0 actually implies that the following entries in w are nonpositive:

T3T2, T,T°, T,T:.

It is clear that the powers of T, are odd, and the others are even.
To transform these nonpositive terms into matrices G;, the first two terms, T3T? and T T? are
trivial, since they can be expressed by u(7)u(j) directly:

0 > 2E[T5T?) = E[u’ Gyu),
0> 2E[TLT?] = E[ul Gyul,

where
000 0O 0 00 00O
000 0O 0 00 00O
Gi=|0 0 01 0f, G=1|0 00 00
00100 0 00 01
00 0 00O 0 0010

For the term T, Tg, the idea is similar to the third part in Section 3.2. One first finds z3 € R? such
that Z3T Cppw"" = T, T2, namely zg C12 = 1. The solution is Z3T = [0, 1/ 2} . Then,

1 1
E[T> T3] = E[T>T? — 2] (Cjiw™ + Cow"™")] = E[—2z} Cpyw™™) = E[—§T4T22 — E"_rgTzle].

Now, it is routine to obtain

0 > 4E[T» T3] = E[u! Gsu],

where
0 0 -1 0 0
0 0 -1 0 0
Gs=|-1 -1 0 0 0
0 0 0 0 0
0 0 0 0 0

At this point, we are done with the procedure for calculating all these matrices F, the F; and the

G;. To show the negativity of the fourth derivative, it suffices to find a set of variables x; € R and
yj > 0 such that

8 3

Fo + Z x;F + nyGf = 0.

i=1 j=1

Remark 2. The matrix G, is actually redundant, since we know that E[T,T?] = —1E[T®] < 0, which is
already included in the matrices F; (in particular, matrix F; in Section 3.2). Including Gy will not affect the
feasibility check.
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3.5. Matrix Fy for Gaussian Optimality

However, to show the optimality of the Gaussian, the above formulation is not enough. According
to inequality (a) in Equation (11), it would sulffice to show that

(=1)" ' % 2" (X +VEZ) — (n —1)! x E[(=T2)"] > 0
instead of (—1)"~1 x 2h(") (X 4 \/tZ) > 0. Thus, one needs to calculate the matrix Fy such that
(=1)" 1 x 20" (X 4+ V/tZ) — (n — 1)! x E[(=T»)"] = E[u” Fyu].

The procedure is the same as that in Section 3.3.
In particular, for the fourth derivative, since n = 4 is even, we directly have the quadratic form
E[(—T2)"] = u(3)u(3). It is straightforward to construct the matrix Fy (scaled by a factor of two) here

00 0 00 2 06 00
00 0 00 00900
Fb=FK—-10 0 2x3 0 0|=16 9 2 1 0},
00 0 00 00100
00 0 00 0 00O00O

such that E[uT Fou] = —4h® (X + \/Z) — 12E[T3].

Now, the LMI is updated as B+ Z,:1 x;F;+ Z]:l ¥;G;j = 0. Again, we use the convex optimization
package [19] to check the feasibility. It turns out to be feasible and the solution helps us to identify the
coefficients in Equation (9).

3.6. Fifth Derivative

For the fifth derivative, we omit the details of the manipulations since they are routine, and just
provide the matrices here. For brevity, we only list out the nonzero entries of the upper-triangular part
of a symmetric matrix. These matrices (with scaling) are

Fo: F[(1,1),(1,3),(1,5),(2,3),(2,5),(3,3),(3,4),(3,5),(3,6), (55), (5,6)]
214 49 178 37

=[2,20,29, %7, 5, 5, — 5,58, 6,45, 75]
F: F[(3,6), (4 5)} [—1,1],
F: F[(3,7),(46)] =[-11],
Fs: F[(57),(6,6)] = [-1,2],
Fy: F[(1,4),(2,2),(2,3),(2,4)] = [1,2,2,1],
Fs: F[(1,6),(2,4),(2,5),(26)] =[1,1,31],
Fo: F[(1,7),(2,6),(27)] = [1,5,1],
F: F[(2,4),(3,4),(4,4)] = [2,3,2],
Fs: F[(2,5),(3,4),(3,5),(3,6)] =[1,221],
Fy: F[(2,6),(3,6),(3,7),(44)] = [1,41,2],
Fo: F[(2,7),(37),(47)] =[1,61],
Fu: F[(3,6),(55),(56)] = [3,6,1],
Fp: F[(3,7),(56),(57)] = [2,51],
Fis: F[(4,7),(57),(6,7)] =[1,7,1],
Fuy: F[(6,7),(7,7)] =[9,2],
Fis: F[(1,2),(1,3),(2,2),(2,3),(3,3),(3,4)] = [6,-3,6,—5,—2,—1],
Fie: F[(1,5),(2,3),(2,5),(3,3),(3,5)] = [-1,-2,—1,6,1].
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For the sign of the fifth derivative, we used the convex optimization package [19] to solve the
following LMI problem,
16
Fo+ ) xiF; = 0,
i=1
but could not find a feasible solution x1, ..., x14 € R. This suggests to us that a direct generalization of
Cheng and Geng’s method may not work for the fifth derivative.
Instead, if we consider the log-concavity constraint T, < 0 and check the optimality of Gaussian
inputs, then we have a new matrix F (similar to Section 3.5) and several matrices G;j as the following:

Fy: F[(1,1),(1,3),(1,5),(2,3),(2,5),(3,3),(3,4),(3,5),(3,6), (5,5), (5,6)]
214 49 178 37 1

= [2,20,29, 5,5, ==, — 5, 38, 6,3, 3],
Gi: G[(34)]=[1],
Gy: G[(56)] =[1],
Gs: G[(6,7)] =[1],
Gy: G[(1,3),(2,3),(3,3),(3,4)] = [-3,-5-2,—1],
Gs: G[(3,5),(5,5)] = [~2,—1].

Now, one would like to find x1,...,x16 € Rand y1,...,y5 € RT such that

16 5
ﬁo + Z x;F; + Zini > 0.
i=1 i=1

This can be solved by the convex optimization package [19]. Again, the solution helps us to arrive
at Equation (10).

4. Proof of Theorem 1

Proof. For the third derivative, according to Equation (29), we have
2h(X + Viz) =E[T3 - 213
For the fourth derivative, according to Equation (30):
~2h (X +1Z) = E T} +3TyT} - 6T3 T, + 6T T3Ty +7T3 + T3 T7 .
Adding multiples of the left-hand sides of the equations: —3 x (19) — (22), we obtain
~2h¥) (X 4 VFZ) = B [T} + 34T} — 6T3T, + 6T3T3T, + 7T4 + TiTY

W [Tf + (—6T32T2 - 3T3T22T1) —6T2T, + 6T3T5Ty + 7T3 + T3 T?
=BT}~ 123, + 3L, T3Ty + 7T3 + T3 T
B g (17 12131, + (-1 — 373 + 774 + 1373
— BT} - 1231, + 674,

where (a) is due to Equation (19), and (b) is due to Equation (22).
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For the fifth derivative,

24 (X +ViZ) = LE -T2 6T + 121315 | = kA% 13 + dg [—oTd] + %E [1272T5]

dt dt dt

For each term above on the right-hand side: According to Equation (28),

%E |~T3| = E[12 - 8T3T, — 6TuT3] .

For the second term,

S [-erd]

—

°)

E {—3(T2 + T2)T§ —12T5 x aat(sz)}

—

d)

I

E[-3T5 - 3T3T} — 123 (T4 + 21Ty + 273 )|

—E [—3T24T12 — 12Ty T3 — AT 3Ty — 27T25} ,

16 of 20

(31)

(32)

where (c) is due to Equation (27), and (d) is due to Equation (26). For the third term, according to

Equation (27),

%E [12T32T2} —E [6 (Tz + le) T2T, + % (12T§T2)} )
where the last term is

9 2N 0 9
= (1271*3 Tz) = 12T} Ty + 24TTs % 2. T
(e)

2 612 <T4 LOTRTy + 2T§) +12T3Ts (Ts + 2T4 Ty + 6T3T»)
= 12T5T3 Ty + 6Ty T2 + 24Ty T3 To Ty + 12T5 Ty + 84T T3,

where (e) is due to Equation (26). Hence

d
TE {12T§T2} —E [12T5T3T2 + 6Ty T2 + 24Ty T3 T, Ty + 6T2T, T2 + 12T3T; + 90T2T2| .

Finally, combining Equations (31)—(33), we get

d d d
21 (X +1Z) = ZE -T3] + TE 68| + ZE (127315
=E [TSZ — 8TZTy — 3T3T? — 12Ty TS — 24T3 TS Ty

—27T3 +12T5 T3 T + 24Ty T3 To Ty 4 6To T T? + 12T5 Ty + 90T32T22} .
To simplify Equation (34), using Lemma 3, one first obtains the following equalities:
T,=Ty, A=TToT, — E [2T4T3T2T1 +T3Ty + T2T2 + T§T2Tﬂ —0,
T,=Ts, A=TT, = E [4T3T23T1 + TS+ TQ‘T%] -0,

T,=T, A=T}, — E[LT+3TT+LET| =0,

(33)

(34)

(35)
(36)
(37)
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Then, adding multiples of the left-hand sides of Equations (35)—(37), we have

20O (X +VtZ) = 2h0) (X + VtZ) — 12 x (35) 43 x (36) + 12 x (37)
=E {T — 24T5 — 8T2Ty — 6T T, T? + 12T5T3T> + 114T2 T2 | .

5. Discussion

5.1. On the Derivatives

We are not able to say anything conclusive about the sign of the fifth derivative of the differential
entropy h(X + v/tZ). If we impose the log-concavity condition, namely T, < 0, then the fifth derivative
is at least 4! x E[(—T>)®]. This motivates us to consider the following problem: Without additional
constraints, what are the values c5 > 0 such that

20O (X +VtZ) > 5 x E[(=T»)).

If one finds such a value cs, then so long as E[(—T)?] > 0, the sign of the fifth derivative is
determined. This condition is much weaker than T, < 0.

For the computational part, one only needs to construct the matrix Fy such that 24(%) (X 4 v/1Z) —
cs x E[(—T2)°] = E[uT Fyu], and then solve the problem (see Section 3.6 for the matrices F;)

16
Fo+) xF = 0.
i=1

It turns out that c5 = 0.13 works, while ¢5 = 0.125 fails. The authors guess that ¢5 € [0.13,24]
works, but, at the moment, can just partly confirm this with limited simulation.

Notice that the third derivative of the entropy power N (X + v/tZ) was shown to be nonnegative
under the log-concavity condition [5], and we recover this in Corollary 3. We also considered the
fourth derivative, but failed to obtain the sign because we were unable to apply the Cauchy-Schwartz
inequality as we did for the third derivative.

5.2. Possible Proofs

To prove Conjecture 1, besides the method proposed in [9], we are also considering the following
ways: the first one is constructive and inspired by Equation (1). Given a random variable X, if we can
construct a proper measure ji(-) such that Equation (1) holds, then one proves Conjecture 1. However,
this is difficult even when X is binary symmetric, which is a very simple random variable.

The second one is recursive. Suppose one can find a formula for the n-th derivative such that

k‘il

(-)" P x h"(X+Viz) = ZAZ

d
SFElA?) = E[-B2,

then it is clear that
(=1)" x (X +V1Z) = ZBZ

However, this fails for n = 2 (see Equation (7) and Theorem 1). Instead, one may expect that

d
EE[AZ] =E[-B} - C7 + Bz—l—l]
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and then
K
(1" < WO (X 4 VEZ) = BB+ BY, ,, — Y C2).
i=1

If further one can show that E[—B? + B,%n 11
proof. Notice here that a clever observation is needed for this way to work.

= E[—C]%" 1] for some Cy, 1, then one finishes the

5.3. Applications

The topic of Gaussian optimality has wide applications, for example in [20,21]. In this work,
besides the Gaussian optimality, we also have some new observations. In [11], the derivatives in
the signal-noise ratio (snr) of I(X; y/snrX + Z) are studied. In particular, the first four derivatives
are obtained in the language of the minimum mean-square error (Equations (69)—(72) in Corollary 1
of [11]). However, it is not clear whether some of these derivatives are signed or not.

With some standard manipulations, it is not difficult to show that

[(X;/snmrX +Z) = h(\/snrX +Z) —h(Z) = h(X + ) +log \/snr — %log27re.

1
—Z
Vsnr

By letting t = 1/+/snr, one can easily connect the minimum mean-square error formulae in [11]
with the signs of the derivatives of (X + /tZ) in t. The verification of Conjectures 1 and 2 would
imply the bounding and extremal properties of Equations (69)—(72) in [11], and thus deepen our
understanding of the minimum mean-square error estimation under the additive-Gaussian setting.

In addition, notice that the probability density function f(y,t) of Y = X + \/tZ is the solution
of the heat equation % fly,t) = %% f(y, t) with the initial condition that f(y,0) = fx(y). Hence,
Conjectures 1 and 2, if true, reveal the properties of the differential entropy of functions that satisfy
the heat equation. For more results related to diffusion equations, one may refer to [22].

6. Conclusions

In this paper, we studied two conjectures on the derivatives of the differential entropy of a general
random variable with added Gaussian noise. Regarding the conjecture on the signs of the derivatives
made by Cheng and Geng, we introduced the linear matrix inequality approach to provide evidence
that their original method might not generalize to orders higher than four. Instead, we considered
imposing an additional constraint, namely the log-concavity assumption, and showed the optimality
of Gaussian random variables for orders three, four and five. Thus, we made progress on McKean’s
conjecture, under a mild condition.
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Appendix A. Proof of Lemma 4

Proof. For Equation (26), according to Lemma 1, f(y, t) satisfies the following (heat) equation:

0 1
fr= gf = §f2-

In addition, according to Equation (5),

=t 7, _Ff fi

f’ fo7
Hence,

Jd. .0 _2fi  fo >

Now, it follows that, for n > 0,

d d [ d" " [0 9" 5 LA
Zng = 25 (E)W’T()) = Wy <at2T0> = " (TZ + T1> =Tht2 +I§)CnTk+1Tn—k+l-

For Equation (27),
d d 0 1 d 1 0
EE[A} = E/fAdy = / (ftA +fE)tA) dy = / (fzj;zz‘H-fatA) dy = E[E(T2+T12)A+ EA}'

For Equation (28), the derivative is

d @ (1 J (1 9
SET = / (fz(T2+T12)T,3+fatT,%> dy = / (fz(Tz+T12)T,3+an xzatTn) dy,

where (a) is due to Equation (27).
For the first term of the right-hand side, from Lemma 1 and integration by parts,

/an+1TnTldy = /anTldTn =0-— / Tn(flTnTl +an+1T1 +anT2)dy,
1
= /anJrlTnTldy = _E /ng(TZ + le)dy'
For the second term, we have

0 b 1
/an X 25 Tydy (U] /an (Tn+2 +y CﬁTkHTnkH) dy
k=0

n—1
- [rm, <2Tn+1Tl +y c,’;TkHTnkH) dy+ [ fTud T
k=1
n—1 .
— [ (fT@TunaTi+ X ChTina Ty ia) = Tt TV + fTan) | dy
k=1

n—1
= /f <_T721+1 + T T+ T Y leszHTnkH) dy,
k=1

where (b) is due to Equation (26).
Combining these two terms together, the third equality is proved. [



Entropy 2018, 20,182 20 of 20

References

10.
11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Shannon, C.E. A mathematical theory of communication. Bell Syst. Tech. ]. 1948, 27, 379-423.

Stam, A.]. Some inequalities satisfied by the quantities of information of Fisher and Shannon. Inf. Control
1959, 2, 101-112.

Zhang, X.; Anantharam, V.; Geng, Y. Gaussian Extremality for Derivatives of Differential Entropy under the
Additive Gaussian Noise Flow. IEEE Int. Symp. Inf. Theory 2018, submitted.

Costa, M. A new entropy power inequality. IEEE Trans. Inf. Theory 1985, 31, 751-760.

Toscani, G. A concavity property for the reciprocal of Fisher information and its consequences on Costa’s
EPL Phys. A Stat. Mech. Appl. 2015, 432, 35-42.

Villani, C. A short proof of the “concavity of entropy power”. IEEE Trans. Inf. Theory 2000, 46, 1695-1696.
McKean, H.P. Speed of approach to equilibrium for Kac’s caricature of a Maxwellian gas. Arch. Ration.
Mech. Anal. 1966, 21, 343-367.

Toscani, G. Entropy production and the rate of convergence to equilibrium for the Fokker-Planck equation.
Q. Appl. Math. 1999, 57, 521-541.

Cheng, E; Geng, Y. Higher order derivatives in Costa’s entropy power inequality. IEEE Trans. Inf. Theory
2015, 61, 5892-5905.

Bernstein, S. Sur les fonctions absolument monotones. Acta Math. 1929, 52, 1-66.

Guo, D.; Wu, Y;; Shitz, S.S.; Verdd, S. Estimation in Gaussian noise: Properties of the minimum mean-square
error. IEEE Trans. Inf. Theory 2011, 57, 2371-2385.

Wibisono, A.; Jog, V. Convexity of mutual information along the heat flow. arXiv 2018, arXiv:1801.06968.
Wang, L.; Madiman, M. Beyond the entropy power inequality, via rearrangements. IEEE Trans. Inf. Theory
2014, 60, 5116-5137.

Courtade, T.A. Concavity of entropy power: Equivalent formulations and generalizations. In Proceedings of the
2017 IEEE International Symposium on Information Theory (ISIT), Aachen, Germany, 25-30 June 2017; pp. 56-60.
Konig, R.; Smith, G. The entropy power inequality for quantum systems. IEEE Trans. Inf. Theory 2014,
60, 1536-1548.

Rioul, O. Information theoretic proofs of entropy power inequalities. IEEE Trans. Inf. Theory 2011, 57, 33-55.
Cover, TM.; Thomas, ].A. Elements of Information Theory; John Wiley & Sons: New York, NY, USA, 2006.
Boyd, S.; Vandenberghe, L. Convex Optimization; Cambridge University Press: Cambridge, UK, 2004.
Grant, M.; Boyd, S.; Ye, Y. CVX: Matlab Software for Disciplined Convex Programming. 2008. Available
online: http://cvxr.com/cvx/ (accessed on 5 March 2018).

Weingarten, H.; Steinberg, Y.; Shamai, S.S. The capacity region of the Gaussian multiple-input multiple-output
broadcast channel. IEEE Trans. Inf. Theory 2006, 52, 3936-3964.

Geng, Y.; Nair, C. The capacity region of the two-receiver Gaussian vector broadcast channel with private
and common messages. IEEE Trans. Inf. Theory 2014, 60, 2087-2104.

Toscani, G. Diffusion Equations and Entropy Inequalities. preprint 2016. Available online: http://mate.
unipv.it/toscani/publi/Note-Ravello-2016.pdf (accessed on 5 March 2018).

® (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://cvxr.com/cvx/
http://mate.unipv.it/toscani/publi/Note-Ravello-2016.pdf
http://mate.unipv.it/toscani/publi/Note-Ravello-2016.pdf
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Main Results
	Linear Matrix Inequalities
	Matrices Fi from Multiple Representations
	Matrices Fi from Integration by Parts
	Matrix F0 from the Derivative
	Matrices Gj from Log-Concavity
	Matrix 0 for Gaussian Optimality
	Fifth Derivative

	Proof of Theorem 1
	Discussion
	On the Derivatives
	Possible Proofs
	Applications

	Conclusions
	Proof of Lemma 4
	References

