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Abstract: In this paper, an adaptive integral sliding mode control scheme is proposed
for synchronization of hyperchaotic Zhou systems. In the proposed scheme, an integral
sliding mode control is designed to stabilize a hyperchaotic Zhou system with known
parameters to its unstable equilibrium at the origin. The control is then applied to the
synchronization of two identical systems, i.e., a slave and a master hyperchaotic Zhou system
with unknown parameters. The adaptive control mechanism introduced synchronizes the
systems by estimating the unknown parameters. Simulation results have shown that the
proposed method has an excellent convergence from both speed and accuracy points of view,
and it outperforms Vaidyanathan’s scheme, which is a well-recognized scheme in this area.
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1. Introduction

Hyperchaotic systems have been defined as chaotic systems having more than one positive Lyapunov
exponent. Hyperchaotic systems exhibit complex dynamics and characteristics, such as high capacity,
high security and high efficiency. Some classical hyperchaotic systems are the hyperchaotic Rössler
system [1], hyperchaotic Lorenz-Haken system [2], hyperchaotic Chua’s circuit [3], hyperchaotic Chen
system [4], hyperchaotic Lü system [5], etc. The control of a chaotic system is to devise a state feedback
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control law to stabilize the system around its unstable equilibrium points [6,7]. Active control [8] is
applied when the system parameters are known, and adaptive control [9] is applied when the system
parameters are unknown. Synchronization of chaotic systems is said to occur when a chaotic attractor
drives another chaotic attractor. In the last two decades, there has been considerable interest devoted to
the synchronization of chaotic and hyperchaotic systems. In their seminal paper in 1990, Pecora and
Carroll [10] introduced a method to synchronize two identical chaotic systems and showed that it was
possible for some chaotic systems to be completely synchronized. Subsequently, chaos synchronization
has been applied in a wide variety of fields, including physics [11], chemistry [12], ecology [13], secure
communications [14,15], cardiology [16], robotics [17], complex dynamical networks [18], etc. Some
common methods applied to the chaos synchronization problem are the active control method [19,20],
adaptive control method [21,22], sampled-data feedback method [23], time-delay feedback method [24],
backstepping method [25,26], sliding mode control method [27–36], etc. In this paper, a new scheme
based on the adaptive integral sliding mode control for the chaos synchronization of two identical
hyperchaotic Zhou systems [37] is derived. The sliding mode control method is often used because
of its inherent advantages of easy realization, fast response and good transient performance, as well as
its insensitivity to parameter uncertainties and external disturbances. This paper has been organized as
follows. In Section 2, an analysis and description of the hyperchaotic Zhou system is presented. In
Section 3, the results of the proposed method for the adaptive control of the hyperchaotic Zhou system
with unknown parameters, as well as results of the proposed method for the adaptive synchronization
of the identical hyperchaotic Zhou systems with unknown parameters is provided. The corresponding
simulation results are shown in Section 4. Finally, a discussion and the conclusion are given in Section 5.

2. System Description

The Zhou system [37] is described by the four-dimensional dynamics:
ẋ1 = a(x2 − x1) + x4

ẋ2 = cx2 − x1x3
ẋ3 = −bx3 + x1x2

ẋ4 = dx1 + 0.5x2x3

(1)

where x1, x2, x3 and x4 are the states and a, b, c and d are the constant, positive parameters of the system.
The Zhou system exhibits hyperchaotic behavior when the parameter values are:

a = 35, b = 3, c = 12, 0 < d < 34.5. (2)

Figure 1 depicts the hyperchaotic phase portrait of the hyperchaotic Zhou system, where, for
simulation, the values of a, b and c are as given in Equation (2) and the value of d is chosen as d = 1.

When the parameter values are taken as in Equation (2) for the Zhou system, the system linearization
matrix at the equilibrium point E0 = [0, 0, 0, 0] is given by:

A =


−a a 0 1

0 c 0 0

0 0 −b 0

d 0 0 0

 (3)
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Equation (4) contains the eigenvalues as:

λ1 = c, λ2 = −b, λ3 =
−a+

√
a2 + 4a

2
, λ4 =

−a−
√
a2 + 4a

2
. (4)

Since λ1 is a positive eigenvalue of A, it is immediate from Lyapunov stability theory [38] that the
hyperchaotic Zhou system Equation (1) is unstable at the equilibrium point E0 = [0, 0, 0, 0].

Figure 1. (a) Phase portrait of the hyperchaotic Zhou system; (b) time-history of states x1,
x2, x3 and x4.
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3. Sliding Mode Control of Hyperchaotic Zhou System

In this section, an integral sliding mode controller [38] for globally stabilizing the hyperchaotic Zhou
system [37] with unknown parameters is designed. Thus, the controlled hyperchaotic Zhou system is
described by: 

ẋ1 = a(x2 − x1) + x4 + u1

ẋ2 = cx2 − x1x3 + u2

ẋ3 = −bx3 + x1x2 + u3

ẋ4 = dx1 + 0.5x2x3 + u4

(5)

where u1, u2, u3 and u4 are feedback controllers to be designed based on the states x1, x2, x3 and x4 in
a way that the controlled system Equation (3) globally converges to the origin asymptotically.

Based on the sliding mode theory [36,38], the integral sliding surface of each xi, i = 1, · · · , 4 is
defined as below:

si =

(
d

dt
+ λi

)(∫ t

0

xi(τ)dτ

)
= xi + λi

∫ t

0

xi(τ)dτ, i = 1, . . . , 4 (6)

The derivative of the equation Equation (6) yields:

ṡi = ẋi + λixi, i = 1, . . . , 4 (7)
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The Hurwitz condition is realized if λi > 0, i = 1, . . . , 4.
Based on the exponential reaching law [38]:

ṡi = −ηi sgn(si)− kisi, i = 1, . . . , 4 (8)

Comparing Equations (7) and (8) gives:
ẋ1 + λ1x1 = −η1 sgn(s1)− k1s1
ẋ2 + λ2x2 = −η2 sgn(s2)− k2s2
ẋ3 + λ3x3 = −η3 sgn(s3)− k3s3
ẋ4 + λ4x4 = −η4 sgn(s4)− k4s4

(9)

Using the result in Equation (5), then Equation (8) is rewritten as:

a(x2 − x1) + x4 + u1 + λ1x1 = −η1 sgn(s1)− k1s1
cx2 − x1x3 + u2 + λ2x2 = −η2 sgn(s2)− k2s2
−bx3 + x1x2 + u3 + λ3x3 = −η3 sgn(s3)− k3s3
dx1 + 0.5x2x3 + u4 + λ4x4 = −η4 sgn(s4)− k4s4

 (10)

Then, the control laws are obtained for i = 1, . . . , 4 as follows:
u1 = −a(x2 − x1)− x4 − λ1x1 − η1 sgn(s1)− k1s1
u2 = −cx2 + x1x3 − λ2x2 − η2 sgn(s2)− k2s2
u3 = bx3 − x1x2 − λ3x3 − η3 sgn(s3)− k3s3
u4 = −dx1 − 0.5x2x3 − λ4x4 − η4 sgn(s4)− k4s4

(11)

Theorem 1. The hyperchaotic Zhou system in Equation (5) with the arbitrary initial condition
x(0) ∈ R4 using the control law in Equation (11) and with λi, ηi and ki > 0 is globally
asymptotically stable.

Proof. Let us consider the following Lyapunov function:

V =
1

2
(s21 + s22 + s23 + s24) (12)

where si, i = 1, . . . , 4, the same as the ones in Equation (6), has been defined for the response of the Zhou
system in Equation (5), where the system in Equation (5) utilizes command signals in Equation (11). The
derivative of Equation (12) gives:

V̇ = s1ṡ1 + s2ṡ2 + s3ṡ3 + s4ṡ4 (13)

By substituting Equation (8) into Equation (13):

V̇ =s1(−η1 sgn(s1)− k1s1) + s2(−η2 sgn(s2)− k2s2) + s3(−η3 sgn(s3)− k3s3)
+ s4(−η4 sgn(s4)− k4s4)

=− η1|s1| − k1s21 − η2|s2| − k2s22 − η3|s3| − k3s23 − η4|s4| − k4s24

(14)

If ηi > 0, ki > 0 and i = 1, . . . , 4, for Equation (14), then:

V̇ < 0 (15)

Consequently, according to the Lyapunov second method, a Zhou system with inputs of Equation (11) is
globally asymptotically stable, and the proof is complete.
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With initial condition x(0) = [25,−16, 20,−30] and ηi = λi = 0.1, ki = 100 is depicted in Figure 2.
The result in Figure 2 shows that all variables x1, x2, x3 and x4 of the system were controlled well.

Figure 2. Time responses of the controlled hyperchaotic Zhou system.
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3.1. Synchronizing of the Hyper-Chaotic Zhou System Using Integral Sliding Mode Control

In this section, the scheme is further developed based on the result of the previous section. An integral
sliding mode controller will be designed for a master-slave hyperchaotic Zhou system. The master and
slave systems can be considered as a simple dynamical network with two nodes and one link. In this
dynamical network, each node is assumed to have an oscillator, such that its behavior can be described
as a hyperchaotic Zhou system. The master hyperchaotic Zhou system is defined as:

ẋ1 = a(x2 − x1) + x4

ẋ2 = cx2 − x1x3
ẋ3 = −bx3 + x1x2

ẋ4 = dx1 + 0.5x2x3

(16)

where a, b, c and d are the same parameters as the ones in Equation (2) with initial condition of
x(0) = [25,−16, 20,−30].

The slave hyperchaotic Zhou system is defined as follows:
ẏ1 = a(y2 − y1) + y4 + u1

ẏ2 = c y2 − y1y3 + u2

ẏ3 = −b y3 + y1y2 + u3

ẏ4 = d y1 + 0.5y2y3 + u4

(17)

The main objective here is to design a controller to synchronize two of the hyperchaotic systems in
Equation (17) with Equation (16), respectively. In the presence of the controller, the slave hyperchaotic
system in Equation (17) with arbitrary initial conditions and time intervals by using command signals
ui, i = 1, . . . , 4, can definitely be synchronized with the master hyperchaotic system in Equation (16).
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The error signal is defined by subtracting Equation (17) from Equation (16):

ei = yi − xi, i = 1, . . . , 4 (18)

The derivative of equation in Equation (18) yields:

ėi = ẏi − ẋi, i = 1, . . . , 4 (19)

The sliding surface of the integral sliding mode controller is defined as:

si =

(
d

dt
+ λi

)(∫ t

0

ei(τ)dτ

)
= ei + λi

∫ t

0

ei(τ)dτ, i = 1, . . . , 4 (20)

The derivative of equation in Equation (20) results:

ṡi = ėi + λiei, i = 1, . . . , 4 (21)

The Hurwitz condition is realized if λi > 0 for i = 1, . . . , 4.
Equation (21) by considering the exponential reaching law presented by Equation (8) gives:

ė1 + λ1e1 = −η1 sgn(s1)− k1s1
ė2 + λ2e2 = −η2 sgn(s2)− k2s2
ė3 + λ3e3 = −η3 sgn(s3)− k3s3
ė4 + λ4e4 = −η4 sgn(s4)− k4s4

(22)

Writing Equation (8) with the provision of Equations (17) and (18):

a(y2 − y1) + y4 + u1 − a(x2 − x1)− x4 + λ1(y1 − x1) = −η1 sgn(s1)− k1s1
cy2 − y1y3 + u2 − cx2 + x1x3 + λ2(y2 − x2) = −η2 sgn(s2)− k2s2
−by3 + y1y2 + u3 + bx3 − x1x2 + λ3(y3 − x3) = −η3 sgn(s3)− k3s3
dy1 + 0.5y2y3 + u4 − dx1 − 0.5x2x3 + λ4x4 = −η4 sgn(s4)− k4s4

 (23)

Then, the following control laws result:
u1 = −a(e2 − e1)− e4 − λ1e1 − η1 sgn(s1)− k1s1
u2 = −ce2 + y1y3 − x1x3 − λ2e2 − η2 sgn(s2)− k2s2
u3 = be3 − y1y2 − x1x2 − λ3e3 − η3 sgn(s3)− k3s3
u4 = −de1 − 0.5y2y3 + 0.5x2x3 − λ4e4 − η4 sgn(s4)− k4s4,

(24)

Theorem 2. The response of the hyperchaotic Zhou system in Equation (17) with the arbitrary initial
condition y(0) ∈ R4, using the control laws in Equation (24) and with λi, ηi and ki > 0 is same as the
response of a system in Equation (16). This means Equation (18) is globally asymptotically stable.

Proof. This is the same as the proof of Theorem 1 that is presented from Equation (12) to
Equation (15).

With initial conditions x(0) = [25,−16, 20,−30], by choosing controller parameters as ηi = λi = 0.1

and ki = 100 for i = 1, . . . , 4, the state variables trajectories are shown in Figure 3. In this figure, the
controller is off for t < 2 and is on for t ≥ 2. Simulation results in Figure 3 show that all four slave states
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are converging to the master ones, and also, Figure 4 shows that the error of the controller is converging
to zero, which means that the synchronization is achieved pretty well using the proposed controller.

Figure 3. Trajectories of the synchronization states x1 (a), x2 (b), x3 (c) and x4 (d) (the
controller is off for t < 2 and is on for t ≥ 2).
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Figure 4. Trajectories of the synchronization errors of e1, e2, e3 and e4 (the controller is off
for t < 2 and is on for t ≥ 2).
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3.2. Parameter Estimation and Synchronization of the Hyperchaotic Zhou System Using an Adaptive
Integral Sliding Mode Control

In this section, an adaptive integral sliding mode controller is proposed to synchronize two slave and
master hyperchaotic system.

Suppose that the following master hyperchaotic Zhou system contains the unknown parameters:
ẋ1 = a(x2 − x1) + x4

ẋ2 = cx2 − x1x3
ẋ3 = −bx3 + x1x2

ẋ4 = dx1 + 0.5x2x3

(25)

where a, b, c, d are the same constant parameters, but unknown.
The system in Equation (25) with a = 35, b = 3, c = 12 and d = 1 will show a hyperchaotic behavior.
The following system is considered as a slave system:

ẏ1 = a(t)(y2 − y1) + y4 + u1

ẏ2 = c(t)y2 − y1y3 + u2

ẏ3 = −b(t)y3 + y1y2 + u3

ẏ4 = d(t)y1 + 0.5y2y3 + u4

(26)

where ui, i = 1, . . . , 4, are nonlinear time variant command signals, which are used to synchronize the
two systems in Equation (26), respectively. Furthermore, a(t), b(t), c(t) and d(t) are instant estimations
of a, b, c and d in time t. For the estimation of unknown parameters of the slave system in Equation (26),
an adaptive law will be calculated and used in the synchronizing process.

Through subtraction of Equation (26) from Equation (25) and considering the definition of error signal
and its derivative, the resulting equations are as follows:

ė1 = a(t)(y2 − y1) + y4 + u1 − a(x2 − x1)− x4
ė2 = c(t)y2 − y1y3 + u2 − cx2 + x1x3

ė3 = −b(t)y3 + y1y2 + u3 + bx3 − x1x2
ė4 = d(t)y1 + 0.5y2y3 + u4 − dx1 − 0.5x2x3

(27)

Let us consider the following Lyapunov function:

V
(
s1, s2, s3, s4, ã, b̃, c̃, d̃

)
=

1

2
(s21 + s22 + s23 + s24 + ã2 + b̃2 + c̃2 + d̃2) (28)

where ã, b̃, c̃ and d̃ are defined as below: 
ã = a(t)− a
b̃ = b(t)− b
c̃ = c(t)− c
d̃ = d(t)− d

(29)

The derivative of the function in Equation (29) yields:
dV

dt
= s1ṡ1 + s2ṡ2 + s3ṡ3 + s4ṡ4 + ȧ(t)ã+ ḃ(t)b̃+ ċ(t)c̃+ ḋ(t)d̃

= s1 (ė1 + λ1e1) + s2 (ė2 + λ2e2) + s3 (ė3 + λ3e3) + s4 (ė4 + λ4e4)

+ ȧ(t)ã+ ḃ(t)b̃+ ċ(t)c̃+ ḋ(t)d̃

(30)
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Considering Equation (27), Equation (30) can be written as:

dV

dt
= s1 (a(t)(y2 − y1) + y4 + u1 − a(x2 − x1)− x4 + λ1e1 + a(t)(x2 − x1)− a(t)(x2 − x1))

+ s2 (c(t)y2 − y1y3 + u2 − cx2 + x1x3 + λ2e2 + c(t)x2 − c(t)x2)
+ s3 (−b(t)y3 + y1y2 + u3 + bx3 − x1x2 + λ3e3 + b(t)x3 − b(t)x3)
+ s4 (d(t)y1 + 0.5y2y3 + u4− dx1 − 0.5x2x3 + λ4e4 + d(t)x1 − d(t)x1)
+ ȧ(t)ã+ ḃ(t)b̃+ ċ(t)c̃+ ċ(t)c̃+ ċ(t)c̃+ ḋ(t)d̃

= s1(a(t)(e2 − e1) + e4 + u1 + λ1e1)

+ s2(c(t)e2 − y1y3 + u2 + x1x3 + λ2e2)

+ s3(−b(t)e3 + y1y2 + u3 − x1x2 + λ3e3)

+ s4(d(t)e1 + 0.5y2y3 + u4 − 0.5x2x3 + λ4e4)

= s1 (a(t)− a) (x2 − x1) + ȧ(t)ã+ ḃ(t)b̃− s3 (b(t)− b)x3 + ċ(t)c̃

+ s2 (c(t)− c)x2 + ḋ(t)d̃+ s4 (d(t)− d)x1
= s1 (a(t)(e2 − e1) + e4 + u1 + λ1e1)

+ s2 (c(t)e2 − y1y3 + u2 + x1x3 + λ2e2)

+ s3 (−b(t)e3 + y1y2 + u3 − x1x2 + λ3e3)

+ s4 (d(t)e1 + 0.5y2y3 + u4 − 0.5x2x3 + λ4e4)

+ (ȧ(t) + s1(x2 − x1)ã) +
(
ḃ(t)− s3x3

)
b̃+ (ċ(t) + s2x2) c̃+

(
ḋ(t) + s4x1

)
d̃

(31)

Based on the following control laws:
u1 = −a(t)(e2 − e1)− e4 − λ1e1 − η1 sgn(s1)− k1s1
u2 = −c(t)e2 + y1y2 − x1x3 − λ2e2 − η2 sgn(s2)− k2s2
u3 = b(t)e3 − y1y2 + x1x2 − λ3e3 − η3 sgn(s3)− k3s3
u4 = −d(t)e1 − 0.5y2y3 + 0.5x2x3 − λ4e4 − η4 sgn(s4)− k4s4,

(32)

and the following adaptive laws: 
ȧ(t) = −s1(x2 − x1)
ḃ(t) = s3x3

ċ(t) = −s2x2
ḋ(t) = −s4x1

(33)

Equation (31) can be rewritten as below with the conditions of Equations (32) and (33),

dV

dt
= −η1|s1| − k1s21 − η2|s2| − k2s22 − η3|s3| − k3s23 − η4|s4| − k4s24 (34)

Choosing ηi > 0, ki > 0, i = 1, . . . , 4 for Equation (34) will result in:

dV

dt
< 0 (35)

This yields the following theorem:
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Theorem 3. The response of the slave hyperchaotic Zhou system in Equation (26) with the arbitrary
initial condition y(0) ∈ R4, using the control laws in Equation (32) with λi, ηi, ki > 0 and the adaption
laws in Equation (33), tends toward the response of the master system in Equation (25) with unknown
parameters. This means that the error signals in Equation (27) and the parameter errors in Equation (29)
are globally asymptotically stable and converge to zero.

4. Results and Discussion

In this section, the performance of the proposed scheme on the Zhou system is analyzed. Results of an
enhanced method using Vaidyanathan’s scheme [26] is also presented. Synchronization and estimation of
unknown parameters on both the hyperchaotic Zhou system and the master-slave system is investigated.

The parameter values as in the hyperchaotic case are assumed as a = 35, b = 3, c = 12 and d = 1.
Comparing the proposed scheme and the Vaidyanathan’s scheme [26], it is found that both schemes

are implemented with a same initial condition, where the master system uses x(0) = [25− 16 20− 30]

and the initial conditions of the slave system for two methods are defined as y(0) = [14 28 − 10 6].
Constant control parameters for this simulation are valued by ki = 20, ηi = 0.1 and λi = 100, where
i = 1, · · · , 4.

Figure 5. Comparison between simulations results of the proposed method and the
previously known method: x1 (a), x2 (b), x3 (c) and x4 (d).
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Furthermore, ki = 5, ηi = 0.1 are considered as the control parameters in Vaidyanathan’s
scheme [26]. With simulation duration T = 5 s, the results are shown in Figures 5 and 6. Compared
with Vaidyanathan’s scheme [26], the proposed method shows a faster response in the synchronization
of the slave system parameters with the ones in the master system. With the proposed method, after
passing time of T = 5 s, the x1 was synchronized with the master system, while with the method that
was proposed in [26], the x1 could not be synchronized yet with related referenced parameters in the
master system.

Figure 6. Comparison between the simulation errors of the proposed method and the
previously known method e1, e2, e3 and e4.

time(s)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-15

-10

-5

0

5

10

15

20

25

e
1
 (reference[26])

e
1
 (Proposed Method)

time(s)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-30

-20

-10

0

10

20

30

40

50

e
2
 (reference[26])

e
2
 (Proposed Method)

(a) (b)

time(s)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-30

-20

-10

0

10

20

30

e
3
 (reference[26])

e
3
 (Proposed Method)

time(s)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
-20

-10

0

10

20

30

40

e
4
 (reference[26])

e
4
 (Proposed Method)

(c) (d)

Adaptation performance of the slave parameters and convergence of the slave system parameters
toward the ones in the master system are presented in Figure 7.

Based on Figure 7, the parameter of a(t) in both schemes shows a slow increasing rate in attempting
to be close to the related referenced parameter in the master system, which means a = 35. However, the
results show that with the performance of the proposed method, other initial unknown parameters in the
slave system could converge to known parameters in the master system with faster responses and less
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oscillations, when compared with the performance of the method in [26]. As has been shown in both the
synchronization process and the identification of unknown parameters for the slave system, the proposed
scheme can have more efficient performance compared with other methods, such as the method in [26].

Figure 7. Comparison results of parameter convergence between two schemes: time history
of parameters a, b, c and d in the proposed scheme (a) and Vaidyanathan’s scheme (b).
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5. Conclusions

An adaptive integral sliding mode controller is proposed to control and synchronize the hyperchaotic
Zhou system. First, a sliding mode controller is designed to stabilize the hyperchaotic Zhou system
to its unstable equilibrium at the origin. Then, an adaptive procedure is introduced to improve the
basic controller to an adaptive integral sliding mode controller. Using the proposed adaptive controller
and extracted command laws, both slave and master hyperchaotic Zhou systems converge to the same
responses. Stability analysis for the developed controller in each stage in the scheme is proven by use
of the Lyapunov theory. The results with the proposed control scheme show that the adaptive integral
sliding mode controller can control the hyperchaotic system efficiently, even when the Zhou system
modeling has uncertainty due to its unknown parameters. For future work, the proposed scheme can be
applied to a complex network with more nodes for an efficient chaos synchronization.
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