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1. Preliminaries

Throughout this paper, X, Y and Z denote discrete random variables taking on the values
{xl, e ,xm}, {yl, e ,y|y|} and {zl, e ,z‘Z‘}, respectively, where |A| denotes the number of the
values of the discrete random variable A. We denote the discrete random variable following a uniform
distribution by U. We set the probabilities as p(z;) = Pr(X = xz;), p(y;) = Pr(Y = y;) and
p(zx) = Pr(Z = z). If [U| = n, then p(uy) = = forall k = 1,--- ,n. In addition, we denote by
p(xi,y;) = Pr(X =x,Y =vy;), p(xi,y;, ) = Pr(X = 2,,Y = y;,Z = z) the joint probabilities,
by p(zily;) = Pr(X = z|Y = y;), p(zilyj, 2,) = Pr(X = x;]Y = y;,Z = %) the conditional
probabilities, and so on.

The notion of entropy was used in statistical thermodynamics by Boltzmann [1] in 1871 and Gibbs [2]
in 1902, in order to quantify the diversity, uncertainty and randomness of isolated systems. Later, it was
seen as a measure of “information, choice and uncertainty” in the theory of communication, when

Shannon [3] defined it by:
| X

H(X)= =) plx;)logp(x;). (1)

i=1
In what follows, we consider | X| = |Y| = |U| = n, unless otherwise specified.
Making use of the concavity of the logarithmic function, one can easily check that the equiprobable
states are maximizing the entropy, that is:

H(X) < HU) = logn. )

The right-hand side term of this inequality has been known since 1928 as Hartley entropy [4].
For two random variables X and Y following distributions {p(z;)} and {p(y;)}, the

Kullback—Leibler [5] discrimination function (divergence or relative entropy) is defined by:

) 3)
(We note that the relative entropy is usually defined for two probability distributions P = {p;} and
Q = {¢}as D(P||Q) = = 1", pi log I in the standard notation of information theory. D(P||Q)
is often rewritten by D(X]||Y") for random variables X and Y following the distributions P and Q).
Throughout this paper, we use the style of Equation (3) for relative entropies to unify the notation with
simple descriptions.) Here, the conventions a - log 2 = —co (¢ > 0) and 0 - log 2 = 0 (b > 0) are used.
(We also note that the convention is often given in the following way with the definition of D(X||Y"). If
there exists 4, such that p(z;) # 0 = p(y;), then we define D(X||Y) = +oo (in this case, D(X||Y) is
no longer significant as an information measure). Otherwise, D(X||Y") is defined by Equation (3) with
the convention 0 - log % = 0. This fact has been mentioned in the abstract of the paper.) In what follows,
we use such conventions in the definitions of the entropies and divergences. However, we do not state

them repeatedly.

It holds that:
H(U) - H(X) = D(X||U). 4)
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Moreover, the cross-entropy (or inaccuracy):

Hos9)(X,Y) Zp z;) log p(y:) (5)

=1

satisfies the identity:
D(X||Y) = H*)(X,Y) — H(X). (6)

Many extensions of Shannon entropy have been studied. The Rényi entropy [6] and a-entropy [7]
are famous. The mathematical results until the 1970s are well written in the book [8]. In the present
paper, we focus on the hypoentropy introduced by Carlo Ferreri and the Tsallis entropy introduced by
Constantino Tsallis.

The hypoentropy at the level A (A-entropy) was introduced in 1980 by Ferreri [9] as an alternative
measure of information in the following form:

n

F\(X)=-A+1)log(A+1) — 3 (1 4+ Ap(x;))log(1 + Ap(x;)) @)

=1

> =

for A > 0. According to Ferreri [9], the parameter A can be interpreted as a measure of the information
inaccuracy of economic forecast. As we will show that F)(X) < H(X) in the second section, the name
hypoentropy comes from this property.

On the other hand, Tsallis introduced a one-parameter extension of the entropy in 1988 in [10], for
handling systems that appear to deviate from standard statistical distributions. It plays an important role

in the nonextensive statistical mechanics of complex systems, being defined as:

__Zp ) 1n, p(z;) prz lnq ) (g >0,qg#1). (8)

zl—a
1—-

logarithmic function log(x) in the limit ¢ — 1. The Tsallis divergence (relatlve entropy) [11] is given by:

Here, the ¢—logarithmic function for x > 0 is defined by In,(z) = L which converges to the usual

Sy(X[|Y) = Zp:cz (In, p(z;) — Ing p(yi)) = prz In, y; o)

Note that some important properties of the Tsallis relative entropy were given in the papers [12—-14].

2. Hypoentropy and Hypodivergence

For nonnegative real numbers, a; and b; (i = 1,--- ,n), we define the generalized relative entropy
(for incomplete probability distributions):

n

D(gen)(ah... LA ||by, e b)) = Zazlog b’ (10)

=1

Then, we have the so-called “log-sum” inequality:

Zai log% > (Z ai> log %’nl Z?, (1D

i=1 i=1
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with equality if and only if * = const. foralli =1,--- n.
If we impose the condition:
SUED SR
i=1 i=1
then DY (ay,-- -, ay||b1,-- -, by) is just the relative entropy,
D(ar, - anllbr, -+ ) = ;é;‘“log?EZ' (12)

We put a; = % + p(x;) and b; = % + p(y;) with A > 0 and Y0 p(x;) = Do, p(y) = 1,
p(z;) > 0,p(y;) > 0. Then, we find that it is equal to the hypodivergence (A-divergence) introduced by
Ferreri in [9],

n

14 Ap(x;)

X|lY 14+ A\p(x; log . (13)
BAXIIY) = 5 00+ dvl)) log 1500
Clearly, we have:
lim K(X||Y) = D(X]|Y). (14)
—00
Using the “log-sum” inequality, we have the nonnegativity:
KAX[)Y) =0, (15)

with equality if and only if p(x;) = p(y;) foralli =1,--- 'n
For the hypoentropy F) (X ) defined in Equation (7), we firstly show the fundamental relations. To do
so, we prepare with the following lemma.

Lemma 1. Foranya > 0and 0 < x < 1, we have
2(1+a)log(l +a) > (1 + ax)log(l+ ax). (16)

Proof. We set f(z) = x(1 + a)log(l + a) — (1 + ax)log(l + ax). For any a > 0, we then have
1) ljr—“ai < 0and f(0) = f(1) = 0. Thus, we have the inequality. [

dx?

Proposition 1. For A > 0, we have the following inequalities:
0 < Ey(X) < F\(D). (17)

The equality in the first inequality holds if and only if p(x;) = 1 for some j (then p(x;) = 0 for all i # j).
The equality in the second inequality holds if and only if p(x;) = 1/nforalli=1,--- ,n

Proof. From the nonnegativity of the hypodivergence Equation (15), we get:
0 < K\(X]|U) (18)

= Z (14 Ap(x;))log(1 + Ap(x;)) — %(n + A)log (1 + %) : (19)

=1

Thus, we have:

- %Z(l + Ap(z;)) log(1 + Ap(x;)) < —%(n + A) log (1 + %) . (20)

i=1
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Adding (X + 1)log(A + 1) to both sides, we have:
F\(X) < FA(U), o2y

with equality if and only if p(z;) = 1/nforalli =1,---  n.
For the first inequality, it is sufficient to prove:

n

(1+ M) log(1+A) =Y (1 + Ap(x:)) log(1 + Ap(x;)) > 0. (22)

i=1
. n . . . .
Since ) ., p(x;) = 1, the above inequality is written as:

> {p(x:) (14 X log(1 + A) = (1+ Ap(x;)) log(1 + Ap(:))} > 0, (23)

i=1

so that we have only to prove:
p(z;)(1 4+ A)log(1 + X) — (1 + Ap(z;)) log(1 + Ap(z;)) > 0, (24)
forany A > 0 and 0 < p(z;) < 1. Lemma 1 shows this inequality and the equality condition. [J
It is a known fact [9] that F)\(X) is monotonically increasing as a function of A and:
lim Fy\(X) = H(X), (25)

whence its name, as we noted in the Introduction. Thus, the hypoentropy appears as a generalization of
Shannon’s entropy. One can see that the hypoentropy also equals zero as the entropy does, in the case of
certainty (i.e., for a so-called pure state when all probabilities vanish, but one).

It also holds that:
F(U) = FA(X) = Ex(X]|U). (26)

It is of some interest for the reader to look at the hypoentropy that arises for equiprobable states,

1 A
AU)=(1+= 1og(1+A)—(1+ﬁ)1og 1+2). 27)
A A n
Seen as a function of two variables, n and ), it increases in each variable [9]. Since:
lim F)\(U) = logn, (28)
A—00

We shall call it Hartley hypoentropy. (Throughout the paper, we add the name Hartley to the name of
mathematical objects whenever they are considered for the uniform distribution. In the same way, we
proceed with the name Tsallis, which we add to the name of some mathematical objects that we define,
to emphasize that they are used in the framework of Tsallis statistics. This means that we will have

Tsallis hypoentropies, Tsallis hypodivergences, and so on.) We have the cross-hypoentropy:

Cross 1 1 &
FEo(X,Y) = (1 ¥ x) o (14 0) ~ + 3 (1 dp(e) o (1 dp(w)). @9)
i=1
It holds:
K\(X||Y) = F{)(X,Y) — FA\(X) >0, (30)
therefore, we have F\“ (X, Y) > F\(X).

We can show an upper bound for F)\(X) as a direct consequence.
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Proposition 2. The following inequality holds.
F)\(X) < (1 - pmax) log (1 + )‘) )
forall \ > 0, where ppq. = max{p(z1), -+ ,p(x,)}

Proof. In the inequality (30), if for a fixed k, one takes the probability of the k-th component of Y to be
p(yx) = 1, then:

- Z (14 Ap(a;))log (14 Ap(x:)) < — (14 Ap(xy)) log (1 + ). (31)

This implies that:
(X)) < <1+§)bgu+Ay—§a+Ammega+A) (32)
= (1 —p(zk))log (1 + A). (33)

Since k is arbitrarily fixed, the conclusion follows. [

Remark 1. It is of interest to notice now that, for the particular case X = U, we have:
1
F\(U) < (1——) log (1+\). (34)
n
We add here one more detail: the inequality (34) can be verified using Bernoulli’s inequality.

3. Tsallis Hypoentropy and Hypodivergence

Now, we turn our attention to the Tsallis statistics. We extend the definition of hypodivergences
as follows:

Definition 1. The Tsallis hypodivergence (q-hypodivergence, Tsallis relative hypoentropy) is defined by:

n

1 1+ Ap(yi)
D, (X||]Y)=—= 1+ Mp(z;)) In, —————= 35
lXI1Y) = =3 3 10+ Al g 150 (35)
for A\ > 0andq > 0.
Then, we have the relation:

Jim Dy (X[[Y) = S,(X][Y) (36)

which is the Tsallis divergence, and:
lim Dy (X[|Y) = Ka(X]IY) (37)

which is the hypodivergence.
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Remark 2. This definition can be also obtained from the generalized Tsallis relative entropy (for
incomplete probability distributions {a,, - -+ ,a,} and {by,- - ,b,}):

DY, anllby e b) = =3 aslng G
i=1 !

by putting a; = 5 + p(x;) and b; = + + p(y;) for A > 0.
The generalized relative entropy (10) and the generalized Tsallis relative entropy (38) can be written

as the generalized f-divergence (for incomplete probability distributions):

en & b7,
DY ar, - agllbr, -+ b)) =Y aif (—) (39)

- a;
=1
for a convex function f on (0,00) and a; > 0,b; >0 (i = 1,--- ,n). See [15] and [16] for details.

By the concavity of the g-logarithmic function, we have the following “In,-sum” inequality:

_Zailnqa—iZ— (ZGZ) In, (Z” 1 >’ (40)
i=1 =1

i=1 Qi

with equality if and only if ZT = const. forall ¢ = 1,--- ,n. Using the “In,-sum” inequality, we have

the nonnegativity of the Tsallis hypodivergence:
Dy (X[IY) =0, (41)

with equality if and only if p(z;) = p(y;) forall i = 1,---  n (the equality condition comes from the
equality condition of the “In,-sum” inequality and the condition )"\ p(z;) = > p(y;) = 1).

Definition 2. For A > 0 and q > 0, the Tsallis hypoentropy (q-hypoentropy) is defined by:

Hy(X) = h(/l: q) {_(1 + ) In, 14% + 2(1 + Ap(7;)) In,, 1++p(l’)} (42)

where the function h(\, q) > 0 satisfies two conditions,

g% h(\q) =1 (43)
and: hMg)
. 4)
Jim 5 @
These conditions are equivalent to:
lin} H, ,(X) = F\(X) = Hypoentropy (45)
q—
and, respectively,
)\lim H,,(X)=T,(X) = Tsallis entropy. (46)
— 00

Some interesting examples are h()\, q) = A7 and h(), q) = (1 + )17
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Remark 3. It may be remarkable to discuss the Tsallis cross-hypoentropy. The first candidate for the
definition of the Tsallis cross-hypoentropy is:

cross h /\, 1 i
(XY = (AQ){—(1+A>1nqm—Zu+Ap<xi>>q1nq<1+Ap<yi>>} @)
=1

which recovers the cross-hypoentropy defined in Equation (29) in the limit ¢ — 1. Then, we have:

H00Y) — Hag(X) = MO S (1 () (g (14 () — Ing (14 Ao0))
h(X,q) < 1+ Ap(y;)

= - Z(1+)\p($i))1fl

= h(Xq)Drg(X][Y) = 0.

The last inequality is due to the nonnegativity given in Equation (41). Since lim,_,; h(\,q) = 1 by the
definition of the Tsallis hypoentropy (see Equation (43)), the above relation recovers the inequality (30)
in the limit ¢ — 1.

The second candidate for the definition of the Tsallis cross-hypoentropy is:

rr(cross h(/\7Q) 1 - ]_
i=1 v

which also recovers the cross-hypoentropy defined in Equation (29) in the limit ¢ — 1. Then, we have:
. R, q) < 1 1
HN X, Y) = Hyg(X) = == (14 Ap(2:) {Ing ———— —Iny ——————
T 0Y) - Hyy(X) V02 (e { e~ e )
= h(AaQ)DA,q(XHY)?

where the alternative Tsallis hypodivergence has to be defined by:

n

DXV = =5 0 (0 M) iy sy

] _
i=1 MY Ap(;) YT Ap(yi)

We have D) ,(X||Y) # Dy o(X||Y) and lim,_,; Dy ,(X||Y) = K\(X||Y). However, the nonnegativity
of Dy o(X||Y) (g > 0) does not hold in general, as the following counter-examples show. Take A = 1,
n=2p(x) =09 py) =08, q=0.5, then Dy,(X||Y) ~ —0.0137586. In addition, take \ = 1, n =
3, p(z1) = 0.3, p(z2) = 0.4, p(y) = 0.2, p(y2) = 0.7 and q = 1.9, then Dy ,(X||Y) ~ —0.0195899.
Therefore, we may conclude that Equation (47) is to be given the preference over Equation (48).

We turn to show the nonnegativity and maximality for the Tsallis hypoentropy.

Lemma 2. Foranya > 0,q > 0and 0 < x < 1, we have:

< (1+az)ln,

1
z(l+a)ln, T+ a (49)

1+az
Proof. We set g(z) = x(1 + a)ln, ;17 — (1 + ax) In, 7. Forany a > 0 and ¢ > 0, we then have

% = qa® (ﬁ)ﬁq > 0and g(0) = g(1) = 0. Thus, we have the inequality. [
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Proposition 3. For A > 0, ¢ > 0 and h()\,q) > 0 satisfying (43) and (44), we have the
following inequalities:
0 < H,,(X) < H,,U). (50)

The equality in the first inequality holds if and only if p(x;) = 1 for some j (then p(x;) = 0 for all i # j).
The equality in the second inequality holds if and only if p(x;) = 1/nforalli=1,--- |n

Proof. In a similar way to the proof of Proposition 1, for the first inequality, it is sufficient to prove:

1 1
— )1+ )1 1+ () Ing ——— ¢ > 51

so that we have only to prove:

1 1
< (14 Ap(x;))In, ———

forany A > 0, ¢ > 0and 0 < p(x;) < 1. Lemma 2 shows this inequality with the equality condition.

p(x;)(1+ A)In, (52)

The second inequality is proven by the use of the nonnegativity of the Tsallis hypodivergence in the

following way:

0 < Dy,(X||U) = 14+ Ap(x;)) Ing ———2— 53

< Dal(X[10) = =3 320+ ) g 1 53)
which implies (by the use of the formula In, % =b'"1n, % + In, b):

1 ¢ 1 n+ A n

- 1+ Ap(x;))1 < 1 . 54

A;( AP Iy Ty S T M G

The equality condition of the second inequality follows from the equality condition of the nonnegativity
of the Tsallis hypodivergence (41). [J

We may call:

H)\,q(U) = % {—(1 + )\) lan—)\ + (n—{—)\) lnql_i_—ﬁ}

the Hartley—Tsallis hypoentropy. We study the monotonicity for n or A\ of the Hartley—Tsallis
hypoentropy H, ,(U) and the Tsallis hypoentropy H) ,(X). (Throughout the present paper, the term
“monotonicity” means the monotone increasing/decreasing as a function of the parameter A. We
emphasize that it does not mean the monotonicity for some stochastic maps.)

Lemma 3. The function:

x
= 1)1 >0
is monotonically increasing in x, for any q > 0.

Proof. By direct calculations, we have:

ERE(CONCEDR)
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and:

Since lim,_, % = (, we have d];(;) >0. O

Proposition 4. The Hartley—Tsallis hypoentropy:

h(\, q) 1 1

n

HA,q(U) =

is a monotonically increasing function of n, for any A > 0 and q > 0.

Proof. Note that:

1 1 n 1
H/\yq(U) = h()\,q) {— (14‘}) lan—)\+ <1+X> lnqﬂ}.

Putting z = § > 0 for A > 0 fixed in Lemma 3, we get the function:

g9(n) = <1+ %) In, ﬁa

which is a monotonically increasing function of n. Thus, we have the present proposition. [

Remark 4. We have the relation:

. 1 1

We notice from the condition (44) that:

lim (lim Hy, (U)) = Jim 482\ (<1~ (14 1) In, L)

A—00 \n—oo A—00 Al—a
0 (¢=0)
— q
= 117[1 )\lim raA—(1+A)" /\21“) =¢ o (0<qg<l)
—00
=1 (@>1),

and conclude that the result is independent of the choice of h()\, q).

For the limit A\ — 0, we consider two cases.

(1) Inthe case of h()\,q) = A9, we have:

lim (hm H)\,q (U)) = lim \—¢ {_1 _ (1 + %) lnqﬁ}

A—=0 \n—oo A—0
oo (g >2)
R e e )
%
0 (0<g<2),

as one obtains using I’Hopital’s rule.
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(2) In the case of h(\,q) = (1 + \)'79, we have for all ¢ > 0:

iy (fm, s () = b1 1= (1)

A—0 \n—o0 L

14gA—(1+N)1 1-(140)97

= lim ———"% = <L lim =
1 7350 A1+N)T ‘1>\—>0 (1407 (g—DAA+N) T 0

These results mean that our Hartley-Tsallis hypoentropy with h(\,q) = A% or (1 + X\)'™9 has the
same limits as the Hartley hypoentropy, F)\(U) (see also [9]), in the case 0 < q < 1.

We study here the monotonicity of H ,(X) for A(\, ¢) = (1 + A\)'~7% The other case h(),q) = A7
is studied in the next section; see Lemma 5.

Proposition 5. We assume h()\,q) = (1 + \)'"9. Then, H) ,(X) is a monotone increasing function of
A>0when(0 < g <2

Proof. Note that: .
H)\,q(X) = Z Sn}\,q(p(xi))

where:

(1+ N7
A1 —q)

isdefinedon 0 < x < 1,0 < ¢ < 2and A > 0. Then, we have:

Snyg(x) = {1+ X)) =1+ Nz +2—1}

dH)\,q<X> dSnAq
Tad) s Bradpla) ZSN (@)

1=

where:
Al—2){1 -1+ )7} +1 -2+ (1+ X% — (1+ Azx)?

(L =) (1 + A)
isdefinedon 0 <z < 1,0 < ¢ <2and A > 0. By some computations, we have:

Sxg(x) =

Porg(r) _ =g+ AP 1+ M {(z = 1)(¢ =D +1}] _
dz? (1+ M)

<0,

since (r —1)(¢g—1)+1>0for0 < <1land0 < g < 2. We easily find s, ,(0) = s),(1) = 0.
Thus, we have s, ,(z) > 0for0 <2 < 1,0 < ¢ < 2and A > 0. Therefore, wehave% > 0 for
0<q¢g<2and A >0. [

This result agrees with the known fact that the usual (Ferreri) hypoentropy is increasing as a function
of \.
Closing this subsection, we give a g-extended version for Proposition 2.

Proposition 6. Let p,,.. = max{p(x1),--- ,p(x,)}. Then, we have the following inequality.

h(X q)
)

Hy,(X) < {(T+ N7 = (1 4+ Appmaa)?} Ing (1 + N) (55)

forall \ > 0 and q > 0.
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Proof. From the “In,-sum” inequality, we have D, ,(X||Y) > 0. Since A > 0, we have:

- 2(1 + Ap(z;)) In, % >0 (56)
which is equivalent to:
En:(l + Ap(:))? {Ing (1 + Ap(x:)) — Ing(1 + Ap(yi))} = 0. (57)
pa
Thus, we have:
- zn:(l + Ap(:))? Ing (1 + Ap(z:)) < — Zn:(l + Ap(:))? Ing (1 + Ap(y:)), (58)

=1 i=1

which extends the result given from the inequality (30). For arbitrarily fixed k, we set p(yx) = 1 (and
p(y;) = 0 for ¢ # k) in the above inequality; then, we have:

= S M) Ing (1 4+ Ap(,)) < —(1+ Ap(ae)) Ing (14 A). (59)

i=1
Since 271In, x = —xIn, +, we have:

_ 1
Multiplying both sides by h(+"]) > 0 and then adding

h(A, @) 1 h(A, q)
- 1 1 = 1 9n,(1 1
to both sides, we have:
h(A q) ¢ .
Hy 4(X) < {@+ )7 = (T4 Ap(zr))?} Ing (1 + N). (62)

A

Since k is arbitrary, we have this proposition. [

Letting ¢ — 1 in the above proposition, we recover Proposition 2.

4. The Subadditivities of the Tsallis Hypoentropies

Throughout this section, we assume |X| = n, |Y| = m,|Z] = [. We define the joint Tsallis
hypoentropy at the level A by:

h(), q) 1 & 1

i=1 j=1

H,,X,Y)=

Note that H) ,(X,Y) = H, ,(Y, X).
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For all i = 1,--- ,n for which p(z;) # 0, we define the Tsallis hypoentropy of Y given X = z;, at
the level \p(x;), by:

Hyp(a)o(Y |2:)
= %W {— (14 Ap(z;)) Ing 1—|—+p(1’1) + Z (1 + Ap(zi)p(y;le:)) Ing T )\p(xt)p(yj]xi) }
[ TR B G A . s
B Ap(z;) { (14 Ap(s)) Ing 1+ Ap(z;) + ; (L4 Ap(zi,y;)) Ing 15 (e ) } . (64)

For n = 1, this coincides with the hypoentropy H) ,(Y"). As for the particular case m = 1, we get
HAP(%‘),q(Ymi) =0.

Definition 3. The Tsallis conditional hypoentropy at the level\ is defined by:

Hyg(Y1X) =) () Haplayo(Y]22). (65)

i=1
(As a usual convention, the corresponding summand is defined as zero, if p(z;) = 0.)
Throughout this section, we consider the particular function h(), q) = A\'7% for A > 0, ¢ > 0.
Lemma 4. We assume h()\, q) = N =% The chain rule for the Tsallis hypoentropy holds:

Hyg(X,Y) = Hyo(X) + Hy o(Y]X). (66)

Proof. The proof is done by straightforward computation as follows.

HA,Q (X) + H)\7q (Y|X) — )\1)\*4 {_ (]_ + )\) lnqﬁ + Z (1 + )\p(l'l)) 1qu++p(mi)}

Z (/\p(:m Lp(x;) { (1+ Ap(z;)) lan)\p Z (1+ Ap(xi,y5)) lnqm}

1—q o
_ A {_ (L+ N gz + 3 (L+ Ap() 1Hq1+x§a<xi>}

AL—a

— ,\1)\—q {_ (1+ X)) lnqp%\ + >3 (14 Ap(xi,v5)) lnqm} = H,,(X,Y).

M:

(14 Ap(z;)) In, 1+/\p ; 2:31 (14 Ap(z4,95)) lnq—1+,\p(1z,-,yj) }

1

i=1j=1

[
In the limit A — oo, the identity (66) becomes T,(X,Y") = T,(X) + T,(Y|X), where T,(Y|X) =
S pla)T, (Y]a:l) = —>", E;” L p(xi,y;)?Ing p(y;|x;) is the Tsallis conditional entropy and

T,(X)Y) = Z Z p(xi, y;) Ing - is the Tsallis joint entropy (see also p. 3 in [17]).
1=1j=

In the limit ¢ — 1 in Lemma 4, we also obtain the identity F)(X,Y) = F\(X) + F)\(Y|X), which
naturally leads to the definition of F(Y|X) as conditional hypoentropy.

In order to obtain the subadditivity for the Tsallis hypoentropy, we prove the monotonicity in A of the
Tsallis hypoentropy.
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Lemma 5. We assume h(\, q) = \'~% The Tsallis hypoentropy H) ,(X) is a monotonically increasing
Sfunction of X > 0 when 0 < q < 2 and a monotonically decreasing function of A\ > 0 when q > 2 (or
q < 0).

Proof. Note that:

Hyg(X) = ) L g(p(22), (67)
where: (14 Az)T— (14 Nz + )
x)? — r+x—
L = 68
is definedon 0 < z < 1 and A\ > 0. Then, we have:
dH>\7q(X) dLTLA q
o Z o Z Lralp ©9)
where: . )
q 1 - 1 — (x-1)
l = — —+1 —| = - 70
R () {(ﬁ ) () -5m 7
is defined on 0 < x < 1 and A > 0. By elementary computations, we obtain:
1 4(7) - 3
Ta = la =221+ )T 71

Since we have [, ,(0) = 1, ,(1) = 0, we find that [, ,(x) > 0 for 0 < ¢ < 2 and any A > 0. We also find
that [, ,(x) < 0 forg > 2 (or ¢ < 0) and any A > 0. Therefore, we have dHx.q(X)

oy )ZOWhenOSqSQ,
addH*d—j(X)§0whenq22(orq§0). O]

This result also agrees with the known fact that the usual (Ferreri) hypoentropy is increasing as a

function of \.
Theorem 1. We assume h(\,q) = A~ It holds Hy ,(Y|X) < Hy ,(Y) for1 < ¢ < 2.

Proof. We prove this theorem by the method used in [18] with Jensen’s inequality. We note that Ln ,(x)

is a nonnegative and concave function in z, when 0 < x < 1, A > 0 and ¢ > 0. Here, we use the notation

p(x4, y;)

for the conditional probability as p(y;|z;) = o

when p(x;) # 0. By the concavity of Ln, ,(z),
we have:

i=1

pr@ Ly (plyle)) < Lna, (me)p(yj\xi)) (72)

= Lnyg (ZP(%‘,%‘)> = Lnyq(p(y)))- (73)

=1

Summing both sides of the above inequality over j, we have:

S p(e) Y- Lo (k) < 3 Lona(plos): (74)
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Since p(x;)? < p(x;) for 1 < g <2and Lny 4(x) > 0for0 <z <1, A > 0and g > 0, we have:

p(z;) ZLnAq (yjlz:)) < p(a; ZLnM p(y;l|zi)) - (75)

7=1

Summing both sides of the above inequality over ¢, we have:

Zp xz ZLnAq y]‘xz < Zp ZLnAq y]|xz ) (76)

By the two inequalities (74) and (76), we have:

Zp( ZLnAq (yjlx:)) ZLn,\q (77)
i=1 =

Here, we can see that > 7", Lny 4 (p(y;|x:)) is the Tsallis hypoentropy for fixed z; and the Tsallis
hypoentropy is a monotonically increasing function of X\ in the case 1 < ¢ < 2, due to Lemma 5.
Thus, we have:

Z Ln}\p (1), y] |xz Z ny q y] |xz ) . (78)

By the two inequalities (77) and (78), we finally have:

Zp Zme woa (PWslz:) <) Lna g (p(y))), (79)
j=1
p(zi,y;)
which implies (since p(y;|z;) = o) )
Zp 23) Hp(a),q (Y]2:) <ZLn,\q p(y;)), (80)
7j=1
since we have for all fixed x;,
HagapalV 110 = 5t S { bl (0 ot g 1
YA q = J 1 1 + )\]7(%)
1 m
+(1 + Ap(z)p(yilz;)) In } Ly q(p(yj |2
(14 Aplaply o)) Ing s Z bt (P(3]24).

Therefore, we have H, ,(Y|X) < H),(Y). O

Corollary 1. We have the following subadditivity for the Tsallis hypoentropies:
Hy (X,)Y) < H\,(X)+ H,,Y) (81)
in the case h(\,q) = N7 for1 < q < 2.

Proof. The proof is easily done by Lemma 4 and Theorem 1. [
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We are now in a position to prove the strong subadditivity for the Tsallis hypoentropies. The strong
subadditivity for entropy is one of interesting subjects in entropy theory [19]. For this purpose, we firstly
give a chain rule for three random variables X, Y and Z.

Lemma 6. We assume h(\, q) = N 7% The following chain rule holds:
H,,(X.Y,Z)=H, (X|Y,Z)+ H,,(Y, Z). (82)
Proof. The proof can be done following the recipe used in Lemma 4.
H,,(X|Y,Z)+ H\,(Y,Z)

m 1
- Zl kle(yj 7 Z’f)q<_xp<yj1,z_k>>q {_ (1+Ap (y5, 21)) mq—uxp(lyj,z_k)
]: =

S . p(l‘izyﬁzk) 1

+3 (1 + A (1, 2¢) Pt )mq o
i= 1+Ap(yj,2k) p(y. Zk)
3>

m 1l
Jj= =

=L {— (14 X)) Ing 5 + zégéé (14 Ap (24, v, 21)) lnqm}
=H,,(X,Y.2).
[
Theorem 2. We assume h(\,q) = \'79. The strong subadditivity for the Tsallis hypoentropies,
Hyo(X,Y, Z) + Hyo(Z) < Hyo(X, Z) + Hy o (Y, 2), (83)
holds for 1 < q < 2.

Proof. This theorem is proven in a similar way as Theorem 1. By the concavity of the function
Lnp(z,),¢(7) in  and by using Jensen’s inequality, we have:

> p(ilze) Lrp(e o (P(@ilys, 21)) < Lngs, (ZP yjlze)p(zily;, Zk)) :
j=1

7j=1

Multiplying both sides by p(z;)? and summing over ¢ and k, we have:

Z ZP “p(y;lzx) ZLH)\P(Zk)7Q(p('Ti|yj7Zk))

1 k=1 =1

.

l n
< p Zk Z Ln}\p (#k), xl‘zk)) (84)
=1
since Z;l:lp(yj|zk)p(xi|yj, 2,) = p(xi|zk)- By p(yj]21)? < p(y;|z) forall j, k and 1 < ¢ < 2, and by
the nonnegativity of the function Lnyy(.,)q, We have:

Pilz)® Y Lt a(P(@ilyss 2)) < pWsl20) D Lisp(e.a(p(xilys, 21).
i=1 =1
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Multiplying both sides by p(z;)? and summing over j and k in the above inequality, we have:

m l n
DY () (Y1) "D | Liigery.q(p(ily;, 2)
j =1

7=1 k=1
m l n

< Y p()P(s12) Y L. (p(ilys, 21))- (85)
j=1 k=1 i=1

From the two inequalities (84) and (85), we have:

m l n
Z ZP p(ylzr)? Z LInnp(z).0(P(@ilYs, 21)) Z (21)? Z Lnp(h),a(p(2il2k)),

j=1 k=1 k=1 i=1
which implies:

n

m l
ZZP Uir k)Y Lnp(y, 0.0 (0(il Y5, 20)) < Z Zk) ZLWM p(zilzr)),
k=

since p(y;, z1) < p(2x) (because of Y °" | p(y;, z) = p(2x)) for all j and k and the function Lnyy(.,) 4 is
monotonically increasing in Ap(zx) > 0, when 1 < ¢ < 2. Thus, we have H, (XY, Z) < H, ,(X|2),
which is equivalent to the inequality:

Hyg(X,Y, Z) = Hyo(Y, Z) < Hyo(X, Z) = Hy4(Z)
by Lemmas 4 and 6. [

Remark 5. Passing to the limit A — oo in Corollary I and Theorem 2, we recover the subadditivity and
the strong subadditivity [20] for the Tsallis entropy:

T(XY) <T(X)+T,(Y) (¢=1)

and:

T(X,Y, 2) + T,(2) < Ty(X, 2) + T,(Y, Z) (¢ =1).

Thanks to the subadditivities, we may define the Tsallis mutual hypoentropies for 1 < ¢ < 2 and
A>0.

Definition 4. Let 1 < g < 2 and \ > 0. The Tsallis mutual hypoentropy is defined by:
Dg(X5Y) = Hyo(X) — Hao(X[Y)
and the Tsallis conditional mutual hypoentropy is defined by:
Do(X5Y|Z) = Hyo(X|2) — Hao(X[Y, Z).

From the chain rule given in Lemma 4, we find that the Tsallis mutual hypoentropy is symmetric,
that is,

Lg(X5Y) = Hyo(X) — Hyo(X]Y)
= HA,q(X) + Hk,q(y) - HA,q(Xa Y)
= H;Hq(Y) — H,\7q(Y]X) = ]A,q(Y;X). (86)
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In addition, we have:
0 < Lo(X3Y) < min{H,4(X), Hyq(Y)} (87)

from the subadditivity given in Theorem 1 and the nonnegativity of the Tsallis conditional hypoentropy.
We also find 1, ,(X;Y|Z) > 0 from the strong subadditivity given in Theorem 2.
Moreover, we have the chain rule for the Tsallis mutual hypoentropies in the following.

L (X;Y|Z) = Hyo(X[Z) — Hy (XY, Z)
= Ho(X|Z) — Hyo(X) + Hyo(X) — Hyo(X]Y, Z)
— L (X:2) 4 (X:Y, 2). (88)

From the strong subadditivity, we have H, ,(X|Y, Z) < H, ,(X|Z); thus, we have:
I,\,q(X; 7)< I;Hq(X; Y, Z)

forl1 <g<2and A\ > 0.

5. Jeffreys and Jensen—-Shannon Hypodivergences

In what follows, we indicate extensions of two known information measures.

Definition 5 ([21,22]). The Jeffreys divergence is defined by:
JX|Y) = DX[]Y) + D(Y]|X) (89)

and the Jensen—Shannon divergence is defined as:

ssxliv) = 5 {0 (x1IF55) 4o (T4 )] ©0)
_ H(X;FY)—%(H(X)+H(Y)). ©1)

The Jensen—Shannon divergence was introduced in 1991 in [23], but its roots can be older, since one
can see some analogous formulae used in thermodynamics under the name entropy of mixing (p. 598
in [24]), for the study of gaseous, liquid or crystalline mixtures.

Jeffreys and Jensen—Shannon divergences have been extended to the context of Tsallis theory in [25]:

Definition 6. The Jeffreys—Tsallis divergence is:
Jo(X[Y) = S(XY) + 5,(Y]|X) (92)

and the Jensen—Shannon—Tsallis divergence is:

ss,xiv) = 3 {5, (75 ) 5, (VIF5 ) - ©3)
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Note that:

I5,XIV) £, (S5 ) - 5 (0,00 + T,

This expression was used in [26] as Jensen—Tsallis divergence.
In accordance with the above definition, we define the directed Jeffreys and Jensen—Shannon
g-hypodivergence measures between two distributions and emphasize the mathematical significance of

our definitions.
Definition 7. The Jeffreys—Tsallis hypodivergence is:
Ing(XN[Y) = Dy g(X[Y) + Dy (Y[ X) (94)

and the Jensen—Shannon—Tsallis hypodivergence is:

1 X+Y X+Y
I8, 01) = 5 { D (X175 )+ 0ag (VIF5) 95)

Here, we point out that again, one has:

1 X+Y 1 X+Y
IxKlY) = o (XI5 )+ g (VIF ) 96)
X+Y 1
_ F( : )—§<FA<X>+FA<Y>>, ©7)

where:
JSA\XIY) = lim J S, ((X]]Y).
q—1

Lemma 7. The following inequality holds:

X+Y 1
Dy (X1557) < 5 (XIY)

forq > 0and \ > 0.

Proof. Using the inequality between the arithmetic and geometric mean, one has:

n (I+Ap(zi))+(A+Ap(yi))
X + Y 1
X = ST+ apa)] 2 8
Dy (XIF57) = =32 (e g — s %)
1< |14 )\p( )
< —= E 14+ Ap(x;))1 99
1— i
n 1+Xp(yi) _
1 <1+)\p(1‘1)> 1
- S - 1
23 2 (1 + Ap(z:)) |- 1 (100)
1
= §D/\7%(X||Y). (101)

Thus, the proof is completed. [
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In the limit A — oo, Lemma 7 recovers Lemma 3.4 in [25].

Lemma 8 ([25]). The function:
1 + exp, x

fla)=—ln, ——

is concave for 0 < r < q.

The next two results of the present paper are stated in order to establish the counterpart of Theorem 3.5
in [25] for hypodivergences.

Proposition 7. It holds:
1
TS XNY) < 35 1 (XNIY) (102)

forq > 0and )\ > 0.

Proof. By the use of Lemma 7, one has:

X+Y X+Y
278\,(XIV) = Dag (XIF5E) + Dy (VIFST) (103)
1 1
< 1Dy (XIY) 4 2Dy (VX (104
1
= 3humXIY). (105)

This completes the proof. L[]
Proposition 8. It holds that:

n+ A Ltexp, (=5 235 Da(X[Y))

JS\(XY) < — ) In, 5 (106)
for0 <r < gqand X\ > 0.
Proof. According to Lemma 8,
14exp, In, (22w l4exp, In, (1E2p(@)
50, (XY) = -t {5 b, o BEEE) | 1 oy, Lo (ERE) )
o | ey 3 R (15 e, 35 MR g (TG

S N lnr 2 lnT‘ 2

o Y Itexp, (— 725 Do (X||Y)) Itexp, (— 735 Do (V]1X))

= —% {lnr 4 +; A + In, ! +2* 4 . (107)
Then:

D o(X|[Y)+Dj 4(Y]|X)
\ I+ exp, —- ( >
IS (X|Y) < —"J; In, 7 E 2
1

Thus, the proof is completed. []
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We further define the dual symmetric hypodivergences.

Definition 8. The dual symmetric Jeffreys—Tsallis hypodivergence is defined by:
ds
Ty (XIIY) = Dag(X|[Y) + Daay(Y]1X)
and the dual symmetric Jensen—Shannon—Tsallis hypodivergence is defined by:

s X+Y X+Y
Jsfq<X||Y>——{DM<XH )+Dm(wr )}

Using Lemma 7, we have the following inequality.

Proposition 9. It holds:

§ 1
TS (XIY) < L0 (XY)

for0 < qg<2and )\ > 0.

In addition, we have the following inequality.

Proposition 10. It holds:

n+)\1 1+6qu< n+)\ J/\q(XHY))
n,

A 2

ds
JSW(X[]Y) < -
forl <r <2, r<qand X\ > 0.

Proof. The proof can be done by similar calculations with Proposition 8, applying the facts (see
Lemmas 3.9 and 3.10 in [25]) that exp,(z) is a monotonically increasing function in ¢ for z > 0 and the
inequality —Ins_, x < —In,z holdsfor1 <r <2andx > 0. [

6. Concluding Remarks

In this paper, we introduced the Tsallis hypoentropy H, ,(X) and studied some properties of H, ,(X).
We named H, ,(X) Tsallis hypoentropy because of the relation H), ,(X) < T,(X), which follows from
the monotonicity in A given in Proposition 5 and Lemma 5 for the case h(),q) = (1 + \)'~7 and the
case h()\,q) = A79, respectively (this relation can be also proven directly). In this naming, we follow
Ferreri, as he has termed F (X ) hypoentropy due to the relation F)\(X) < H(X).

The monotonicity of the hypoentropy and the Tsallis hypoentropy for A > 0, indeed, is an interesting
feature. It may be remarkable to examine the monotonicity of the Tsallis entropy for the parameter ¢ > 0.
We find that the Tsallis entropy 7,(.X) is monotonically decreasing with respect to ¢ > 0. Indeed, we
find %SIX) = i %, where vy(z) =1 — 279+ (1 — g)logz (0 < z < 1). Since z%v,(z) = 0
for z = 0 and ¢ > 0, we prove v (x) < 0for 0 < x < 1. We find d”‘I(x) — U*Q)(l;’flﬂ > 0 when
0 < z < 1; thus, we have v,(x) < v,(1) = 0, which implies dTZlé ) <0. ThlS monotonicity implies the
relations H(X) < T,(X) for0 < ¢ < 1and T,(X) < H(X) for ¢ > 1 (these relations also follow from
the inequalities log% <In, % for0 < g<1,z>0and log% > In, % forqg > 1,z > 0).

As other important results, we also gave the chain rules, subadditivity and the strong subadditivity of

the Tsallis hypoentropies in the case of 1 (), ¢) = A~%. For the case of h(), q) = (1+X)'79, we can prove
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H,,(Y|X) < H\,(X)and Hy ,(X|Y, Z) < H) 4(X|Z) for 1 < g < 2 in a similar way to the proofs of
Theorems 1 and 2, since the function Sn, ,(x) defined in the proof of Proposition 5 is also nonnegative,
monotone increasing and concave in = € [0, 1], and we have Hyy ;) o(Y|zi) = D270 Sninp(ay) o (0(y5]7:))
for all fixed z;. However, we cannot obtain the inequalities:

Hyo(X,Y) < Hyo(X)+ Hyo(Y) (1<¢<2),

Hyy(X,Y, Z) + Hyo(Z) < Hyg(X, Z) + Hyo(Y, Z)  (1<¢<2)

for h(), q) = (1 + X\)'79, because the similar proof for the chain rules does not work well in this case.
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