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Abstract: A thermodynamic model of an open combined regenerative Brayton and inverse 
Brayton cycles with regeneration before the inverse cycle is established in this paper by 
using thermodynamic optimization theory. The flow processes of the working fluid with 
the pressure drops and the size constraint of the real power plant are modeled. There 
are 13 flow resistances encountered by the working fluid stream for the cycle model. Four 
of these, the friction through the blades and vanes of the compressors and the turbines, are 
related to the isentropic efficiencies. The remaining nine flow resistances are always 
present because of the changes in flow cross-section at the compressor inlet of the top 
cycle, regenerator inlet and outlet, combustion chamber inlet and outlet, turbine outlet of 
the top cycle, turbine outlet of the bottom cycle, heat exchanger inlet, and compressor inlet 
of the bottom cycle. These resistances associated with the flow through various cross-sectional 
areas are derived as functions of the compressor inlet relative pressure drop of the top 
cycle, and control the air flow rate, the net power output and the thermal efficiency. The 
analytical formulae about the power output, efficiency and other coefficients are derived 
with 13 pressure drop losses. It is found that the combined cycle with regenerator can reach 
higher thermal efficiency but smaller power output than those of the base combined cycle 
at small compressor inlet relative pressure drop of the top cycle.  

Keywords: regenerative Brayton cycle; inverse Brayton cycle; combined cycle; power output; 
thermal efficiency; thermodynamic optimization theory 
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1. Introduction

Thermodynamic optimization theory [1–24] is a powerful tool for the performance analysis and 
optimization of various thermodynamic processes and cycles. In the current studies, performance 
analysis for Brayton (gas turbine) cycles has made tremendous progress by using thermodynamic 
optimization theory. For the open Brayton cycles, which are widely used in industry practice, the 
principle of optimally tuning the air flow rate and subsequent distribution of pressure drops has been 
used [25–31]. The analogy between the irreversibility of heat transfer across a finite temperature 
difference (thermal resistance) and the irreversibility of fluid flow across a finite pressure drop (fluid 
flow resistance) was exploited by Bejan [25] and Radcenco [26], and was further studied by Bejan [27,28], 
Chen et al. [29,30] and Hu and Chen [31]. It had been proved that there existed an optimal pressure 
drop for fluid flow process. 

A thermodynamic model of an open simple Brayton cycle with pressure drop irreversibility was 
established by Radcenco et al. [32]. They derived the function relations about the compressor power 
input, the heat released rate produced by the burning fuel, the turbine power output, the rate of heat 
released by the exhaust, the cycle power output, the cycle thermal efficiency and the pressure loss of 
the components due to the flow irreversibility of the working fluid versus the compressor inlet relative 
pressure drop. They also provided numerical results for the analysis and optimization of the cycle 
power output, and the analysis and optimization results of the cycle thermal efficiency under the 
constrains of the fuel consumption and the overall flow area, respectively. Chen et al. [33] optimized 
the power and efficiency of an open-cycle regenerative Brayton cycle by using a similar method. It 
was found that the regenerative Brayton cycle can attain higher thermal efficiency than that of the 
simple Brayton cycle but with smaller power output. Wang et al. [34] optimized the power and the 
efficiency of an open-cycle intercooled Brayton cycle. The numerical examples showed that the 
increase in the effectiveness of intercooler increases both the maximum cycle thermodynamic first-law 
efficiency and the maximum net power output. Zhang et al. [35,36] optimized the performance of an 
open-cycle gas turbine power plant with a refrigeration cycle for compressor inlet air cooling. It was 
found that the net power output and thermal efficiency are improved by using the refrigeration cycle 
for compressor air inlet cooling. Chen et al. [37] optimized the performance of a thermodynamic 
model for an open regenerative cycle of an externally fired micro gas turbine power plant. 

In order to meet the increased request to the effective thermodynamic cycles, more and more new 
cycle models have been proposed in recently years. Agnew et al. [38] proposed combined Brayton and 
inverse Brayton cycles in 2003, and performed the first law analysis of the combined cycle by using 
the commercial process simulation package. It revealed that this combined cycle’s performance is 
superior to the simple gas turbine cycle and suitable for low-grade cogeneration applications. 
The exergy analysis and optimization of the combined Brayton and inverse Brayton cycles were 
performed by Zhang et al. [39]. Based on the combined Brayton and inverse Brayton cycles, 
Alabdoadaim et al. [40–42] proposed its developed configurations including regenerative cycle and 
reheat cycle, and using two parallel inverse Brayton cycles as bottom cycles. They found that the 
system with regeneration attains higher heat efficiency than that of the base system, but with smaller 
work output based on the first law analysis. Zhang et al. [43] performed exergy analysis of the 
combined Brayton and two parallel inverse Brayton cycles. 
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Analysis of thermodynamic cycles based on the first law and the second law are usually used when 
proposing new cycle configurations such as the combined Brayton and (two parallel) inverse Brayton 
cycles. In order to know more about the performance of the new configurations, Zhang et al. [44] 
studied the performance of the combined Brayton and inverse Brayton cycles by using the 
thermodynamic optimization theory. The power and the thermal efficiency were optimized by 
adjusting the bottom cycle pressure ratio and the mass flow rate. Moreover, they studied the 
performance of the combined Brayton and two parallel inverse Brayton cycles [45,46]. A further step 
of this paper beyond [37,42,44–46] is to analyze and optimize the performance of the combined 
regenerative Brayton and inverse Brayton cycles proposed in [42] with consideration of the pressure 
drops and the size constraints by using similar principles and methods as used in [25–31].  

2. Physical Model 

The system proposed in [42] is shown in Figure 1. It is constructed from a top cycle (regenerative 
Brayton cycle) and a bottom cycle (inverse Brayton cycle). The top cycle is used as a gas generator to 
power the bottom cycles. The purpose of the turbine in the top cycle is solely to power the compressor 
of the top cycle. The power output of the combined cycle is totally produced by the bottom cycle. This 
combined regenerative Brayton and inverse Brayton cycles recover heat energy before the working 
fluid entering the turbine of the inverse Brayton cycle. 

Figure 1. Pressure drop and mass flow rate distributions for the combined regenerative 
Brayton and inverse Brayton cycles. 

Proceeding along the path followed by the working fluid, the following modeling assumptions 
are made: 

(1) The working fluid (air, gas) is an ideal gas with a specific heat that depends on temperature and 
composition. 
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(2) The air flows into the compressor of the top cycle (process 0 1− ) irreversibly and accompanied 
by the pressure drop 1 0 1P P PΔ = −  and the entropy increase 1sΔ  at the ambient temperature  

0T  [26]. In the following analysis, P  represents overall pressure. 
(3) The air compression process 1 2−  of the top cycle is adiabatic and irreversible, leading to the 

entropy increase 1csΔ . In Figure 2 this process is represented schematically by the isentropic 
compression 1 2s′−  followed by the throttling process 2 2s′ − , which accounts for the pressure 
drop 1cPΔ  associated with fluid friction through the compressor stages of the top cycle. 

(4) The air flows into the cold-side of the regenerator (process 2 3− ) irreversibly and accompanied 
by the pressure drop crPΔ . In Figure 2 this process is represented schematically by the throttling 
process 2 2′−  (entropy increase is crsΔ ) followed by the isobaric absorbed heat process 2 3′ −
(pressure is 3 2 crP P P P′ = = − Δ ).

(5) The combustion process (process 3 4′− ) and flow through the combustion chamber are 
characterized by the pressure drop rcPΔ . In Figure 2 this process is represented schematically by 
the throttling process 3 3′−  (entropy increase rcsΔ ) followed by the isobaric absorbed heat 
process 3 4′ ′−  (pressure is 4 3 rcP P P P′′′ = = − Δ ). A fraction ( cfQ� ) of the heating rate produced by 
the burning fuel ( fQ� ) leaks directly into the ambient through the walls of the combustion 
chamber [25,26,28]. 

(6) The pressure drop associated with the flow out of the combustion chamber and into the turbine 1 
(process 4 4′ − ) is ctPΔ . The process is a accompanied by the entropy increase ctsΔ .

(7) The turbine 1 expansion process 4 5−  of the top cycle is modeled as adiabatic and irreversible 
with the entropy increase 1tsΔ . In Figure 2 this process is represented schematically by the 
isentropic expansion 4 5s′−  from 4 4 ctP P P′= − Δ  to 5 5 1s tP P P′ = + Δ , followed by the adiabatic 
throttling process 5 5s′ −  accounting for the pressure drop 1tPΔ  through the blades and vanes of 
the turbine of the top cycle. 

(8) The air flows into the hot-side of the regenerator (process 5 6′− ) irreversibly and accompanied 
by the pressure drop trPΔ . In Figure 2 this process is represented schematically by the throttling 
process 5 5′−  (entropy increase is trsΔ ) followed by the isobaric evolved heat process 5 6′ ′−
(pressure is 6 5 trP P P′ = − Δ ).

(9) The pressure drop associated with the flow out of the hot-side of the regenerator and into the 
turbine 2 (process 6 6′ − ) is rtPΔ . The process is a accompanied by the entropy increase rtsΔ .

(10) The turbine expansion process 6 7−  of the top cycle is modeled as adiabatic and irreversible 
with the entropy increase 2tsΔ . In Figure 2 this process is equivalent to the isentropic expansion 
6 7s′−  from 6P  to 7 7 2s tP P P′ = + Δ , followed by the throttling process 7 7s′ −  accounting for the 
pressure drop 2tPΔ  through the blades and vanes of the turbine of the top cycle. 

(11) The flow through the heat exchanger (process 7 8′− ) is characterized by the overall pressure 
drop thPΔ . In Figure 2 this process is represented schematically by the throttling process 7 7′−
followed by the isobaric evolved heat process 7 8′ ′−  at pressure 7P ′ , which accounts for the 
pressure drop associated with fluid friction through the heat exchanger. The effectiveness of the 
heat exchanger is defined as ( ) ( )7 8 7 0T T T Tε = − − .

(12) The flow into the compressor (process 8 8′ − ) of the bottom cycle is irreversible and accompanied 
by the pressure drop hcPΔ  and the entropy increase 2sΔ  at the ambient temperature 0T .
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(13) The flow compression process 8 9−  of the bottom cycle is adiabatic and irreversible, leading to 
the entropy increase 2csΔ . In Figure 2 this process is represented schematically by the isentropic 
compression 8 9s′−  followed by the throttling process 9 9s′ − , which accounts for the pressure 
drop 2cPΔ  associated with fluid friction through the compressor stages of the bottom cycle. 

(14) The discharge of the gas stream from the compressor of the bottom cycle (process 9 e− ) causes 
another pressure drop 9 0eP P PΔ = −  and entropy increase esΔ  at temperature 0T .

Figure 2. Temperature-entropy diagram and the flow resistances for the combined 
regenerative Brayton and inverse Brayton cycles. 

3. Cycle Analysis 

There are 13 flow resistances encountered by the gas stream for the combined regenerative Bratyton 
and inverse Brayton cycles. Four of these, the friction through the blades and vanes of the compressors 
and the turbines, are related to the isentropic efficiencies 1cη , 1tη , 2tη  and 2cη , respectively. In 
principle, these resistances can be rendered negligible by minimizing friction in the compressors and 
turbines in the limit ( 1cη , 1tη , 2tη , 2cη ) →  1. However, the remaining nine flow resistances are always 
present because of the changes in flow cross-section at the compressor inlet of the top cycle, 
regenerator inlet and outlet, combustion inlet and outlet, turbine outlet of the top cycle, turbine outlet 
of the bottom cycle, heat exchanger inlet, and compressor inlet of the bottom cycle. These resistances 
control the air flow rate m�  and the net power output W�  [26–39,43–46]. For example, the pressure 
drop at the compressor inlet of the top cycle is given by: 

2
1 1 0 1( / 2)P K VρΔ = (1)

where 1K  is the contraction pressure loss coefficient, and 1V  is average air velocity through the inlet 
flow cross-section 1A , see Figure 2. It is assumed that the flow is highly turbulent and, as a first 
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approximation, 1K  is a constant when the change in the flow cross-section is fixed [47]. The air mass 
flow rate through the same cross-section is 1 0 1m A Vρ=� , or: 

1/2 1/2
1 0 0 1 1(2 / )m A P Kρ ψ=� (2)

where 1 1 0/P Pψ = Δ  is the relative pressure drop associated with the first flow resistance. 

The modeling of the flow through the compressor stages of the top cycle continues with the 
apparent compressor pressure ratio 1 2 0P Pβ =  as an input parameter [47]. The effective pressure ratio 

1 2 1 1 1(1 )c P Pβ β ψ= = −  is related to the isentropic temperature ratio 1c sθ  across the compressor, 
( )1 11

1 2 1 1
a a

c s s cT T γ γθ β −= = , where the ratio of the air specific heats ( )1a p v air
C Cγ =  decreases as the 

mean air temperature maT  increases. The empirical correlation for 1aγ  was developed by Radcenco [49]: 

( )4 1
1 1.438 1.05 10a maK Tγ − −= − × ⋅ (3)

and is valid with 0.5% in the range 350 1000maK T K< < , where ( )10
1 2ma c sT T θ= + .

The specific work required by the compressor of the top cycle, 
( ) ( ) ( )1 1

1 1 2 1 1 1 0 1 11 1c c s c a c s aw h h RTη η γ θ γ− −= − = − − , can be related to the pressure drop through the 
blades and vanes by writing 1 2 1 1 11 ( 1)c c s cT Tθ θ η= = + − , and noting that 2 2sh h′ =  and 

( ) ( )1 1 1
1 1 2 1 1/ 1a a

c c c c sP P γ γψ θ θ −= Δ = − . Taking the constant 1/2
1 0 1 0(2 / )A RT K P  whose unit is the same as 

that of the energy interaction as the denominator [32], the resulting dimensionless expression for the 
compressor power input 1 1c cW mw=� �  of the top cycle is:

( ) ( )
( )
( )

1 1 1 21
1 11 2 1 2

1 11 1 0 0

1
12

a c sc
c

c a

WW
A K P RT

γ θ
ψ

η γ
−

= =
−

�
(4)

The pressure drop associated with the flow of compressed air into the hot-side of the regenerator is 
2

2 2 2 / 2crP K VρΔ = , where 2K  is the contraction pressure loss coefficient, which is treated as a constant, 
and 2V  is the mean velocity based on the compressor 1 outlet flow cross-sectional area 2A . The relative 
pressure drop 2/cr crP Pψ = Δ  is determined from mass conservation 1 0 1 2 2 2m A V A Vρ ρ= =� . The result is: 

1 1
2 2

1 2 1 1 2( / ) ( / )
c

cr A A K K
θ ψψ

β
= (5)

The heat transfer rate received by the cold-side of the regenerator is: 

3 2
3 2

( )
( )

1
grl

rl
grl

mR T T
Q m h h

γ
γ

−
= − =

−
�

� � (6)

The pressure drop associated with the flow into the combustion chamber is 2
3 3 3 / 2rcP K VρΔ = ,

where 3K  is the contraction pressure loss coefficient, which is treated as a constant, and 3V  is the 
mean velocity based on the cold-side of the regenerator outlet flow cross-sectional area 3A . The 
relative pressure drop 3/rc rcP Pψ = Δ  is determined from mass conservation 1 0 1 3 3 3m A V A Vρ ρ= =� . The 

result is: 

3 0
12 2 2

1 3 1 1 3

/
(1 ) ( / ) ( / )rc

cr

T T
A A K K

ψ ψ
ψ β

=
− (7)
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The heat leakage from the combustor to the ambient is accounted for in terms of combustor efficiency:  

1 cf
cf

f f

QQ
Q Q

η = = −
��

� � (8)

The heat transfer rate received by the gas stream is 4 3( )cf f g pgQ Q m c T Tη= = −� � � , where gm�  is the gas 
mass flow rate, 0( 1)g f fm m m m Lλ= + = +� � � � , λ  and 0L  are the excess air ratio and theoretical air quantity: 

0 0 3 0

11 1gc f cf

gc

Q
L RT T T

γ η
λ

γ τ
� �−

= ⋅ ⋅ −� �� �−� �
(9)

where 4 0T Tτ =  and f f fQ Q m= � � . The fuel considered in this study is kerosene with a composition 
by weight of 86.08% carbon and 13.92% hydrogen, theoretical air 0L  = 14.64 (kg air)/(kg fuel), and 

fQ  = 43100 kJ/(kg fuel) [50]. The ratio of specific heats of the gas in the combustor, ( )gc p v gasc cγ = ,
has been correlated [49] as a function of λ  and a average gas temperature 0 3 0( ) / 2mgcT T T T τ= + :

1.254 0.0372 / 76.7 /gc mgcTγ λ= − + (10)

The heat transfer produced by the burning fuel can be nondimensionalized and expressed as follows: 
1 2

3 0 1 2
11 2 1 2

1 1 0 0 0 0 0

( )11
(2 / ) ( ) ( 1)

f f gc
f

gc cf

Q Q T T
Q

A K P RT L RT L
ψ γ τ

ψ
λ λ γ η

−� �
= = = +� � −� �

�

(11)

The corresponding heat transfer received by the gas stream is: 

3 0 1 2
1

0

( )11
( 1)

gc
cf f

gc

T T
Q Q

L
γ τ

η ψ
λ γ

−� �
= = +� � −� �

(12)

The pressure drop associated with the flow into the turbine inlet of the top cycle 
is 2

4 4 4 / 2ctP K VρΔ = , where 4K  is the contraction pressure loss coefficient, which is  
treated as a constant, and 4V  is the mean velocity based on the turbine 1 inlet flow cross-sectional  
area 4A . The relative pressure drop 4ct ctP Pψ ′= Δ  is determined from mass conservation 

g fm m m= +� � � 0 1 0 1 0 4 4 4[1 ( ) 1] [1 ( ) 1]m L A V L A Vλ ρ λ ρ= + = + =� . The result is: 

2
0

12 2 2 2
1 4 4 1 1

[1 ( ) 1](1 )
( / )( / ) (1 ) (1 )ct ct

ci cr

L
K K A A

τ λψ ψ ψ
ψ ψ β
+− =

− − (13)

The modeling of the flow though the turbine of the top cycle continues with the apparent turbine 
pressure ratio 2 4 5P Pβ ′=  as an input parameter. The effective pressure ratio 1 4 5 2 (1 )t ctP Pβ β ψ= = −

is related to the isentropic temperature ratio 1 1( 1)
1 4 5 1/ g g

t s s tT T γ γθ β −= =  across the turbine of the top 
cycle where the ratio 1gγ  of the air specific heats is evaluated based on the same Equation (10) where 

the average temperature is 1 0 1(1 1/ ) 2mg t sT Tτ θ= + . The specific power output of the turbine of the top 

cycle is 1 1 0 1 1 1(1 1/ ) ( 1)t t t s g gw RTη τ θ γ γ= − − , where the 1tη  is related to the pressure drop associated 
with the friction through the turbine blades and vanes, 1 1 5t tP Pψ = Δ . Taking note of 

1 4 5 1 1 1/ 1 (1 / )t t t t sT Tθ η η θ= = − +  and 5 5s sh h′ =  (see Figure 2), one can get ( ) 1 1( 1)
1 1 1 1g g

t t s t
γ γψ θ θ −= − ,
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where 1tθ  is a function of 1tη . Therefore, the turbine power output of the top cycle 1 1t g tW m w=� �  can be 

expressed in dimensionless form as: 

( ) ( )
[ ] 1 1 1 1 21

1 0 11 2 1 2
11 1 0 0

(1 1/ )
1 1 ( )

12
t t s gt

t
g

WW L
A K P RT

η τ θ γ
λ ψ

γ
−

= = +
−

�
(14)

Because of the turbine of the top cycle is utilized to drive the compressor of the top cycle, 
i.e., 1 1c tW W= , it can be obtained: 

( )
( ) [ ] 1 1 11 1

0
1 1 1

(1 1/ )1
1 1 ( )

1 1
t t s ga c s

c a g

L
η τ θ γγ θ

λ
η γ γ

−−
= +

− − (15)

The pressure drop associated with the flow into the hot-side of the regenerator is 2
5 5 5 / 2trP K VρΔ = ,

where 5K  is the contraction pressure loss coefficient, which is treated as a constant, and 5V  is the 
mean velocity based on the turbine 1 outlet flow cross-sectional area 5A . The relative pressure drop 

5tr trP Pψ = Δ  is determined from mass conservation 0 1 0 1 0 5 5 5[1 ( ) 1] [1 ( ) 1]gm m L A V L A Vλ ρ λ ρ= + = + =� � .

The result is: 
2 2

0 2
12 2 2 2

1 5 5 1 1 1

[1 ( ) 1]
( / )( / ) (1 ) (1 )tr

ct cr t

L
K K A A

τ λ βψ ψ
ψ ψ β θ
+=

− − (16)

The pressure drop associated with the flow into the turbine of the bottom cycle is 2
6 6 6 / 2rtP K VρΔ = ,

where 6K  is the contraction pressure loss coefficient, which is treated as a constant, and 6V  is the 
mean velocity based on the turbine 2 inlet flow cross-sectional area 6A . The relative pressure drop 

6/rt rtP Pψ ′= Δ  is determined from mass conservation 0 6 6 6[1 ( ) 1]gm m L A Vλ ρ= + =� � . The result is: 

2 2
6 5 0 2

12 2 2 2 2
1 6 6 1 1 1

( )[1 ( ) 1]
( / )( / ) (1 ) (1 ) (1 )rt

tr ct cr t

T T L
K K A A

τ λ βψ ψ
ψ ψ ψ β θ

+=
− − − (17)

The modeling of the flow through the turbine of the bottom cycle continues with the apparent 
turbine pressure ratio 3 6 7/P Pβ ′=  as an input parameter. The effective pressure ratio 

2 6 7 3/ (1 )t rtP Pβ β ψ= = −  is related to the isentropic temperature ratio 2t sθ  across the turbine of the 

bottom cycle, 2 2( 1)
2 6 7 2/ g g

t s s tT T γ γθ β −
′= = , where the ratio of the gas specific heats 2gγ  in the temperature 

range occupied by the turbine of the bottom cycle is correlated by the same Equation (10) where the 
average temperature is 2 0 2 6 5 1(1 1 )( ) (2 )mg t s tT T T Tτ θ θ= + . The specific work output of the bottom 

cycle is 2 2 0 2 6 5 1 1 1(1 1/ ) ( ) ( 1)t t t s g g tw RT T Tη τ θ γ γ θ� 	= − −
 � , where the isentropic efficiency 2tη  is related 

to the turbine blades and vanes, 2 2 7/t tP Pψ = Δ . Taking note of 2 6 7 2 2 2/ 1 (1 )t t t t sT Tθ η η θ′= = − +  and 

7 7sh h′ =  (see Figure 2), one can get 2 2( 1)
2 2 2( ) 1g g

t t s t
γ γψ θ θ −= − , where 2tθ  is a function of 2tη .

Therefore, the turbine power output of the bottom cycle 2 2t g tW m w=� �  can be expressed in 

dimensionless form as:  

( ) ( )
[ ] 2 2 6 5 2 1 22

2 0 11 2 1 2
2 11 1 0 0

(1 1/ )( )
1 1 ( )

( 1)2
t t s gt

t
g t

T TWW L
A K P RT

η τ θ γ
λ ψ

γ θ
−

= = +
−

�
(18)
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The pressure drop associated with the flow out the turbine and into the heat exchanger of the 
bottom cycle is 2

7 7 7 / 2thP K VρΔ = , where 7K  is the contraction pressure loss coefficient, which is 
treated as a constant, and 7V  is the mean velocity based on the turbine 2 outlet flow cross-sectional 
area 7A . The relative pressure drop 7/th thP Pψ = Δ  is determined from mass conservation  

gm =�
0 7 7 7[1 ( ) 1]m L A Vλ ρ+ =� . The result is: 

2 2 2
6 5 0 2 3

12 2 2 2 2
1 7 7 1 1 1 2

( )[1 ( ) 1]
( / )( / ) (1 ) (1 ) (1 )th

tr ct cr t t

T T L
K K A A

τ λ β βψ ψ
ψ ψ ψ β θ θ

+=
− − − (19)

The heat transfer rate in heat exchanger is:

[ ] 6 5
7 8 0 0

1 2

( )1( ) 1 1 ( ) 1
( 1)

gth
i g

i gth t t

T T
Q m h h m L RT

γ τ
λ

θ γ θ θ
� �

= − = + −� � −� �
� � � (20)

where [ ]7 8 1 2 5 61 1 ( ) ( )i t tT T T Tθ ε εθ θ τ= = − −  is the inlet and outlet temperature ratio of the 
working fluid through the heat exchanger, and gthγ  in the temperature range occupied by the 

heat exchanger is correlated by the same Equation (10), where the average temperature is 
[ ]0 6 5 1 2( )(1 1 ) (2 )mgth i t tT T T Tτ θ θ θ= + . iQ�  can be nondimensionalized and expressed as follows: 

( ) ( )
[ ] 6 5 1 2

0 11 2 1 2
1 21 1 0 0

(1 1 ) ( )
1 1 ( )

( 1)2
i gthi

i
gth t t

T TQQ L
A K P RT

θ τ γ
λ ψ

γ θ θ
−

= = +
−

�

(21)

The pressure drop associated with the flow out the heat exchanger and into the compressor of the 
bottom cycle is 2

8 8 8 / 2hcP K VρΔ = , where 8K  is the contraction pressure loss coefficient, which is 
treated as a constant, and 8V  is the mean velocity based on the compressor 2 inlet flow cross-sectional 
area 8A . The relative pressure drop 7hc hcP Pψ ′= Δ  is determined from mass conservation 

0 8 8 8[1 ( ) 1]gm m L A Vλ ρ= + =� � . The result is: 

2 2 2
6 5 0 2 3

12 2
1 8 8 1 1 1 2

( )[1 ( ) 1]
( / )( / ) (1 )(1 )(1 )(1 )

i
hc

th tr ct cr t t i

T T L
K K A A

τ λ β β βψ ψ
ψ ψ ψ ψ β θ θ θ

+=
− − − − (22)

where iβ  ( 0 8i P Pβ = ) is the ratio of the ambient pressure to the pressure of the compressor inlet of 

the bottom cycle. 
The modeling of the flow through the turbine of the bottom cycle continues with the apparent 

turbine pressure ratio 4 9 8P Pβ ′=  as an input parameter. The effective pressure ratio 

2 9 8 4 (1 )c hcP Pβ β ψ= = −  is related to the isentropic temperature ratio 2c sθ  across the turbine of the 

bottom cycle, 2 2( 1)
2 9 8 2

gc gc
c s s cT T γ γθ β −= = , and 2gcγ , the ratio of the gas specific heats in the temperature 

range occupied by the turbine of the bottom cycle is correlated by the same Equation (10) where the 
average temperature is [ ]2 0 6 5 2 1 2( )(1 ) (2 )mgc c s i t tT T T Tτ θ θ θ θ= + . The specific work output of the bottom 

cycle is 2 9 8 2( )c s cw h h η= − = [ ] 1
2 0 6 5 2 1 2 2 2( )( 1) ( ) ( 1)gc c s i t t c gcT T Tγ τ θ θ θ θ η γ−− − , where the isentropic 

efficiency 2cη  is related to the turbine blades and vanes, 2 2 9c cP Pψ = Δ . Taking note of 

2 9 8 2 21 ( 1)c c s cT Tθ θ η= = + −  and 9 9s sh h′ =  (see Figure 2), one can get 2 2( 1)
2 2 2( ) 1gc gc

c c c s
γ γψ θ θ −= − ,

where 2cθ  is a function of 2cη . Therefore, the turbine power input of the bottom cycle 2 2c g cW m w=� �  can 

be expressed in dimensionless form as: 
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( ) ( )
[ ] 6 5 2 2 1 22

2 0 11 2 1 2
2 2 1 21 1 0 0

( )( 1)
1 1 ( )

( 1)2
c s gcc

c
c gc i t t

T TWW L
A K P RT

τ θ γ
λ ψ

η γ θ θ θ
−

= = +
−

�
(23)

The pressure drop associated with the flow out the compressor of the bottom cycle is 
2

9 9 9 2eP K VρΔ = , where 9K  is the contraction pressure loss coefficient, which is treated as 
a constant, and 9V  is the mean velocity based on the compressor 2 outlet flow cross-sectional 
area 9A . The relative pressure drop 0e eP Pψ = Δ  is determined from mass conservation 

0 9 9 9[1 ( ) 1]gm m L A Vλ ρ= + =� � . The result is: 

[ ]2
0 6 5 22

12
9 1 1 9 1 2

1 1 ( ) ( )
(1 )

( / ) ( / )
c

e e e
i t t

L T T
A A K K

λ τθ
ψ ψ ψ ψ

θ θ θ
+

≅ + = (24)

The cooling rate experienced by the exhaust as it reaches the ambient temperature 0T  is 

0 0( )g eQ m h h= −� � , or in dimensionless form: 

( ) ( )
0 1 20 6 5 2

0 11 2 1 2
0 1 2 01 1 0 0

( )11 1
12

gc

i t t g

Q T TQ
LA K P RT

γτθ ψ
λ θ θ θ γ

� � � 	
= = + −� � � 
 −� � 
 �

�
(25)

where 0gγ  is evaluated based on Equation (10) with 0 6 5 2
0

1 2

( ) 1
2

c
mg

i t t

T T TT τθ
θ θ θ

� 	
= +� 



 �
.

Because of the energy conservation and the definition of the effectiveness of the regenerator, one has: 

52 5 2 5 6 3 2
25

52

( ) ( ) ( )
1 1 1

g g R g gtr gcr
R R RH RL

g gtr gcr

m R T T m R T T m R T T
Q Q Q Q

γ ε γ γ
ε

γ γ γ
− − −

= = = = = =
− − −

� � �
� � � � (26)

where Rε  is the effectiveness of the regenerator and 52gγ  is evaluated based on Equation (10) with 

52 5 2( ) / 2mgT T T= + . The numerical values of the working fluid temperature 3T  and 6T  can be obtained 

accurately by using the method of iterative computation. 
The overall energy balance for the power plant indicates that 2 2t cW W W= −� � �  is the net power output. 

The first law efficiency of the combined cycle power plants is: 

2 2
1

t c
cf

f f f

W WW W W
Q Q Q Q

η η−= = = =
� ��

� � (27)

where W Q  is the thermal conversion efficiency η  of the cycle as follows: 

2 2 6 5 2 6 5 2 2

3 0 2 1 2 2 1 2

( 1) (1 1/ )( ) ( )( 1)
( ) ( 1) ( 1)

gc t t s g c s gc

gc g t c gc i t t

T T T T
T T

γ η τ θ γ τ θ γ
η

γ τ γ θ η γ θ θ θ
� 	− − −

= −� 
− − −� 

 �
(28)

The objective of this study is to solve 1/ 0W ψ∂ ∂ =  and / 0iW β∂ ∂ =  numerically, and to 

determine the optimal fuel flow rate and pressure drops that maximize the net power output. 

4. Numerical Examples 

The effects of the bottom cycle pressure ratio, the air mass flow rate and pressure drops on the net 
power output are examined by using numerical examples. The range covered by the calculations is 
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10 0.2ψ≤ ≤ , 15 40β≤ ≤ , 1 2.5iβ≤ ≤ , 4 6τ≤ ≤ , 0 0.1013P MPa= , 1 0.9cη = , 2 0.87cη = , 1 0.85tη = ,

2 0.83tη = , 0.99cfη = , 0.9ε =  and 0.9Rε = . The ratio of the outermost equivalent flow cross-sections 
(compressor inlet of the top cycle/turbine outlet of the bottom cycle) covered the range 1 90.25 4a −≤ ≤ ,
where 1 9a −  is the dimensionless group: 

1/291
1 9

9 1

( )KAa
A K− = (29)

1/21
1

1

( ) , 2,3, 4,5,6,7,8,9i
i

i

KAa i
A K− = = (30)

In the calculations, it is set that 1 4 1 2a − = , 1 2 1 3 1 5 1 6 1 7 1 8 1 9 1 3a a a a a a a− − − − − − −= = = = = = = , and 

0 300T K= .
Figures 3–6 show the influence of the effectiveness ( Rε ) of the regenerator on the 1W ψ− , 1η ψ− ,

1Q ψ− , 1iQ ψ−  and 0 1Q ψ−  characteristics, respectively. They show that the thermal efficiency (η ) of 
the system with regenerator ( 0.9Rε = ) is always larger than that of the system without regenerator 
( 0Rε = ) when the compressor inlet relative pressure drop ( 1ψ ) of the top cycle is small than a critical 
value, and the thermal efficiencies in the both cases ( 0.9Rε =  and 0Rε = ) decrease with the increase 
in 1ψ . They also show that there exists an optimal 1( )opt Wψ  which lead to the maximum dimensionless 

power outputs ( maxW ) in the both cases ( 0.9Rε =  and 0Rε = ), dimensionless power output (W ) of the 
system with regenerator ( 0.9Rε = ) is always smaller than that of the system without regenerator 
( 0Rε = ), and there exists an optimal ioptβ  which lead to the optimal thermal efficiency optη  and the 

maximum dimensionless power output maxW  in the both cases ( 0.9Rε =  and 0Rε = ). Q , iQ  and 0Q  of 
the system with regenerator are always larger than those of the system without regenerator versus 1ψ .
Furthermore, Q , iQ  and 0Q  increase with the increase in 1ψ  in the both cases ( 0.9Rε =  and 0Rε = ).
They also indicate that the permissible range of 1ψ  of the system with regenerator ( 0.9Rε = ) is less 
than that of the system without regenerator ( 0Rε = ).

Figure 3. The influence of Rε  on the 1W ψ−  and 1η ψ−  characteristics. 



Entropy 2012, 14 69

Figure 4. The influence of Rε  on the 1Q ψ− , 1iQ ψ−  and 0 1Q ψ−  characteristics. 

Figure 5. The influence of Rε  on the iW β−  and iη β−  characteristics. 

Figure 6. The influence of Rε  on the iQ β− , i iQ β−  and 0 iQ β−  characteristics. 
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5. Conclusion 

A thermodynamic model for combined regenerative Brayton and inverse Brayton cycles is 
established in this paper by considering the pressure drops of the working fluid along the flow 
processes using thermodynamic optimization theory based on the first law analysis of [42]. The 
analytical formulae for the relations between power output, thermal efficiency, and the compressor 
pressure ratio of the top cycle are derived. To summarize the analytical formulae of the model, one 
notes the expressions for compressor input power Equation (4) of the top cycle, heating produced by 
the fuel Equation (11), turbine power output Equation (14) of the top cycle, turbine power output 
Equation (18) of the bottom cycle, compressor input power Equation (23) of the bottom cycle and heat 
rejection Equation (25). Each of these quantities is proportional to the compressor inlet relative 
pressure drop ( 1ψ ) of the top cycle, which in turn is proportional to the flow rates m� , fm�  or gm� .

Therefore, the energy interactions 1cW� , fQ� , 1tW� , 2tW� , iQ�  and 0Q�  decrease in proportion with the flow 

rate, for example, the net power output is zero when the flow rate is zero.  
The numerical examples show that, for the system with or without regenerator, the dimensionless 

power output W  reaches its maximum at the optimal value 1optψ  and that the thermal efficiency η
decreases with the increase in 1ψ . The regenerative combined cycle obtains higher thermal efficiency 
than that of the base combined cycle but smaller power output at small compressor inlet relative 
pressure drop of the top cycle. They also show that the permissible range of 1ψ  of the system with 
regenerator is less than that of the system without regenerator. The power and efficiency performance of 
the combined regenerative Brayton cycle and inverse Brayton cycles will be optimized in a future paper. 
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