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Abstract: Artificial intelligence-powered recommendation systems have gained popularity as a tool
to enhance user experience and boost sales. Platforms often need to make decisions about which
seller to recommend and the strength of the recommendation when conducting recommendations.
Therefore, it is necessary to explore the recommendation strategy of the platform in the case of
duopoly competition. We develop a game model where two competing manufacturers sell products
through an agency contract on a common platform, and they can decide whether or not to provide
recommendations to the manufacturers. Our highlight lies in the endogenous recommendation
strength of the platform. The findings suggest that it is optimal for the platform to offer recommenda-
tion services when the commission rate is high. The platform also prefers to only recommend one
manufacturer in the market with low or high competition, but it prefers to recommend both manufac-
turers in moderately competitive markets. From the view of manufacturers, they can benefit from the
recommendation service as long as the commission rate is not too low. Moreover, recommending
only one manufacturer consistently yields stronger recommendations compared to recommending
multiple manufacturers. However, the impact of recommendation on prices is influenced by the
commission rate and product substitutability. These results have significant implications for platform
decision making and provide valuable insights into the trade-offs involved in the development of
recommendation systems.

Keywords: recommendation strategy; platform operations; duopoly competition; pricing strategies;
product substitutability

1. Introduction

In recent times, the surge of e-commerce platforms has offered consumers the ability
to explore and acquire a broad array of products online, delivering a convenient and
diverse shopping experience. According to the China Internet Network Information Center
(CNNIC), by December 2021, China’s online shopping user base reached 842 million,
constituting 81.6% of all Internet users (https:/ /www.askci.com/news/chanye/20220317/1
635411746234.shtml accessed on 15 May 2023). Statista reported that the global e-commerce
market expanded from $1.3 trillion in 2014 to $4.9 trillion in 2021 and is projected to hit
$7.4 trillion by 2025 (https:/ /thesocialshepherd.com /blog/ecommerce-statistics accessed
on 15 May 2023). This swift expansion has enticed an increasing number of manufacturers to
enter the platform through an agency sales model, leading to intensified market competition.
Currently, approximately 2 million third-party sellers operate globally via Amazon, with
57% of Amazon sales in Q2 2022 originating from these sellers, generating revenues of
$27.38 billion, which is a 9.12% increase from the previous year (http:/ /jnec.jnbusiness.
jinan.gov.cn/content-27-49102-1.html accessed on 11 January 2023).
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Given the vast amount of product information available, consumers often struggle to
find suitable products. Online platforms have increasingly adopted recommendation sys-
tems to enhance user experience and boost sales. Recommendation is a platform-initiated
action in order to increase sales. For example, as an e-commerce platform in China, Pin-
duoduo offers a free recommendation service for sellers. By participating in the platform’s
specific campaigns and partnership programs, sellers can gain free exposure and recom-
mendation promotion. By providing personalized recommendations, online platforms can
increase customer engagement, satisfaction, and loyalty while driving revenue growth. For
example, over 35% of Amazon sales and 60% of Netflix rentals are driven by recommen-
dations [1]. Leading e-commerce platforms, such as Amazon, eBay and JD.com, routinely
display tags such as “We have recommendations for you”, “Hot item”, and “Guess you
like” to offer recommendations to customers.

As an emerging technology, the recommendation strategy has been explored in the
field of platform operations. However, most of the existing literature explores the impact of
recommendations on consumers’ willingness to pay from an empirical aspect [2,3], and
very few provide in-depth analysis at the theoretical level. We fill the gap by developing a
game model to investigate the recommendation strategy of an e-commerce platform selling
products for duopoly manufacturers under agency contracts and analyze the influence of
commission rate and competition intensity on the manufacturers’ optimal pricing decisions
and the platform’s recommendation strategies. Furthermore, we consider recommendation
strength as an endogenous decision variable, which is not explored in the studies of [4,5].

The challenge for e-commerce platforms lies in how to utilize recommendations
to influence competition between competing upstream manufacturers. Simultaneously;,
platform recommendations can impact sellers’ pricing strategies, necessitating in-depth re-
search to address these concerns. In response to these questions, we introduce a Stackelberg
game model in which two competing manufacturers sell substitutable products through an
e-commerce platform capable of providing recommendation services. The platform must
first decide whether to employ the recommendation system, and subsequently, determine
which manufacturer to recommend and the intensity of the recommendation. Upon ob-
serving the platform’s decision, manufacturers adjust their retail prices accordingly. We
specifically examine three platform strategies: (1) no recommendation strategy (mode NN);
(2) exclusive recommendation strategy (mode RN); and (3) non-exclusive recommendation
strategy (mode RR).

Based on the above analysis, we focus on the optimal recommendation strategy for the
platform and investigate the impacts of recommendation on the decisions of supply chain
members. Our innovation lies in the endogenous decision of selecting recommendation
grades, which is an aspect that is relatively unexplored in the existing literature. We find
that providing recommendation services is optimal for the platform when the commission
rate is high and vice versa. The platform also prefers to recommend only one manufac-
turer in low- or high-competition markets but prefers to recommend both in moderately
competitive markets. Manufacturers can benefit from the recommendation service when
the commission rate is not too low. Additionally, the recommendation strength under a
exclusive recommendation scenario is always higher than under a non-exclusive recom-
mendation scenario. However, the effect of recommendations on prices is jointly influenced
by the commission rate and product substitutability. Our study contributes to a better
understanding of how different recommendation modes impact the interactions among
manufacturers and the platform, thus offering valuable insights for business participants
and policymakers.

The rest of this paper is organized as follows. Section 2 provides the literature review
in three streams: recommendation systems, duopoly competition and platform operations.
We propose the model in Section 3 and then derive and analyze equilibrium results under
three scenarios in Section 4. Moreover, we compare the three scenarios in Section 5 to obtain
the optimal recommendation strategies and conclude the paper in Section 6 at last. All
proofs are presented in Appendix A.
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2. Literature Review

Our work is related and contributes to the following three research streams: (i) recom-
mendation systems, (ii) duopoly competition, (iii) platform operations.

2.1. Recommendation Systems

Recommendation systems are becoming increasingly crucial for the operation of e-
commerce platforms (Dogan, 2023) [6]. The system helps to reduce consumers’ search costs
and enhance their willingness to pay (Adomavicius et al., 2018 [7]). Yoon and Lee (2021) [8]
examined the impact of perceived technology quality and personalization quality on
consumers’ behavioral intentions and found that Al recommendation service increased
perceived technology quality and personalization quality, thus increasing their willingness
to pay. A large-scale field experiment conducted by Lee and Hosanagar (2021) [2] verified
that recommendation systems increased product views and conversion rates, although
this effect was moderated by product attributes and review ratings. Zhou et al. (2022) [4],
considering both uniform and differential pricing strategies, analyzed the impact of rec-
ommendation systems on the competition between store and national brands as well as
consumers’ search behavior when recommendations were provided. Ettl et al. (2020) [3]
aimed to offer online shoppers personalized, discounted product bundle recommendations,
taking into account factors such as profit maximization, inventory management, and con-
sumer preferences. Balancing these factors ensured that the chosen products were relevant
and appealing to consumers. Zhou and Zou (2022) [9] developed a model incorporating
recommendation precision using Bayes’ rule, finding that as recommendation accuracy
improved, the equilibrium price first decreased and then increased, but both platform and
seller profits declined.

From the manufacturer’s perspective, Ghose et al. (2007) [10] asserted that imple-
menting a recommendation service constituted a strategic decision, leading to a shift in
supply chain profits from third-party information media to manufacturers. However,
adopting recommendation systems could also negatively impact supply chain members.
Li et al. (2018) [11] constructed a model involving two competing manufacturers and a
shared retailer, discovering that recommendation systems could harm retailers employ-
ing recommendations, as the retailer may prioritize its own interests while neglecting
upstream manufacturers’ strategies. This issue is exacerbated when the costs of developing
recommendation systems are high.

Our work is closely related to the research conducted by Wu et al. (2015) [5], who
investigated whether a manufacturer should provide exclusive or non-exclusive recom-
mendations to downstream retailers. Their results indicate that a non-exclusive strategy
is optimal for the manufacturer if the target market is sufficiently large; otherwise, an
exclusive strategy is preferable. In contrast, our research centers on identifying the optimal
recommendation strategies for platforms. Specifically, a platform determines whether to
implement recommendation systems and, if implemented, whether to exclusively endorse
a single upstream manufacturer or provide non-exclusive recommendations for two man-
ufacturers. Additionally, in the majority of previous studies, the recommendation grade
was determined exogenously. In contrast, our study treats the recommendation grade as
an endogenous decision variable.

2.2. Duopoly Competition

Research on competition between supply chain members can be traced back to Jeuland
and Shugan (1983) [12]. Choi (1991) [13] was the first to conduct a thorough analysis of the
channel structure involving two rival manufacturers and a shared retailer carrying both
manufacturers’ products, examining three non-cooperative games under distinct power
structures, namely two Stackelberg games and a Nash game. Based on the works of Choi
(1991) [13], Huang et al. (2016) [14] investigated the effects of pricing strategies and power
structures on a two-tier supply chain composed of a common manufacturer and duopoly
retailers. Yu et al. (2022) [15] developed a game model to study the strategic interactions
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between two brand manufacturers under an e-commerce platform, and they significantly
analysed the impact of brand competition on the business mode choices of the e-commerce
platform. Wang et al. (2020) [16] assessed the pricing strategies of competing dual-channel
retailers as well as the influence of retailer cost and supplementary cross-selling profit on
BOPS (buy online and pick up in store) approaches.

Jena and Sarmah (2014) [17] and Zhu et al. (2016) [18] examined recycling, re-
manufacturing, and trade-in approaches in a duopoly closed-loop supply chain, con-
cluding that employing trade-in strategies can yield a competitive edge in terms of market
share and profits. Tang et al. (2023) [19] extended this analysis to a duopoly context in
which companies can choose either exclusive or non-exclusive trade-in strategies. Ac-
knowledging that duopoly manufacturers” power may not be equal, Wei et al. (2020) [20]
investigated the best pricing and selling formats for leader and follower manufacturers.
Additionally, service competition is a significant issue to explore within duopoly supply
chains. Ding et al. (2018) [21] delved into the relationship between pricing competition
and service competition among duopoly retailers and assessed the impact of service time
on optimal choices. Li et al. (2019) [22] analyzed a retailer’s best strategy, either pure
batch ordering or hybrid shipping, when adopting a drop-shipping strategy with two
competing manufacturers.

Existing literature on duopoly competition mainly focuses on pricing strategies and
power structures, such as Stackelberg and Nash games. In practice, the service is an essential
factor in competition. However, most studies in the literature focus on logistics or recycling
services within the duopoly competition. In this study, we examine the recommendation
strategy of an e-commerce platform selling products for duopoly manufacturers under
agency contracts and analyze the influence of commission rate and competition intensity on
the manufacturers’ optimal pricing decisions and the platform’s recommendation strategies.

2.3. Platform Operations

The digital economy’s growth in recent years has elevated the importance of platforms
in e-commerce, drawing significant attention from researchers. Manufacturers pay a
slotting fee and a share of sales revenue to platforms for the chance to sell their products,
making pricing decisions crucial for platform operations (Shen et al., 2019 [23]; Zhen and
Xu, 2022 [24]). Mantin et al. (2014) [25] suggested that the existence of multiple third-party
sellers could cause price disparities for some products. Lu et al. (2018) [26] employed
game theory models to explore e-book pricing strategies under wholesale and agency sales
models, taking into account decentralized and centralized channels’ effects. The findings
indicate that both publishers and e-bookstores can achieve Pareto improvements with the
agency model in a decentralized channel. Similarly, Chen et al. (2020) [27] assessed the
impact of inventory levels and market competition on optimal pricing and business models.
Considering fairness concern, Zhou et al. (2023) [28] investigated the pricing strategies of
third-party sellers on ecommerce-platforms and found that different power structures have
different influences on fairness concerns.

Platforms generally provide manufacturers with two standard contract options: revenue-
sharing contracts, where the platform claims a percentage of the manufacturer’s revenue,
and fixed-fee contracts, where the platform charges a set fee per sale. Zhang et al. (2019) [29]
discovered that revenue-sharing contracts may lead to lower manufacturer prices, while
fixed-fee contracts could result in higher quality. Additionally, numerous aspects of plat-
form operations warrant further investigation. For instance, Choi et al. (2020) [30] and
Zhang et al. (2021) [31] studied the application of blockchain technology in platform op-
erations. Taking into account the platform’s bilateral network externalities characteristic,
Anderson et al. (2014) [32] devised a model to explore the platform’s optimal investment
strategy under three distinct scenarios: monopoly, price-setting duopoly, and price-taking
duopoly. Taylor (2018) [33] examined the effect of delay sensitivity and agent indepen-
dence on on-demand service platforms’ optimal service price and wage, finding that delay
sensitivity reduces customers” and agents’ expected utility, while the influence of agent
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independence on price remains uncertain. Furthermore, information asymmetry issues
may arise in platform operations. Zha et al. (2022) [34] considered a conventional reselling
model and the agency/marketplace model, and they found that the platform prefers to
share imformation with at least one seller. Tsunoda and Zennyo (2021)[35] investigated how
demand information sharing between platforms and suppliers can alter suppliers” multi-
channel management. Additionally, suppliers’ inventory information-sharing strategies
impact pricing decisions on the platform (Martinez-de et al., 2022 [36]).

Our research expands on the existing literature by examining a supply chain in which
duopoly manufacturers sell products on the same platform via an agency contract. More-
over, the platform can choose to develop its own recommendation system to boost sales
and decide which manufacturer(s) to recommend. Specifically, the platform can choose
no recommendation strategy, an exclusive recommendation strategy, or a non-exclusive
recommendation strategy.

3. The Model
3.1. The Manufacturers and Platform

We consider an online supply chain involving two competing manufacturers (M; and
M) that sell substitutable products through an e-commerce platform who can provide
recommendation services to the manufacturers under an agency-selling agreement. The
platform has the option to decide whether to offer recommendation services to one or more
manufacturers and determine the grade of recommendation service &, which signifies the
strength of the recommendation. Specifically, there are three strategies for the platform:
(1) no recommendation strategy (mode NN); (2) exclusive recommendation strategy, where
the platform recommends only one manufacturer (mode RN); and (3) non-exclusive rec-
ommendation strategy, where the platform recommends both manufacturers (mode RR).
The retail prices for the products of the two manufacturers are represented by p; and p»,
respectively. To simplify, we assume a zero marginal cost of production.

3.2. Market Demand

In line with the works of Ghose et al. (2007) [10] and Wu et al. (2015) [5], we assume
that the market is segmented into two parts: the traditional market and the market with a
recommendation system. In the traditional market, there is no recommendation system,
meaning consumers’ intention to purchase is not affected by the grade of recommendation.
On the other hand, in the market with a recommendation system, consumers’ buying
choices are influenced by the platform’s recommendations, meaning they browse the
platform and may purchase the products recommended by the platform.

Consumer can buy products from either of the two manufacturers, indicating that the
manufacturers’ products are substitutable. Intuitively, the greater the substitutability of
products, the more competitive the market is. We use 0 to represent the degree of substi-
tutability between the two products. Specifically, the products are considered independent
when 0 = 0, while they are perfect substitutes when 6 = 1.

We first focus on consumers in the traditional market who buy products from the
manufacturers without the assistance of the recommendation system. Following the studies
of Spence (1976) [37], Cai et al. (2012) [38], Wu et al. (2015) [5] and Zhou and Zou (2022) [9],
the consumer utility function in the traditional market can be expressed as:

1
U= Y (aD;—p;D; — EDiz) — 60D1D3, 1)
i=1,2

where & denotes the potential demand of the traditional market, and D and D, represent
the demands of the two manufacturers in the traditional market. By maximizing U in
Equation (1), we obtain the aggregate demands of the manufacturers as:

(1-0)a— pi + 0p;
bi = 1-¢62

i=3—ii=1,2 @)
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Next, we examine consumers’ utilities in the market with recommendation system,
where the platform offers recommendation services for manufacturers. There are consumers
who favor buying products with the assistance of recommendations. In practical terms,
as the strength of the recommendation increases, a larger number of consumers make
purchases based on these recommendations. Using & to represent the recommendation
strength and drawing a parallel to (1), when both manufacturers receive recommendations,
we can formulate the consumer utility function in a quadratic form as follows:

2 L 2

U= ) (&D;—piD; — 5D;") — 6D Dy, (3)

i=1,2

Moreover, when the platform recommends only one manufacturer, i.e., only manu-
facturer i exists in the market with a recommendation system, thus, by letting D; = 0, the
consumer utility function can be rewritten as

U =&D; — p;D; — 5D;". 4
Maximizing U in Equations (3) and (4) yields the aggregate demands of the manufac-
turers in the recommended market.

s , if both manufacturers are recommended;
Pi, if only manufacturer i is recommended; ] = 3—-i=12 )
if neither manufacturer is recommended.

3.3. Timing of the Game

The sequence of events in a Stackelberg game unfolds as follows: In the initial stage,
the platform declares its recommendation strategy, specifying if it should recommend
one manufacturer, both, or neither. If the platform uses recommendation systems, si-
multaneously, it determines the recommendation strength as a leader while taking the
recommendation cost into account. In the subsequent stage, the manufacturers set their
respective retail prices as followers. The game’s resolution is achieved through backward
induction in the following section. If the platform does not use recommendation sys-
tems, the game turns to a Nash game and two manufacturers simultaneously determine
their prices.

3.4. Assumptions and Limitations

For simplicity, we assume a zero marginal cost of production, which is commonly
used in the existing literature such as [9,22] etc. In addition, pe[pRYN, pRN] in Mode RN,

which ensures pOjitive ;equilibrium results in Mode RN, where pRN = m%,
pRN = ( 1"9;{)9 ()éi;(zle 7)9()8(;5:)29))) . In addition, pe[pRRpRR] in Mode RR, which ensures positive

equilibrium results in Mode RR, where pRR = k(2 — 0)(1 + 6) and pRR = w.

4. Equilibrium Analysis

In this section, we explore the context and equilibrium outcomes for three distinct
scenarios. First, we assess a benchmark scenario where the platform opts not to employ a
recommendation system (mode NN). Next, we investigate a scenario in which the platform
decides to recommend only one manufacturer (mode RN). Lastly, we concentrate on a scenario
where the platform recommends both manufacturers (mode RR). We employ superscripts
“NN*”, “RN*” and “RR*” to denote equilibrium outcomes in these varying situations.
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4.1. Mode NN

In mode NN, serving as a benchmark, the platform does not utilize a recommendation
system, meaning all consumers are on the traditional market. Manufacturers simulta-
neously establish their retail prices. The profit functions can be expressed as follows:

= (1—p)p1Dy, (6)
m = (1 —p)p2Dy, (7)
e = p(p1D1 + p2D7). 8)

where p represents the flat commission rate imposed by the platform. Typically, the
commission rate is associated with the product category and constitutes a stable, long-term
policy for the platform, persisting consistently over an extended duration. Consequently,
we assume that the commission rate is exogenous while examining its influence on the
interaction between the platform and manufacturers.

By the backward approach, we obtain the equilibrium in Lemma 1.

Lemma 1. In model NN, the equilibrium prices and profits of the supply chain members are

NNx _ NN _ &(1-0). NN« NN« _ a2(1-0)(1=p). NN _ 20%p(1-6)
p1 ) -0 /1 2 (2—6)2(1+6) * "¢ 2-6)2(1+6)"

=T
In the subsequent corollary, we investigate the effects of channel competition and
commission rates on retail prices and the profits of firms.

Corollary 1. When the platform does not adopt a recommendation system, we obtain the following
results regarding the impacts of 0 and p on the prices and profits.

(i) The equilibrium prices pNN* and pNN* decrease with product substitutability 0. The profits

of the manufacturers and platform TN*, hN* and 7tNN* decrease with 6.
(ii)  The profits of the manufacturers 7TN* and TN* decrease with p, whereas T N* increases

with p.

Corollary 1 and Figure 1 collectively demonstrate that as product substitutability
intensifies, manufacturers need to lower their prices to secure a larger market share. Nev-
ertheless, although market demand may increase due to reduced prices as product sub-
stitutability escalates, the positive effect of increased demand on profits is outweighed by
the negative impact of lower prices, leading to a decline in profits as competition becomes
fiercer. Consequently, the platform’s profit also decreases since it derives a share from the
manufacturers. Furthermore, as illustrated in Figure 2, a higher commission rate benefits
the platform but adversely affects manufacturers, which is an intuitive outcome.

4.2. Mode RN

In mode RN, the platform deploys a recommendation system and provides the service
to just one manufacturer. Assuming, without loss of generality, that Manufacturer 1’s prod-
uct is recommended, the manufacturers set their retail prices after the platform determines
the recommendation strength. The profit functions can be expressed as follows:

m = (1-p)p1(D1 +Dv), )
= (1—p)p2D2, (10)
e = p(p1D1 + p1D1 + paDy) — ka2, (11)

where k > 0 is the coefficient representing the cost of the recommendation.
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By the backward approach, we obtain the equilibrium in Lemma 2.
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Lemma 2. In model RN, the equilibrium prices and recommendation strength are

rnx (1 —0)[6p(1 —6%) + k(6 +2)(8 — 56%)]

PL = T k(83— 5622 p(36% — 1162 1 8) (12)
rRnx  a(1—0)[k(8 —562)(4+ 6 —20%) — 2p(2 — 36> + 6%)] 13)
P2 = k(8 — 562)2 — p(36* — 1162 + 8) /
k(8 —562)2 — p(36* — 1162 + 8)’
The corresponding equilibrium profits are
e _ (1=0)(2—0%)(1 — p)[ka(0 +2)(50% — 8) +abp (6> — 1)]?

(0 +1)[k(8 —562)2 — p(36% — 1162 + 8)]2 '

rns (1 —0)(1—p) [k (560 — 8)(26% — 6 — 4) — 2ap(2 — 36% + 64)]? 16
= (6 +1)[k(8 —562)2 — p(36% — 1162 + 8)]2 ’ (16)

LRN< _ a?p(1 — 0)[k(360* — 80% — 170% + 160 + 24) — p(2 — 30% + 64)] a7)
e (6 +1)[k(8 — 562)2 — p(36* — 1162 + 8)] '

RN RN] RN _ k(24+6)(8-56*) RN _ _k(2+6)(3—26)(8—-562)
where pelo;™™, pp], p; = 8176307305 P = [1-67)(316(1-0)(5129))"

In Corollary 2, we investigate the effects of product substitutability and commission
rate on retail prices and the profits of firms.

Corollary 2. When the platform recommends only one manufacturer, we obtain the following
results regarding the impacts of 0 and p on the prices, recommendation strength and profits.

(i) The equilibrium prices pRN*, pRN* and recommendation strength &RN* decrease with product
substitutability 6.
(ii)  pRN*, pRN* and aRN* increase with commission rate p. When 0 < k < kRN, or kRN < k <

KEN and pRN < o < pRN the profit of manufacturer who is recommended kN* increases

with p; when kXN < k < 1, or kRN < k < kXN and pRN < p < pRN, 7RN* decreases with
p. The profit of platform mTN* increases with p.

Similar to our observations in Corollary 1, Corollary 2 (i) suggests that equilibrium
prices decrease with the level of product substitutability. Furthermore, as the product sub-
stitutability increases, the platform correspondingly lowers the recommendation strength
for the manufacturer’s products. This occurs because as the market becomes more com-
petitive, the product similarity and substitutability increase, leading to the platform being
less inclined to recommend them and resulting in a reduced recommendation strength.
As indicated in Corollary 2 (ii), the commission rate positively impacts equilibrium prices
and recommendation grades. This is because an increase in the platform’s commission
rate leads to higher costs for manufacturers, who may then raise their product prices to
maintain their profits.

Additionally, since the platform’s profit comes from commissions, the higher the
commission rate, the more inclined the platform is to enhance its recommendation strength
to sell more products and generate higher profits. The effect of the commission rate
on the profit of the manufacturer utilizing the recommendation service depends on the
recommendation cost. Specifically, this manufacturer’s profit increases with the commission
rate when the recommendation cost is low, whereas it decreases when the recommendation
cost is high. This can be attributed to the fact that when the recommendation cost is low,
the platform can easily implement recommendations to boost sales, thereby increasing the
manufacturer’s profit. Meanwhile, an increase in the commission rate results in higher
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prices for manufacturers. However, if the recommendation cost is high, the negative impact
on sales due to higher prices outweighs the positive effect on sales resulting from a higher
recommendation grade, which is detrimental to the recommended manufacturer.

Moreover, when the recommendation cost is moderate, the profit of the recommended
manufacturer initially increases and then decreases as the commission rate rises. This occurs
because when the commission rate is low, the positive effect of a higher recommendation
grade dominates the negative effect of the increased commission rate and vice versa.

Now that one manufacturer’s product is recommended while the other is not, it is
worth comparing the prices and profits of these two manufacturers.

Proposition 1. When the platform recommends only one manufacturer’s product, we obtain the
following results regarding the prices and profits of the two manufacturers.

- RN 2k(8—562) RN RNx. ¢ 2k(8—562) RN RN RN

@) Ifor™ <p< Tgm@ P10 <Py G Laae <P<p, P >py

(i) When0 < 6 < Y31 if pRN < o < RN 7RN* o« 7RNx. jg 5RN o o < oRN RN
7T§N*. When @ <f<1, an* > 7T§N*.

~RN _ (—36%4+4048)k  (—46°—36>+80+8)k
where p7 = -2 (1-2)V2-62

Proposition 1 highlights the relationship between the two manufacturers’ prices and
profits under mode RN, which is affected by the commission rate and product substitutabil-
ity. Specifically, when the commission rate is low, the manufacturer whose product is
recommended sets a lower retail price than the manufacturer whose product is not rec-
ommended. As the recommended manufacturer gains more exposure to consumers, they
are willing to set a lower retail price than the non-recommended manufacturer to secure a
larger market share and profit when the platform commission is low. On the other hand,
as seen in Corollary 2, when the commission rate is high, both manufacturers increase the
prices of their products to compensate for the higher cost. However, the recommended
manufacturer possesses more market power due to the platform’s recommendation. It is
more likely to transfer the burden of the increased commission rate to customers by raising
prices more aggressively. As a result, the recommended manufacturer charges a higher
price than the manufacturer whose product is not recommended.

Furthermore, when the product substitutability and commission rate are both low,
the non-recommended manufacturer actually earns more profit than the recommended
manufacturer. This indicates that a low-grade commission rate could potentially harm the
manufacturer whose product is recommended when competition is not intensive. Never-
theless, as the commission rate increases, the platform becomes more willing to provide a
higher grade of recommendation service, which benefits the recommended manufacturer
to such an extent that its profit surpasses the non-recommended one. However, when
product substitutability is relatively large, the recommended manufacturer consistently
obtains greater profit than the non-recommended one, regardless of the commission rate.
This suggests that the recommendation service indeed strengthens the competitive position
of the manufacturer who receives it when competition is fierce.

4.3. Mode RR

In mode RR, the platform deploys a recommendation system and recommends prod-
ucts from both manufacturers. The manufacturers establish their retail prices following
the platform’s determination of the recommendation strength. The profit functions can be
given as:

m = (1—p)p1(D1+Dn), (18)

1 = (1= p)p2(D2+ D), (19)
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e = p(p1D1 + P1[31 +p2D2 + pzﬁz) — 2ka>. (20)

By the backward approach, we obtain the equilibrium in Lemma 3.

Lemma 3. In model RR, the equilibrium prices and recommendation strength are

RR* _ ,RR¥ _ ka(1—6%)(2—-9)
P = = G A1) - p(1-0) @1)
ARR* — ap(1—10) (22)

2k(2—62)(1+6) —p(1—6)’

The corresponding equilibrium profits are

oRRe _ RRe _ 2K202(1—p)(1—6%)(2 - 0)2
T [2k(2 — 02)(1+68) — p(1—6)]?’ (23)
SRR _ 2ka?p(1 — 6) o

¢ 2k(2—62)(14+0) —p(1—-0)"
where pe[ofR, pRR], pRR = k(2 — 6)(1 +0), pRR = KOO0

Corollary 3. When the platform recommends both manufacturers’ products, we obtain the following
results regarding the impacts of 6 and p on the prices, recommendation strength and profits.

(i) The equilibrium prices pRR*, pRR* and recommendation strength &RR* decrease with product
substitutability 6. The profits of manufacturers TRR*, TkR* and platform n}R* decrease

with 0.

(i) pRR*, pRR* and & mcrease with commission rate p. When 0 < k < KRR, or kRR <
k < kKRR and pl RR < p < pRRRR* gnd 7RR* increase with p; when kKRR < k < 1, or
KRR < k < KRR and pRR < p < pRR RR* and 7efR* decrease with p. Moreover, the profit

of platform nRN * increases with p.

~RRx*

When the platform recommends both manufacturers’ products, it creates a situation
similar to when the platform exclusively recommends one manufacturer. In such cases, as
illustrated in Figure 1, the competition between the manufacturers is mainly reflected in
the form of price competition, as both manufacturers lower their prices to gain a larger
market share. This strategy is ultimately harmful to their profits. Additionally, since
the platform’s profit is linearly linked to the manufacturers’ profits, the platform’s profit
also reduces as the substitutability between the products increases. The strength of the
platform’s recommendations and the equilibrium prices increase with the commission rate,
which is perceived as a cost by the manufacturers and a source of revenue for the platform.
Furthermore, the impact of the commission rate on the manufacturers” profits depends
on the cost of the recommendation. If the recommendation cost is low, the manufacturers’
profits increase with the commission rate, but they decrease when the recommendation
cost is high. If the recommendation cost is moderate, the manufacturers’ profits first
increase and then decrease with the increase in commission rate. However, the platform
always benefits from a higher commission rate as long as the rate is not so high that the
manufacturers decide to exit the market.

5. Equilibrium Comparison

Building on our previous analysis and the equilibrium outcomes, this section is ded-
icated to comparing the equilibrium outcomes under different recommendation modes.
This comparison will allow us to explore the optimal strategies for both the manufacturers

and the platform. Note that pe[pr, pEN | in the following analysis.
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Proposition 2. aRN* > gRR+

always holds when pr <p< p}IfN .

Proposition 2 states that the grade of recommendation is consistently higher in scenar-
ios where exclusive recommendations are made compared to those where non-exclusive
recommendations are made. This can be attributed to the fact that the cost of recom-
mendation not only increases with the grade of recommendation but also increases with
the number of manufacturers being served. Therefore, when the platform provides non-
exclusive recommendation services for both manufacturers, the level of recommendation is
lower than that in the exclusive recommendation scenario.

o . 2k(8—56> - 2k(8—562
Proposition 3. (i) If pRR < p < _2(927%&, pN* > pRN= Zf—2(927+9+21 < p < pRN, pNN* <
RN*

P1

(i) If pfR < p < KO-, i pRRe; i KOOI, s o pRE,

(i) pfN* > pRR=

always holds.

Proposition 3 examines the retail price differences between Manufacturer 1 under
various scenarios, as depicted in Figure 3a and Table 1. When the platform creates an
exclusive recommendation system for Manufacturer 1, the recommended manufacturer
sets a higher retail price compared to the non-exclusive recommendation scenario. This
occurs because the exclusive recommendation leads to a significant surge in demand,
allowing the manufacturer to increase prices and maximize profits. However, in the
non-exclusive recommendation case, the recommendation’s impact on demand growth is
diminished, resulting in a limited effect on price elevation.

The comparison between retail prices with and without recommendations is also
influenced by the commission rate. Specifically, when the commission rate is low, the
retail price without recommendations is higher than in recommendation cases, whether
the recommendation is exclusive or non-exclusive. Conversely, when the commission
rate is high, the opposite holds true. This suggests that when the commission rate is
low, the recommended manufacturer can set a lower price, and the combined effect of
recommendation and low price leads to higher demand. In contrast, a high commission
rate necessitates a higher retail price to cover the increased commission expense.

01 NA f 01t NA

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 0

(@) Retail price of the Manufacturer 1 (b) Retail price of the Manufacturer 2
Figure 3. Prices comparison (« = 1,k = 0.1).

Table 1. Comparison of p;.

Zone Comparison
I pNN* > pRNx 5 pRRx
I pkN* > pAIN* > ka*

11 p%{N* > P Rx > pISTN*
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.y . 2k(8—56 2k(8—56
Proposition 4. (i) prfR <p< _2(927%&/ pé\iN* > pRN* ZJ(WHL <p< pRN, Pé\m* <
RN

P2
Qi) If pRR < p < w, pN+ > pRRs. ifw_)él%) pNN* < pRRx

Gii) If ¥1(0,0,k) > 0, pRN* < pRR%: otherwise, pXN* > pRR* where y1(p,0,k) =
k(2—6)(6+1) _ (560%-8)(202—0—4)k—2(8*—362+2)p
(6—-1)p+2(6+1)(0—2)%k (—30%+1162—8)p+(8—562)2k

Proposition 4 compares the retail price of Manufacturer 2 under different scenarios,
with Figure 3b and Table 2 providing visual representations for different parameter values.
The results demonstrate that Proposition 4 (i) and (ii) share similarities with Proposition 3,
indicating that the exclusive recommendation strategy has comparable effects on the retail
prices for both recommended and non-recommended manufacturers.

Table 2. Comparison of p5.

Zone Comparison

I pNN* > p[gN* > pgR*
i} p;{ > pNe > p
I %N* > pRR* > p%\,N*
v R S bl

However, unlike Proposition 3 (iii), Proposition 4 (iii) reveals that whether a non-
recommended manufacturer’s retail price will increase after receiving a non-exclusive
recommendation depends on the commission rate and the substitutability between prod-
ucts. Specifically, when the commission rate is high and product substitutability is low,
the retail price of a manufacturer not recommended under the no recommendation (RN)
scenario is lower than when they are non-exclusively recommended under the dual recom-
mendation (RR) scenario. As shown in Corollary 2, prices increase with the commission
rate. Nevertheless, the market share of a manufacturer not recommended in the RN sce-
nario is smaller than when it is non-exclusively recommended, allowing it to boost demand
by reducing the retail price when products are less substitutable.

In the following step, we analyze the manufacturers’ preferences regarding various
recommendation scenarios.

Proposition 5. (i) If pRR < p < py, TN* > 7RN*if 5y < p < pRN gNN* < RN,
(ii) pr RR <p< P3/ NN* > n,RR* IfPS <p< PRN NN* < nRR*
(iii) 7IRN* > 7RR* always holds.

Proposition 5 contrasts Manufacturer 1’s equilibrium profits under three distinct
recommendation strategies implemented by the platform. Manufacturer 1’s profit is higher
when no recommendation system is in place and the commission rate is low. As illustrated
in Propositions 3 and 4, this occurs because Manufacturer 1 sets a high retail price when the
platform does not implement a recommendation system and the commission rate is low.
This relationship, however, reverses when the commission rate is high, as can be directly
inferred from the results of Propositions 3 and 4.

Furthermore, as shown in Figure 4a, the no recommendation scenario becomes sub-
optimal for Manufacturer 1 as products become more substitutable. This implies that
the manufacturer requires the support of a recommendation system to boost sales when
product substitutability is relatively large. Additionally, if the platform develops a rec-
ommendation system, Manufacturer 1 consistently earns more profit when exclusively
recommended rather than non-exclusively recommended. Exclusive access to the recom-
mendation system’s benefits aids the recommended manufacturer by securing a larger
market share in the competitive landscape.
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eps . RR 2k(8—562) NNx RN« :¢ 2k(8—562) RN - NNx
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*

)
(ii) pr;{R <p< .03/ NN* > HRR* 1fP3 <p< PRN NN* < TIRR*
Gii) If a(p,0,a,k) > 0, i¥N* > 7RR*; otherwise, 7T§N* < 7IRR* where P4(0,0,a,k) =

2k202 (02 —1)(0—2)? I (1-0) [ (562 —8) (0(20—1) —4)k—2a(6* —30%4+2)p]?
[(6—1)p+2(6+1)(6—2)%2 (041)[(—36%+116%2—8) 0+ (8—562)2k]?

Similar to Proposition 5, Proposition 6 shows that when the commission rate is low,
Manufacturer 2 achieves higher profits without any recommendation strategies from the
platform, and the opposite is true when the commission rate is high. However, unlike
Proposition 5, the no recommendation (RN) scenario is not always preferable to the dual
recommendation (RR) scenario for Manufacturer 2. Figure 4b visually presents Manu-
facturer 2’s preferences. Specifically, if the platform employs a recommendation system,
Manufacturer 2 prefers to be recommended alongside Manufacturer 1 only when products
are not substitutable and opts not to be recommended otherwise. This occurs because when
the products are less substitutable, consumers may be more inclined to try new products,
allowing the recommendation system to increase Manufacturer 2’s exposure and attract
new customers. However, when the products are substitutable, which means competition
is intense, being recommended alongside a competitor may not be advantageous for Man-
ufacturer 2. As demonstrated in Corollary 2, Manufacturer 2’s prices and profits decline
with increasing product substitutability. Moreover, being recommended together with
Manufacturer 1 could result in heightened price competition, negatively impacting both
manufacturers’ profit margins.

k(364 2063 —2062+320+32) __ NN+ RNx.
P42 80+8 e~ Te s

<p< PRN, NN < 7TRN*

Proposition 7. (i) If pRR < p <

if k(36*—200% —206%4320+32)
0% —403—402+80+8

Gi) IfpRR <p < %, N> > nfR*;ifW <p < pRN, gNN* < RRx,
fN*

RN Jifps <p < pfN, 7

RRx*. RR*

(i) pr < p < ps, we have t; ™" > 1T, <,

Proposition 7 uncovers the platform’s preferences regarding different recommenda-
tion scenarios. When the commission rate is low, the platform benefits more from a no
recommendation scenario. This is because a low commission rate means the platform earns
minimal revenue per transaction, which may result in less incentive to actively promote
manufacturers’ products. However, as the commission rate rises, the platform’s optimal
strategy is to adopt recommendation systems. The comparison then lies between choosing
an exclusive or non-exclusive recommendation strategy. When product substitutability is
either low or high, the platform prefers a non-exclusive recommendation strategy, while it
favors an exclusive recommendation strategy when product substitutability is moderate.

In a highly competitive market, consumers may be more willing to explore a variety of
products, rendering an exclusive recommendation strategy less effective. In contrast, a non-
exclusive recommendation strategy can expose a broader range of products to customers,
offering more purchasing options. If the competition level is low, the substitutability
between the two products is minimal, and the platform would want to recommend both
manufacturers to consumers. When product substitutability is moderate, the platform may
prefer an exclusive recommendation strategy. This is because in a moderately competitive
market, consumers may be overwhelmed by the number of products, making it difficult for
them to decide and potentially reducing sales. In such a case, an exclusive recommendation
strategy can help simplify the purchasing process by limiting the number of options and
highlighting a few specific products.
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Figure 4. Supply chain members’ strategy preference (« = 1,k = 0.1).

6. Conclusions and Discussion
6.1. Conclusions

In the highly competitive market of today, platforms are progressively embracing
recommendation strategies to increase sales and improve customer engagement. As a result,
pricing strategies under various recommendation scenarios have emerged as a critical con-
sideration for manufacturers. In this study, we examine an online supply chain comprising
duopoly manufacturers and an e-commerce platform, which permits manufacturers to sell
products in exchange for commission payments. The platform must determine whether to
provide recommendation services to manufacturers, either exclusively or non-exclusively,
and also decide on the grade of recommendations. After observing the platform’s decisions,
the duopoly manufacturers set their retail prices according.

In particular, we derive the Stackelberg equilibrium results and examine the influ-
ence of commission rate and competition on these results under three scenarios: “no
recommendation”, where the platform does not implement recommendation systems; “ex-
clusive recommendation”, where the platform recommends one of the manufacturers; and
“non-exclusive recommendation”, where the platform supports both manufacturers. The
findings indicate that competition between duopoly manufacturers can heighten price com-
petition and decrease the recommendation strength provided by the platform. Conversely,
an increase in commission rate leads to a rise in prices and recommendation strength.
Furthermore, when the commission rate is low, the platform may opt not to recommend
manufacturers’ products, as the low commission income does not offset the cost of offering
the recommendation service. When the commission rate is high, adopting a recommen-
dation strategy is the optimal choice for the platform. The selection between exclusive
and non-exclusive recommendation strategies depends on specific market conditions and
the level of product substitutability. A non-exclusive recommendation strategy may be
more effective in markets with low or high product substitutability, while an exclusive
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recommendation strategy may be more advantageous in a moderately competitive market.
Additionally, as long as the commission rate is not too low, recommendations are beneficial
to manufacturers. In competitive markets, a manufacturer is better off being exclusively
recommended rather than non-exclusively recommended, and the opposite holds true in
less competitive markets.

The effects of a recommendation system on the decisions of supply chain members
can be summarized as follows. First, regardless of whether a manufacturer is exclusively or
non-exclusively recommended, the recommendation system lowers retail prices when the
commission rate is low and raises them when the commission rate is high. Second, when
exclusively recommended, the manufacturer consistently sets a higher price than when
it is non-exclusively recommended alongside another manufacturer. Moreover, under an
exclusive recommendation scenario, the non-recommended manufacturer sets a lower
price than without any recommendation system when the commission rate is low, and the
opposite occurs when the commission rate is high. Interestingly, when the commission
rate is high and competition is weak, the retail price of a manufacturer not recommended
in an exclusive recommendation scenario is lower than that of a manufacturer recom-
mended under a non-exclusive recommendation scenario. Finally, the platform consistently
offers stronger recommendation services when recommending the product of only one
manufacturer compared to recommending products from both manufacturers.

6.2. Discussion

In this paper, we focus on the optimal recommendation strategy for the platform and
investigate the impacts of recommendation on the decisions of supply chain members. Our
innovation lies in the endogenous decision of selecting recommendation grades, which is
an aspect that is relatively unexplored in the existing literature about recommendations,
such as Zhou et al. (2022) [4] and Wu et al. (2015) [5]. Our findings suggest that duopoly
competition can amplify price competition and decrease the intensity of recommendation
services provided by the platform. A higher commission rate leads to increased selling
prices and a more robust recommendation. When the commission rate is relatively low, the
platform may opt not to offer recommendations, as the limited commission income fails to
offset the cost of providing such a service. In contrast, when the commission rate is high,
recommendations become profitable for the platform, and the choice between an exclusive
and non-exclusive recommendation strategy depends on market conditions and compe-
tition intensity. A non-exclusive recommendation strategy may be preferred in markets
with low or high levels of product substitutability, whereas an exclusive recommendation
strategy may be more profitable when product substitutability is moderate. As long as the
commission rate is not excessively low, manufacturers can benefit from recommendation
services. Furthermore, when product substitutability is relatively high, manufacturers are
better off being exclusively recommended than being non-exclusively recommended and
vice versa.

In addition, following the works of Ettl et al. (2020) [3] and Wu et al. (2015) [5], this pa-
per investigates the impact of recommendation on pricing strategies. Regardless of whether
the manufacturer is exclusively recommended or non-exclusively recommended, the recom-
mendation reduces prices when the commission rate is low and increases prices otherwise.
Furthermore, similar to Zhou and Zou (2022) [9], we also explore prices under different
recommendation scenarios. Specifically, if the platform develops a recommendation sys-
tem, the manufacturer always sets a higher price when he is exclusively recommended
compared to non-exclusively recommended. The manufacturer not recommended under
the exclusive recommendation scenario would set a lower price when the commission
rate is low and set a higher price when it is high compared to the no recommendation
scenario. In the case of high commission rate and weak competition, the manufacturer
not recommended under the exclusive recommendation scenario sets a lower retail price
than when recommended under the non-exclusive recommendation scenario. However,
the platform always determines a higher exclusive recommendation strength compared to
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non-exclusive recommendation strength. Our study significantly advances the understand-
ing of the profound impact that different recommendation modes have on the intricate
interactions between manufacturers and the platform. As a result, it provides invaluable
insights for both business participants and policymakers, empowering them with strategic
knowledge and actionable recommendations.

6.3. Future Research Directions

In future research, our study can be expanded in several ways. First, we only consid-
ered the competition of manufacturers. In fact, there may be reference price-dependent
behavior among manufacturers, and joint pricing between them may improve their bargain-
ing power in the face of the platform, which is a collaboration to some extent. Additionally,
the impact of recommendations on consumers might not always be positive; thus, exam-
ining the uncertain effects of recommendation strategies on consumer behaviour could
provide valuable insights.
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2k(0—2)%(6+1) an§R* _ 8K2a%p(6%— 392+39 2) <0 ok 4k?a?(0-2)%(1-67) >0, [
-0 T8 T [(0-1)p+2k(6+1)(0—2)22 7790 [(0-1)pr2k(6+1)(6—2)%2 :
RN RN+ _ a(0—1)2(04+1)[(—262+6+4)p+2(56>—8)k]
Proof of Proposition 1. Let p;™* — p; = (C307 1107—8)p+ (8—502)2K = 0, we
_ 2k(8—56%) .. 2k(8—562) RN RN RN RN 2k(8—-56%)
havep—m,thusﬁm<p<ph ,pl * p *1fpl <p<m/
RN RN*
pr <p
Let 77RN* _ RN+ _ _ a?(0-1)%(8-56%)(1—p)[(6* ~362+2)0>+(8—56%)2k* ~2(36* —46° 1462+ 86 +16)kpo] _
1 2 [(—36%+1162—8)p+(8—562)%k]?
_ sRN _ (—36°+40+8)k (74937392+89+8)k < V3-1 -
0, we have p = p™" = T AR thus when 0 < 6 7, if
p%{N<p<ﬁR RN*<7TRN*1prN<p<p RN*>7.[RN* When\fl<6<1

an* > 7T§N*. O

0%(—46>+6+11)-8

g ~#RN#* _ ~RR¥ _ -1
Proof of Proposition 2. &™V* —a™™ = ap| G110 18)p—(8500% T (971)“2(9“)(972)2,(] >
0 always holds when pr <p< pEN . O
% « _ 2a(1—6)*(1+6)[2k(—8456%)+(4+6—26°
Proof of Proposition 3. py'N* — pfi* = a((*2+)6)([k(82[592()2+(*8111(92 36%)p ]) : i <p <

%, we have pN* > pRN¥; % < p < pRN, we have pIN* < pRN~
R (0- )f(liz%gﬁ;;) el i <p < K, we have pN* >
pRR*; if k2-0°)(1+6) ? )(g +0), we have pN* < pRR=,
P{{N* - P{{R =a(0—1)] 93%241;1)1%?(?);21((5892 5;;))kzk (9_1)2122()9(?{)1():_2)2](] > 0 always holds
when pfR < p < pRfN. O

Proof of Proposition 4. pN N pgN = “(9(_91);5)[((92191[S§SE+Q$ ﬁ‘();fgéf)ezzk_] 8)], if pr <p<
L et 10 = ST < < vt 2 <
pNN* — pRRx — p{VN* pRRe — =001 _ (eq%iz%ﬁﬂ? 7725, so similar to Proposmon 3,
if ¥1(0,0,k) > 0, we have pY¥N* > pRR% otherwise, piN* < pRRx
PN — pER = (0 — 1) [yt o e s et (o, 0,K)
= G e S L 1(6,6K) > 0, we have piN <

pRR*; otherwise, pRN* > pRR* [
N

RN* _ (1*9)(170)[

—nf L —2)(aB(6%>—1)p+a(0+2)(50%—8)k)? ] let

w (

—_7)2 + _13p4 2 _ 2)2
(0,0,a,k) = I (0272)(1x9(9271)p+1x(9+2)(592898)?)2 (R E R T
¥2(p,6,0,k) = Gap (—30%-+1162—8)p+(8—56%)%K)?2

Proof of Proposition 5. 7Y

= 0, we can get two thresholds
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~_ (8—56)(0°—26°+(8v2—02—21)6* —2(5v2—67—6)6°+4(18—7v2—67 )62 +16(v2—67—1)0+32(v2—62-2) )k

P1= (02— 1) (65— 405+ 116%-+ 805 —560°1 64) and
< (8-56%)(6°—26°+(8v2—67—21)6*—2(5v2—62—6)6°+-4(18—7v2—0%) 6> +16(V2—02—1)6-32(v2-67+2) )k
P2 = (62—1) (0°—40°+ 1107+ 80°—5602 1 64)

pRN. Moreover, when pe[pRR, pRN],
As(ptak) _ d(62-2) (20071507 929577994+13693+128927649,64)k(9(392—1)p+(563+1092789716)k)
ap ((7394+11927 )p+(87592)2k)

NNx* > 7TRN*,lfp1 <p<p

< 0, therefore, if pRR < p < p1, we have 71} RN, nVN* < RNx,

* * 2(1— 2k2 0-2)4(6>—1
/N — R = a(e(_z)g)[eﬂ T o=1p 5-2(61-1()(9 %)Zk I let 3(p, 0,k) = g7 +
2k2(0—2)%(62-1) (2—v2)k(1+6)(2—364-62)?
(Lo 201) (72 1-0)°
(2+ﬁ)k(ﬁr "2,§§*3"+9) > pRN, Moreover, when pe[pRR, pRN],
RR

4(0-2)*(0-1)*(6+1)k* ¢ RR ~ NN
((GNl)p%%H)( i < 0, therefore, if o < p < p3, we have 71} > 7
4 <Ph , T <
RN% _ _RR% _ (1-p) 202(0%2—1)(0—2)2k? (9—1)(92—2)(a9(92—l)p+a(9+2)(592—8)k)2]
& ™= P Dpr2(6+1)(0—2)%)2 (0-+1) (364 +1102—8)p+ (8_502)%k)?2
RNx

= 0, we can get two thresholds g3 = and g4 =

993 (p,0,8,k)
dp
*if ps <

> 0 always holds, so we have TifN* > RR*

N+ _ o RNx _ (1=0)(1—p) o2 (a(56—8)(0(20—1) —4)k—2a(0* ~36+2)p)?
—T T e [(972) - ((—367+1162—8)p+(8—562)%k)? I

NNx RN+, 2k(8-56%)
we have 7, > N Do

Proof of Proposition 6. 7Y

2k(8—56%)
—262 46447

if pr <p <
NN* < 7'[RN*

NN
)

< p < pRN, we have

a?(1-p) 11 2K2(0-2)*(02—1) o
6-2)? 671 + (0=D)p+2(0+1) (0—2720° »], similar to
Proposition 5, if pRR < p < p3, we have 7J'N* > 7RkR*;if 53 < p < pRN 7]IN* < nRR*

* % _ 2k2a%(62—1)(6— 2) (1 0)(a(56>—8)(0(20—1)—4)k—2 (94 362+2)p
Nt =R = (1 )[( 9 1)p+2(9+1 8—2)%k)2 (9+1)((—394+1192—8)p+(8a 567)2k)2 ] let

RRx _ - NNx _ -RRx _
— T = T =

(
_ 2Kk%a2(62-1)(0—2)? (1-6)[a(56%—8) (0(20—1) —4)k—2a(6*—362+2)p]? .

Yalo b, 0, k) = ey, 3@ -2 T B+ 1) [(—30% 11167 —8)p T (350022 7 if

¥a(p,0,a,k) > 0, we have kN* > 7RR*; otherwise, nkN* < 7R+ O

RN% _ _ 02(0—1)%p[(6*—46°—46>+80+8)p+(—30*+206°+209>—326—32)k]
T = (0—2)2[(—367+1102—8)p-+ (3—50%)%K] ,
k(36*—200° —2002 43260432 k(36* —206° —200%+320+32
(3 0 06°4-320+32) NN* 7TRN* (3 0 06-+326+32) <p<

4 74937419{2ﬁ89+8 04 —403 —402480+8
*

Proof of Proposition 7. 7]N* —

if pRR < p < , we have 7,

pr, we have 7TNN* < 7,
_ k £ RR k(0-2)*(1+6)
=t = 2021 = 0)p[ 5= e+1> ~ ol e <o < Tz
we have 1VN* > 7RRx; f% < p < pRN, gNN* < RRx,

RRx __ (6*—30242)p+(0(6(6(8—36)+17)—16)—24)k 2k

—Te = (6_1) [ (0+1)((—36%+1162—8)p+(8—562)2%k) + (9—1)p+2(9+1)(9—2)2k]’
_ (6*—362+2)p+(0(8(0(8— 39)+17) 16)—24)k 2k
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thresholds » (260465 +196* 1267 4762 - /4912 16671 3601018869 112565 —32067 55460+ 45665 1139367+ 25667 — 104067 5126 +64+24 ) k
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( —200 465 +196% 1263 4762 +/4612 — 16611 —36610+8809 +12568 —32067 — 55460 45665 +13936% 125663 — 104062 —5120+64+24)k

ng\/N*

let

ng{N*

= 0, we can get two

, and

> kN, Moveover,

f6 = 2(p4-302+2)

9#’5(%;79'“*1 _ B 2612 - (7304+110278)((e‘l7392+2>p+(6(6(9(8738)+17)Z—16)—24)k) - 26-1)k - <, therefore,
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if o) RR < p < ps, we have mRN* > RR+; if 55 < p < pr, RNs < nRRx O
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